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Mpeaucnosue Kk cepun

YBaxaeMblii yuTaTenn!

Bb1 OTKpBUIM OIHY M3 3aMeuaTebHbIX KHUT, U3IaHHBIX B cepun «Knaccu-
YECKUIi YHUBEPCUTETCKUI YUeOHUK», NocBAllleHHOMH 250-neTHio MOCKOBCKOro
yuusepcutera. Cepusi BKIouyaet cBbillie 150 yueGHMKOB ¥ y4eGHBIX NOCOOMIA,
PEKOMEHNIOBAHHBIX K M3MAHUIO YYEHBIMU COBeTaMHM (DaKyJNbTETOB, peNakKLM-
OHHBIM COBETOM CEpPMM M M31aBaEMbIX K I0GWJIEI0 MO pelleHUI0 YyeHoro
coseta MI'Y.

MOCKOBCKUIA YHUBEPCUTET BCeria CIaBWJCSH CBOMMM Ipodeccopamu
Y NIpenoaBaTe/siMU, BOCMUTABILUMU HE OIHO NMOKOJIEHUE CTYIEHTOB, BNOCHE-
CTBUM BHECLLMX 3aMETHbI BKJIa4 B pa3BUTHE Hallei CTpaHbl, COCTaBUBLIUX
ropIOCTh OTEYECTBEHHOI U MUPOBOW HayKM, KYJLTYpbl U 06pa3oBaHUs.

Beicokuit yposeHb 06pa3oBaHMsi, KOTOpoe AaeT MOCKOBCKMI1 YHUBEp-
CUTET, B MEPBYI0 ovepenb OOECNEeYUBAETCS BHICOKMM YPOBHEM HaNMCaHHbIX
BbIIAIOIIMMUCS YYEHBIMU M NeJaroraMu yyeOHUKOB U y4yeOHbIX nocobuii, B KO-
TOPbIX COYETAIOTCS KaK MyOMHa, TaK U AOCTYMHOCTb U3/1araeMoro Matepuana.
B 3THX KHUrax akkymynaupyercsi 6ECLEHHbII ONMbIT METOAMKU U METOLNONOTUH
MpenofiaBaHusl, KOTOPbIi CTAHOBUTCS JOCTOSHUEM HE TOJMBKO MOCKOBCKOIO
YHUBEPCUTETA, HO U JPYTrUX yHMBepcuTeToB Poccum u Bcero Mupa.

W3znanue cepum «Knaccuyeckuit yHUBEPCUTETCKMH YYeOHMK» Hariasi-
HO JEMOHCTPUPYET TOT BKJIal, KOTOPbIii BHOCUT MOCKOBCKMIiT YHUBEPCUTET
B KJIaCCMYECKOE YHUBEPCHTETCKOE OOpa3oBaHME B HalIeil CTpaHe U, HECOo-
MHEHHO, CJIYXHT €ro pa3BUTHIO.

Peienue atoit 6naropogHoi 3amauu 66110 661 HEBO3MOXHBIM 6€3 aKTUB-
HOW MOMOILM CO CTOPOHbI M3IATENLCTB, MPUHABLIUX y4acTUE B U3JAHUU KHUT
cepun «Kjaccuyeckuit YHHBEPCUTETCKMIt yyeOHMK». Mbl paclieHMBaeM 3TO
KaK MOAIEPXKY MMU MO3MLIMH, KOTOPYIO 3aHUMaeT MOCKOBCKUI YHUBEPCUTET
B BOMPOCAX HayKu M 00pa3oBaHUs. JTO CIYXHMT TaKXe CBHIETEIbCTBOM TOrO,
yTo 250-neTHUi 106Mneit MOCKOBCKOro YHUBEPCUTETA — BbialoLeecs: cobbl-
THE B XH3HU BCeil Hallleil CTpaHbl, MUPOBOr0 06pa30BaTEILHOTO COOOIECTBA.

B Cegobrue:
PelCmOp Mockosckoeo YHUgepcumema,

akademux PAH, npogeccop B. A. Cadosnuyuii



Bopuc Bnagummuposuy THeaeHko
(1912-1995)



O Bbopuce BnagnmupoBuye MeneHko

Bopuc Bnagumuposuy MepeHko (1912-1995) — oanH U3 KpynHeMWUX COBETCKUX
MaTematukoB, Xu3Hb koToporo c¢ 1934 roga M [oO nocnepHux AHei Obina cBs3aHa
C MexaHuKo-maTematuyeckum ¢akynsteTom MoCKOBCKOro yHuBepcuterta (pabortas ¢ 1945
no 1960 rr. Ha YkpauHe u B lfepmaHckoii [lemokpatuyeckoit Pecny6nuke, oH nopaepxusan
TECHble Hay4YHble CBA3U C PaKkyNbTeToM).

Bopuc Bnagumuposuy poavncs 1 susaps 1912 r. 8 Cumbupcke. B cuny cnoxvslumxcs
obcToATENLCTB €ro ceMbs nepeexana BHadane B KaszaHb (1915), 3atem B Yrnuy (1923),
n, HakoHeu, B CapatoB (1925). B 1927 r. natHaguaTMNeTHUM IOHOWEW OH MOCTYNUN
Ha ¢uanko-matemaTuyeckmii pakynster CapaToBCKOro yHUBEPCUTETA, KOTOPbIA 3aKOHYUA
B 1930 r. B 1934 r. B. B. lHepeHko ctan acnupaHTtoM mexmarta MIy.

B. B. THepeHko 6Obin y4eHUKOM U copatHukom A. f. XunuuHa u A. H. Konmoropo-
Ba — spyanwmnx aesteneit MOCKOBCKO MateMaTtuyeckoit wkonbl. OH ABNSETCH OAHUM
13 cosparteneil TeOpuU CYMMUPOBAHUS HE3ABUCUMbIX CNyYaiHbIX BENUYUH, CHOpMUPO-
BaBuwetica B 20-30-x roaax, KoTopas crtana HasblBaTbCs knaccuyeckoit yxe B 50-e ropp!
XX Beka. Ha4yaB CBOI0 Hay4HYIO AEeATENbHOCTL C TEOPUM CYMMUPOBAHUS, rae eMy NpuHan-
NeXWT psf OCHOBOMONAralowWwmx JOCTUXEHWIA, C TeYeHneM BpeMeHn OH cTan obpauatbes
1 K NpuknagHsiM 06nacTam Teopun BEPOSTHOCTEN.

B. B. [HepeHko — ocHOBaTenb BEPOSTHOCTHBLIX LWKON Ha YKpauHe u B [epMaHCKOW
Jemokpatuueckoit Pecny6nuke.

Kadenpa Teopuv BeposTHOCTEN, OAHA U3 BEAYLIUX HA MEXaHUKO-MaTeMaTu4eckoM
dakynetete MIY, ocHoBaHHas A. H. KonmoroposbiM (1935), Gbina nepepaHa AHapeem
Hukonaesuyem B. B. THepeHko (1966). 3a tpuauatb net nop pykoBoactsom Bopuca
Bnapumuposuua kadeapa ykpenuna cBou noavuumu Ha dakynbrete.

COTHM ThICAY CTYAEHTOB YYMNUCb U y4aTca No ero kHure «Kypc Teopuu BEpOATHO-
CTeli», XOpOLO W3BECTHON BO BCeM Mupe. OHa MHOroKpaTtHO uagasanacb — B AEBATU
CTpaHax, Ha AecsTU a3blkax — U aBnaetcs 6a30BbiM y4eGHUKOM BO MHOMMX BeAyuiux
yHuBepcuteTax Mupa.

Ouepk UCTOPUU TEOopUU BEPOSATHOCTEN, NMOMELLEHHbIM B yyeOHUKe, sBnseTcs 3a-
MevaTenbHbIM NPUMEPOM elle OAHOI rpaHu Tanawta Bopuca Bnapumuposuua. 310 —
UCTOpUKO-MaTemaTtuyeckue uccnefoBaHus. Cpeav ero MHOroYMCNEHHbIX paboT aToro Ha-
npaBNeHus BblAenseTcs YAUBUTENbHO yaadHas kHura «O4yepku NO UCTOPUM MaTeMaTtuku
B Poccuu» (1-e uaganue — 1946 r., 4-e uapnaimne — M.: URSS, 2009 r.).

Bopuc BnagumupoBuy MHOrO CUN U BpEMeEHU yaensn nponaraHfie matemaTuku.
B Havane 60-x rogos 6. B. MHefieHKO opraHu3osan Bbinyck cepuu 6poLLiop, NOCBALEHHbIX
NPUMEHEHUIO MaTeMaTUKuU B Pa3NnyHbIX 061acTaX NPaKTU4ECKON AeATeNbHOCTU.

B. B. THepeHko 6bin u3bpaH no4eTHbIM AOKTOPOM BepnuHckoro yHusepcutera
um. F'ymbonbara (1976), noyetHbiM aoktopoM AduHckoro yHusepcuterta (1993), sB-
nanca 4neHom Koponesckoro Cratuctuueckoro obuwiectsa (BenukobputaHus), 4neHoMm
peakonneruii psaa oTe4ecTBeHHbIX U 3apybeXHbIX XypHanos.

Ipogpeccop B. M. 3oanomapes
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MNpeaucnosue K 4ecaToMy M30aHWIO

Hacrosiiuee n3nanue npuypodyeHo K CTOJNIETHIO CO IHS poxaeHus bopuca
Bnapumuposuya THeperko (1 aHBapa 1912 r.) — BbIAAIOLIETOCS YYEHOTO B 06-
JIaCTM TEOPMM BEPOSITHOCTEN U €€ NMPUJIOXEHHIH. MUPOBYIO U3BECTHOCTb €My
NPUHEC/IM UCCNENOBAaHUS N0 CYMMMPOBAHMIO CJIy4aifHbIX BEJIMYUH, TMOABITO-
XEHHBIX B COBMeCTHOI ¢ AHapeeM HukonaeBuueM KojMOropoBbiM MOHOrpa-
¢un «[IpenenbHbie TeOpeMbl VISl CYMM HE3aBUCHUMBIX CJYYaiHBIX BEJIMUUH».
IMon Bnusinnem b. B. [HexeHKo cchopMUpPOBAIMCH TAKKE HAYKH KaK TEOPUsi Mac-
COBOI'0 06C/Iy>XXHMBaHHUS, OCHOBBI KOTOPO# ObUIM 3a10XXEHbI AJleKCaHIpoM S ko-
BieBUYEM XMHUYMHBIM, U TEOPUSl HAIEXHOCTH. B 3THX NMPUKIaIHBIX 06MacTAX
TEOPUU BEPOSATHOCTEH MM TaK Xe MojydyeHbl (YHIaMeHTalbHbIE PE3YJILTAThI.

Ero yye6HUK «Kypc Teopuu BepoATHOCTEN», MepBoe H3TaHME KOTOPOro
nosiBuiock B 1950 roay, 6bU1 BaXHBIM 3TanoM B Pa3BUTHH TEOPUH BEPOST-
Hocteil. OH MHOrOKpaTHO Mepeu3laBajicd M MepeBefeH Ha MHOTME S3BIKH.
Bpsin 11 MOXHO Ha3BaThb B POCCHIICKOI, Ja ¥ B MMPOBOH HayYHO-y4eOHOI
JIUTEpaType B LIEJIOM YYeOHUK MM y4eGHOe rocobue, BbLaepXkaBlliee TaKoe
UCTIBITAHUE BPEMEHEM.

3a mocneaHue roabl YYeOHMK Mepeu3naBajiCsl HECKOJBKO pa3. DTo noa-
TBEPXIAET TO, YTO KiIaccUyecKuit yueOHUK bopuca BnaaumupoBuya npono-
KaeT XKUTb M OCTAETCSl BOCTPEGOBAHHBIM.

O6u1Mit 3aMbices yyeOHMUKA, COCTOSALLETNO U3 ABYX YaCTeH — 3JIEeMEHTApHOI
(rnaBbl 1-6) 1 cneunanbHoi (r1aBbl 7—11), NPaKTHYECKU HE MEHSUICS BO BCEX
M3aHusAX. MeHsiics (a MHOTA M He MOMeLLAJICS) JIMLIb HEKOTOPbIA MaTepuall,
OTHOCSILIMICS K MaTeMaTHYeCKOil CTaTMCTUKE, MacCOBOMY OOCIyXMBaHWIO
¥ UCTOPHM TEOPUU BEPOSATHOCTEN.

B yecTb cToneTUst co AHS POXIEHUS Mbl PELHIN MPEACTABUTh YUTATEIIO
KHUTY, B KOTOPYIO BO3BpAalLEHbl HECKONBLKO MaparpacoB MaBbl «DJIEMEHTHI
CTaTUCTHKW» W3 MEPBOro M TpeThero usnauuit (§ 61, 62, 63, 69 u3 nepsoro
M31aHUA U § 64 U3 TPETHETO), CKITIOYEHHBIX U3 TOCIEAYIOLIMX U3NAHUI CAMUM
aBTOPOM.

MHoOroyucneHHble peleH3uy Ha NaHHbIA «Kypc Teopuu BeposiTHOCTEM»
0CcO00 OTMEYAIOT TILATENbHOCTh M3JIOXEHUS, OOJBbLIOE MeJarortyeckoe Ma-
crepcTBo bopuca BnanuMupoBuya, ynauyHblit oTOOp M3naraeMoro MaTepuana.

HeTr coMHeHMs1, 4TO HacTosiLiee M3AaHUE 3TOro KIACCHMYECKOro y4eGHM-
Ka 1O TeOpUM BEPOSATHOCTEN OYNET MHTEPECHO M MOJIE3HO KaK IIMPOKOMY
Kpyry CMeLMaIMCTOB W TMpenojaBaTesieif, TAK U BCEM TEM, KTO Hayal WIH
XOYEeT MO3HAKOMUTBLCSI C OCHOBAaMM TEOPHM BEPOSTHOCTEN, C €€ MOHATHAMH,
KOHLENUMSAMM, METOJAMU U CAMBIMU Pa3HOOOPA3HBIMU NMPUIOXEHUSIMMU.

Ynen-xoppecnondoenm PAH,
npogheccop A. H. lllupses
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Mpegucnosue K WeCTOMY U34aHNIO

Bonee TpeTy BEKa MpoILIO CO BPEMEHM BbIXOAA B CBET MEPBOTO U3IaHMS
HacTosiled kHurd. C Tex mop B Halleil CTpaHe M 3a ee MnpeaejiaMu Bbl-
LJIK MHOTOYMCJIEHHbIE YUeOHUKHU IO TEOPUU BEPOSITHOCTEN, 3acC/yXUBalOL1e
caMoii BbICOKOH oueHKH. OTanyuTeNbHas YepTa NMOAABJSIOLIEro YMUCiaa 3THUX
KHUT — CTPEMJIEHHE JaTb BO3MOXHO 0oJjiee CTPOroe B TEOPETUYECKOM IUIaHE
U3JIOXEHUE TEOPUM M MOKa3aTh CWJIy MaTeMaTHuecKoi abcrpakuuu. Hacros-
111asl KHUra CTaBUT nepej cob0i COBCEM MHYIO LIENb: BOCXOAS OT UHTYUTUBHBIX
NpeACTaBJIeHUA U paccMaTpuUBasi 60MbILIOE YUCIO IPUMEPOB, MONONTH XOTS Obl
K HEKOTOPBIM UCCJIENOBAHMSAM, aKTUBHO Pa3BUBAIOLIMMCS B HAlUW JHU.

DTO U3AaHUe 3HAYUTETbHO OTJIMYAETCS OT NPEALLECTBYIOLIEro: BBEIEH Pl
naparpadoB, cofepXalluX U3N0XEHWE HEKOTOPbIX HOBBIX PE3YJILTaTOB, BIOJIHE
JIOCTYIMHBIX YATATENAM HACTOSILLIE KHUTK: BHOBb NOMellieHa HeOobluas I71aBa,
conepkalliasi 3eMEeHTbl MaTeMaTU4YeCKOM CTaTUCTUKHU: IPUBEAECHO 100aB/IEHHUE,
U3naraioliee JOBOJbHO NMOAPOOHO NepUoa BO3HUKHOBEHUS ¥ Pa3BUTUSL TEOPUU
BEPOATHOCTEN. DTOT OuepK 6Ga3upyeTcsi Ha MCCAENOBAHUSAX TNOCHAEOHUX JIET
aBTOpa M ero yyeHukoB. CrenyeT ckKas3aTb, YTO MHOrM€ BONPOCHI UCTOPUM
TEOpPUM BEPOSITHOCTEN ellle OXMOAIOT CBOMX HccienoBarteneil. B yacTHocTH,
B TAKOM COCTOSIHMM HaXOIMUTCS TEOPUS CyyaiHbIX npoueccoB. OIHaKO MHOroe
ele TpedyeT BhISICHEHHUS M B KJIIACCUUYECKOM TEOpUU BEPOSITHOCTEM.

Bcem xopouio M3BeCTHO, YTO aOCTPaKTHOE M3JIOXKEHUSI MpeaMeTa AaeT
BO3MOXHOCTb ObICTpee MOABECTH YUTATENS] K COBPEMEHHOMY COCTOSIHUIO Ha-
YKHM, @ TaKXe BbIMIPaTb CTPAaHMULbl, KOTOPblE HEOOXOAMMBI IUISI M3NOXEHMS
Matepuasia. Sl CUMTal0, YTO MPU MEPBOHAYAIBHOM 3HAKOMCTBE C MaTeMaTH-
YECKUMM IUCUUIUIMHAMHU, @ OCODEHHO C TeOpHeEl BEPOSITHOCTEN, HEOOXOOUMO
paccMOTpeHHe OONBILIOro YMUCNa MPUMEPOB, KOTOPbIE MOMOIIU Obl pa3BUTh
CBOEOOpa3HYI0 TEOPETUKO-BEPOATHOCTHYIO MHTYULIMIO, CIIOCOOHOCTb YBA3bl-
BaTh aOCTPAKTHBIE UIEN M METOMABI C MPAKTUYECKUMU CHUTYALIMAMHU. DTO NpU-
obpeTeHre HEOOXOOUMO KaXAOMY MaTeMaTHKy, a OCOOEHHO NOAABJSIOLIEMY
GONBILIMHCTBY CTYIEHTOB-MAaTEMAaTUKOB, KOTOPhLIM MPEACTOMT paboTaTh B Ha-
YYHO-UCCNIEN0BATEIbLCKUX UHCTUTYTaX MpUKIaaHoro muaHa. K ToMy Xe B Ha-
CTOsIlIEE BPEMSI C TEOPHEIl BEPOSITHOCTEH BBIHYXIEHbl 3HAKOMUTHCA MHOrHe
CMEeLHAIUCThI, MOCKOJBKY B MX MOBCEAHEBHOM paboTe TEOPETUKO-BEPOSATHOCT-
Hble KOHLEMUMM KpaiiHe HeoOxoauMbl. MIM 3HAKOMUTBCS C HEOOXOAMMBIM
pasfesioM HayKu Mo abCTPaKTHBIM KHUIAM U TPYAHO, U HE HYXHO, IOCKOJIbKY
TaKM€ KHUTU HE CO3[afyT TaK He06XOOMMOro MOCTHKa MEXNy NMOTPE6GHOCTAMU
NpPakTUKK M MaTeMaTHYECKoii Teopueit. Bnpouem, uis 53TO# Kateropuu 4Yurare-
Jiei, ObITh MOXET, HY>XXHbI COBCEM OCOObIE KHUTH, HATTUCAHHBIE B CrIeLIMaJIbLHOM
METOAMYECKOM M MCUXOJIOTMYECKOM KITI0Ye.

Koraa KHura yxe HanmucaHa, BUIMIIb, KAK MHOTO B HEil HEIOCTaTKOB, KaK
MHOTO MECT CeoBano Obl B Hell nepeaenarb. OAHAKO MPUXOAUTCA CMUPUTHCA
Y OTJIOXMTD NepeesKH 10 BO3MOXHOrO nepeusaaHus. B cesi3u ¢ atum s npoiuy
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YHTATENIsl HATPABNAThH MHE KPUTHYECKHE 3aMEYaHUsl M MOXENaHUs, K KOTOPhIM
sl OTHECYCb CO BCEM HEOOXOOMUMBbIM BHMMaHUEM.

A cyactnuB nobnaromaputh lO. B. [IpoxopoBa, b. A. CepacThsiHOBa U
. M. Yubucosa 3a 60nbILIOE YUCIO 3aMEYAHMIl, KOTOpblE OHM MHE CHAENaIn
B pe3y/bTaTe 3HAKOMCTBA C pykonuchio. K coxajieHuio, s1 HE UMeJl BO3MOXHO-
CTH B MOJIHOM Mepe UCTOJIBb30BATh BCE MX MOXeNaHUsI, MOCTapaloch 3TO CHENATh
BMOCJEICTBUU.

b. B. I'hedenko

N3 npeomcnosus KO BTOPOMY U342HUIO

Hacrosiiee M3naHue 3HaYMTENBLHO OTJMYAeTCsl OT nepBoro. S nocrapaics
BO3MOXHO MOJIHEE YYECTh B HEM 3aMEYaHUS U MOXENAHMS, KOTOphIE COHEp-
KaJIMCh B MNMEYATHBIX PEeLEH3UsIX Ha MepBOE M3JaHWE KHUMHM, a TaKXe ObLIu
co00l1LEHbl MHE YCTHO M mucbMeHHO. Iloxanyit, Haubosiee CYLLECTBEHHBIM
MU3MEHEHHMEM SBJISIETCS N00AaBNIEHME 3a1ay4 JUISl YIIpaXHEHUH B MEPBbIX AEBATH
ry1aBax.

3HauuTenbHble 100aB/NIeHUd claenaHbl B raBe 10: OHM KacaloTcs riIaBHbIM
00pa3oM paclUMpeHUs1 CBEACHUH MO TEOPUM CTALMOHAPHBIX CNYy4YalMHBbIX MPO-
eccoB. bonbiiMM U3MEHEHUAM MOABEPIIaCh MOC/EOHSS 1aBa, MOCBSILEHHAs
MaTeMaTH4ecKoi cTaTucTuKe. B 3TOi miaBe MMEIOTCS HEKOTOphLIE HOBLIE Ma-
parpadbl, HO B TO X€ BpeMsl MCKJIIOYEH YAaCTUYHO MaTepHall, coaepXaBlLuiics
B epBoM M3aaHuu. [lonb3ylock ciyyaem cepaeyHo no6inaroaapuTh TOBapULLEH,
BbICKA3aBIIIMX OTKPOBEHHOE MHEHME O HEIOCTAaTKaX KHUIM M CnocoOCTBOBAaB-
LIKX CBOEI KPUTHUKOI MX ucnpaBieHnio. OcobeHHO s 6narogapeH 1O. B. JInuu-
HUKY 32 €ro NOCTOSIHHBIM MHTEPEC K HACTOsALIEH KHUre, O0JIbLIOE YMCIIO 3aMe-
YaHUH K MEpBOMY M3JAHUIO U 32 IMCKYCCHIO MO PYKONUCH BTOPOro M3IAHMS.

b. B. I'nedenko

N3 npegucnosua K nepBoOMy M30aHUIO

Hacrosiumit Kypc pa36uBaeTcsi Ha [Be YacTH — O3JIEMEHTapHylO0 (ria-
Bbl 1-6) 1 cneunanbHylo (rnasbl 7—11). TlocnenHue NATh T1aB MOTYT CIYXHTh
623011 JuIs CNELIKYPCOB — TEOPHM CyMMHPOBAHUS CIIy4ailHbIX BEJTUYUH, TEOPUH
CTOXaCTHYECKMX MPOLIECCOB, 3JIEMEHTOB MaTeMaTHYEeCKON CTaTHCTHUKH.

Teopust BEpOSITHOCTE pacCMaTPUBAETCsl B KHUIe UCKIIIOUUTENIBHO KaK Ma-
TeMaTH4ecKasi AUCLMIUIMHA, MO3TOMY MOJyYeHUWE KOHKPETHBIX €CTECTBEHHO-
HAayYHBIX WIM TeXHUYECKUX Pe3yJLTaTOB B HEil He sIBJISETCs camolenblo. Bee
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NpUMeEpbI B TEKCTE KHUIM UMEIOT LIeJIbIO TOJIBKO Pa3bsiCHEHHE O6LIMX MONoXe-
HUW TEOPUHU M YKa3aHWe Ha CBSI3b 3THUX MOJIOXKEHUI C 3aJayaMU eCTECTBO3HA-
Hus. KOHeYyHO, OMHOBPEMEHHO 3TU MPUMEPHI JAIOT YKa3aHMUS HA BO3MOXHBIE
00s1acTH MpWIOXEHUsSI OO1IETEOPETUUECKUX PE3Y/ILTaTOB, @ TAKXE Pa3BUBAIOT
yMEHHE MPHUMEHSATh 3TH pe3y/ibTaThl B KOHKPETHBIX 3aJayax. XOpoLlIo, eciu
U3y4YalolUii TEOPUIO BEPOSITHOCTEH MMeET mepen Iyla3aMM Kakue-HUOydb siB-
JIEeHUsI MaTepUaJIbHOrO MHUpa i TOro, YToObl obOLlasi MaTeMaTUyecKass cxema
HAMOJIHSIaCh ONpEAENEHHBIM CMBICJIOM. Takoe HampaBlieHHE U3YYEHMS [aeT
BO3MOXHOCTb YMTAaTeNl0 BbIpaboTaTh CBOEOOPa3HYIO TEOPETHKO-BEPOSTHOCT- .
HYI0O MHTYMLMIO, KOTOpas MO3BOJISET MpeaBHAETh B OOLIMX YepTaxX BbIBOIBI
paHblle, YeM MPUMEHEH aHAIMTUYECKMii annapar. 3aMeTUM Aaiee, 4YTo 6e3
CHCTEMATMYECKOrO pELIEHUS 3ahay M3y4yaTb TEOPUIO BEPOSITHOCTEH HENb3s,
B OCODEHHOCTHM Ha MepBbIX MOpax.

[MepBoie yeThipe naparpada rnasbl | ABASIOTCS HE3HAYMTENBLHON nepepa-
6oTkKoi HeonybnMKoBaHHBIX pykonuceit A. H. Konmoroposa.

S cyacTnuB no6narogapuTh 3aech MOMX Aoporux yuureneit A. H. Konmoro-
poBa u A. SI. XMHYMHa, MHOrO NMOMOraBLIMX MHE CBOMMM COBETaMH U Becenamu,
KacaBILIMMMCS Y3JIOBBIX BOMPOCOB TEOPHH BEPOSITHOCTEIA.

b. B. Thedenko



BeepneHue

Llenp HacTosilieil KHUIM COCTOMT B M3JIOXKEHWU OCHOB meopuu 6eposim-
HOCmell — MaTeMaTMYeCKOi HayKu, M3ydaloulei 3aKOHOMEPHOCTH CJIy4YaifHbIX
SIBJICHUA.

Bo3HMKHOBEHHE TEOPUM BEPOSATHOCTEH OTHOCUTCSA K cepennHe XVII Beka
¥ cBs3aHo ¢ umeHamu Toiirenca (1629—1695), Mackana (1623—1662), depma
(1601-1665) u Siko6a Beprynnu (1654—1705). B nepenucke IMackais u Pepma,
BBI3BAHHOM 3aayaMM, MOCTABJIEHHBIMU a3apTHBIMM MIPOKAaMHU W HE YKJIaIbl-
BAIOLLMMHUCS B PaMKH MAaTEMAaTHKH TOrO BPEMEHM, BHIKPUCTAJIM30BBIBAIUCH
NOCTENEHHO TaKUE BaXHbIE MOHATHS, KaK BEPOSATHOCTb M MaTeMaTHYeCcKOe
oxupaHue. [Ipy 3TOM, KOHEYHO, HYXHO OTAaBaTh ceGe SCHBIA OTYeT, YTO
BBIAAIOLIMECS YUYEHbIe, 3aHUMAsICh 3aJlayaMy a3apTHBIX UIPOKOB, IpeaBUIETH
1 byHOaMEHTaIbHYI0 HaTypdwiocodcKylo posib HayKd, M3yyaloulei ciyyai-
Hble sBaeHUs. OHM ObUIM yOeXIeHbl B TOM, YTO Ha 6a3e MacCOBBIX CJIy4aHbIX
COOBITUII MOTYT BO3HMKaTh YeTKHE 3aKOHOMepHOcTH. M TONBKO cOCTOsiHME
€CTECTBO3HAHHUS MPUBEJIO K TOMY, YTO a3apTHBIE UIPHI €lIe J0JIF0 MPOAOIXa-
JI OCTaBaThCsl TEM MOYTH eOUHCTBEHHbIM KOHKPETHBIM MaTepuasioMm, Ha 6ase
KOTOPOTO CO3aBaJIUCh MOHSTHS U METOIbI TEOPUH BEPOSTHOCTEH. DTO 06CTOS-
TeJIbCTBO HAaKJIaIbIBAJIO OTMEYATOK K Ha (hOpMaJIbHO-MaTeMaTUYECKUIA anmnapar,
NOCPEACTBOM KOTOPOTO pellajIiCh BOZHUKABLIME B TECOPUM BEPOSATHOCTE 3a1a-
YU: OH CBOAMJICSI UCKITIOYUTENIBHO K 3jIEMEHTAPHO apuMETHYECKUM U KOMOU-
HaTOpHBIM MeTonaMm. Ilocnenyoliee pasBuTHE TEOPUM BEPOSITHOCTEM, a TAKXKE
LLIMPOKOE NPUBJIEYEHHE €€ Pe3y/ILTaATOB U METONOB UCCJ/IENOBaHUsl B €CTECTBO-
3HaHMe, U B MEPBYIO ouepeab B HU3MKY, MOKA3AIK, YTO KJIACCUYECKHE MOHATUS
M KJIaCCHYECKMEe METOIbI He MOTEPSIM CBOEro 3HAUEHHUs1 U B HACTOSIILIEE BpEMSI.

Cepbe3Hbie TpeOOBaHUSI CO CTOPOHbI €CTECTBO3HAHUSI U OOILIECTBEHHOM
NPaKTHKH (Teopust OIMBGOK HAGIONEH M, 3a1a91 TEOPUH CTPENBLOBI, TPOGIIEMBI
CTaTUCTHKH, B NEPBYIO OYepelb CTATUCTUKYM HAPONOHACEIEHUs) NPUBEIIH K He-
00X0OMMOCTH JaJIbHEMNILIEro pa3BUTHUS TEOPHUM BEPOSITHOCTEN W MPUBJIEYEHUSA
60see pa3BUTOr0 aHAIUTHYECKOro anmapata. OCoGeHHO 3HAYUTENbHYIO POJib
B Pa3dBUTUM aHATUTHYECKHMX METONOB TEODMM BEpOSITHOCTEH chirpasii Myasp
(1667—1754), Jlannac (1749—1827), Taycc (1777—1855), IMyaccou (1781-1840).
C dhopManbHO-aHATTUTUYECKOI CTOPOHBI K 3TOMY X€ HAMpPaBJIEHUIO MPUMbIKAET
paboTta TBopLla HeeBKJIMAOBOI reomerpun H. Y. Jlob6auesckoro (1792-1856),
NOCBALLEHHAs! TEOPUU OLIMOOK MpPHU M3MEPEHHsX Ha cdepe U BbINOTHEHHAs
C LIeJIBIO YCTAHOBJIEHUSI TEOMETPHYECKOI CHCTCMbI, TOCMOACTBYIOLIEH BO BCe-
JIEHHOM.

C nonosunbl XIX cronetvss ¥ MpPUOIM3UTENBLHO [0 IBAIUATHIX rOXOB
XX Beka pa3BUTHE TEOpUM BEPOATHOCTEN CBA3aHO B 3HAYMTENILHONW Mepe
C MMeHaMyu pycckux ydeHnlx — I1.JI. Yebnimesa (1821—1894), A. A. Mapko-
Ba (1856—1922), A. M. JIanynosa (1857—1918). DTOT ycnex pycCKO¥ HayKu
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ObUT TOATrOTOBNEH AesTesbHOCTbI0 B. S1. ByHsikoBckoro (1804—1889), wmnpoko
KyJIbTMBUPOBaBILEro B Poccuu MccnenoBaHusi no NpUMEHEHUIO TEOPUM BEPO-
ATHOCTEH K CTaTMCTHKE, B OCOGEHHOCTH K CTPaXOBOMY Jejly U aeMorpaduu.
MM 6bu1 HanucaH nepBblit B POCCHM KypC TEOpUM BEPOATHOCTEN, OKa3aBLUMI
OosbLIOE BIMSIHUE HA pa3sBUTHE MHTEpeca K 3TOi o6nacTi Hayku. OCHOBHOE
Henpexoasulee 3HaueHUe pabot YebobiieBa, MapkoBa u JIsinyHoBa B 06JyiacTH
TEOPUM BEPOSITHOCTEH COCTOMT B TOM, YTO MMM ObUIO BBENEHO B KayecTBe
06bEKTa CUCTEMAaTHYECKOrO U3YYEHUS U LIIMPOKO MCIMOJIb30BAHO MOHSATHE CIly-
yaiiHoii BenuuMHbl. C pesynsratamu YeObliieBa OTHOCHUTENLHO 3aKOHA 6OJb-
UIMX YHUCEN, C «uensiMu MapkoBa» U ¢ npenenbHOi TeopeMoi JIsmyHOBa MbI
NMO3HAKOMMMCS B COOTBETCTBYIOILMX pa3fesiaX HacTOSILIEH KHUIH.

CoBpeMEHHOE Da3BUTHE TEOPHUM BEPOSITHOCTEH XapaKTepu3yercsi BCeoO-
MM NOABEMOM MHTEpeca K Hel, a TaKXe PaclUMpeHUEM Kpyra ee MnpakThye-
CKHX mnpwioxeHHid. B 3Toit HanpsixeHHOIH HayyHOi#l paboTe coBeTcKas IKOja
TEOPUM BEPOATHOCTEN MPOAOJIXKAET 3aHUMATh BblAalolleecs nojoxernue. Cpe-
W TIPEACTaBUTENIEH MEpBOro NMOKOJEHUS COBETCKMX YYEHBIX MpEXAE BCEro
JOJXHBI ObITh HasBaHbl uMeHa C. H. Bepuiuteitna (1880—1968), A. H. Konmo-
roposa (1903—1987) u A. SI. Xunuuna (1894-1959). B nmpouecce u3noxeHus
Mbl OyAeM BBIHYXIEHbI CaMHUM CYLLECTBOM J€jia BBOOWTbL YMUTaTeNs B KypC
npeo6pa3oBaBLIMX JIMLIO TEOPUM BEPOSITHOCTEN uaeit U pe3ynbratoB. Tak, yxe
B nepBoii maBe Oynem roBoputh o ¢dyHaameHTanbHbIX pabdorax C. H. bepH-
wreiHa, P. Museca (1883—1953) u A. H. KonMoroposa no oCHOBaHUSIM TEOPHH
BeposTHOCcTeil. B aBanuateix rogax XX cronerus A. 8. XunuuH, A. H. KonMo-
ropos, E. E. Cnyuknii (1880—1948) u I1. JIesu (1886—1971) ycTaHOBHIHM TECHYIO
CBSI3b MEXIy TEOpHE BEPOSITHOCTEH M METpUYECcKOi Teopueit pyHKuuit. DTa
CBSI3b OKa3ajlach BeCbMa MJIONOTBOPHOI. Ha 3TOM nyTtu yaanoch HaiiTH OKOH-
YyaTeNbHOE pellieHUe KJIAaCCUYECKUX 3a1ay, noctaBieHHbIX eie I1.JI. YeObiure-
BbIM, 2 TaKXe 3HAYUTEJbHO PACIIMPUTL CONEPXAHHE TEOPUHM BEPOSITHOCTEIA.
[TonHOCTBIO K COBETCKOMY nepuony oTHocutcsi cosnanue A. H. Konmoropo-
BbIM U A. fl. XMHYMHBIM B TPUALIATBIX FOZaX OCHOB TEOPUHU CTOXACTHYECKHUX
(BepOSITHOCTHBIX, CJIyyaiiHBIX) MPOLIECCOB, KOTOpPasl Temnepb CTala OCHOBHBIM
HanpaBJeHUEM UCC/IeJOBAaHUI B TEOPUM BEPOSITHOCTEH. YKa3aHHasi TeOpHUs Cly-
JKUT NMpPEKpacHbIM OOpa3LlOM TOro OpPraHMYEeCKOro CHMHTE3a MaTeMaTH4YecKOro
M €CTECTBEHHOHAYYHOIrO MBbILIEHHS], KOr1a MaTeMaTHK, OBlaneB (GU3NYECKUM
CYLLIECTBOM Y3JI0BO# NpoOGJIeMbl ECTECTBO3HAHMS, HAXOAMT JUISl HEe alEKBaTHBIN
MaTeMaTHYeCKUi s3bIK. HaM BaXHO 3aMETUTb, YTO pELIEHHE KJIaCCUYECKUX
3aay TEOPUM BEPOSITHOCTEH OKa3aJoCh TECHO CBSI3aHHBIM C TEOpHEH CTOXa-
CTUYECKHX MPOLIECCOB. DJIEMEHTbl 3TOI BaXHOM IJ1aBbl TEOPUU BEPOSTHOCTEM
OyayT M3/I0XKEHBI HAMM B I1aBe ACCATOM.

3a nocnexHUe AECATUIETHS HEM3MEPUMO BBIPOC/IA POJIb, KOTOPYIO UIpa-
€T TeOpUsl BEPOSITHOCTEH B COBPEMEHHOM ecTecTBO3HaHMM. Ilocne Toro kak
MOJIEKYJISIpHbIE TMPEACTaBJI€HUsI O CTPOEHMM BellleCTBA MOJYYMJIM Bceodluee
NpU3HAHUE, CTAJI0 HEU3BGEXHBIM LLIMPOKOE MCMONb30BAaHUE TEOPUU BEPOATHO-
cTeit ¥ B PU3MKe, 1 B XUMUU. 3aMETHM, YTO C TOYKU 3PEHUS] MOJIEKYJISPHOMN
U3k Kaxmoe BELIECTBO COCTOMT M3 OrPOMHOIO YMCJIa MajblX 4YacCTHI,
HaxXONSIIMXCSA B HENMPEPbIBHOM IBMXEHMM W B MpPOLECCE 3TOr0 JBUXEHUS
BO3IECTBYIOIIMX APYr Ha Apyra. [Ipy 3TOM O mpupoae 3TUX YacTull, O Cy-
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LIECTBYIOLUEM MEXAY HUMU B3aMMOAENHCTBUHU, XapaKTepe UX ABMXEHUS U M.
M3BECTHO MaJlo. B OCHOBHBIX Y€pTax 3TH CBEJEHHUS MCUEPMbIBAIOTCA TEM, YTO
4acTUL, U3 KOTOPBIX COCTOMT BELIECTBO, OYEHb MHOTO M YTO B OJHOPOAHOM
TeJie OHU GIM3KM MO CBOMM CBOMCTBaM. ECTECTBEHHO, YTO NP TaKMX YCJIOBHUAX
oObIyHbIE JUIST (PU3MYECKUX TEOPHiA METOIbl MaTeMaTHMYECKUX MCCJIedOBaHHMUIi
CTAaHOBWINCH OeccunbHbIMU. Tak, Hanpumep, annapart JudbepeHInalbHbIX
ypaBHEHUH HE MOT MPHUBECTH B YKa3aHHOI OOCTAHOBKE K CEPbE3HbIM pe3yJib-
taTaM. JIeACTBUTENbHO, HU CTPOEHME, HM 3aKOHbI B3aMMONEUCTBUS MEXIY
YaCTHMLIaMM BELUECTBA B JOCTAaTOYHOU Mepe He M3YYeHbl, U NMPU TAKUX YCJIO-
BUSIX NPUMEHEHME amnmnapaTa JudbdepeHIMalbHbIX YPaBHEHUI HOIXHO HOCUTh
aneMeHThl rpyboro npousBona. Ho naxe ecnu Obl 3TOil TPyAHOCTH HeE Cy-
UIECTBOBAJIO, YXXE€ ONHO KOJMYECTBO 3THUX YACTHULL MPEACTaBISAET cOOO TaKylo
TPYAHOCTh B M3YYEHUM MX [BUXEHMUS, KOTOPYIO MpPEOAOJIETh C MOMOLLbIO
OOBIYHBIX YPABHEHUI MEXaHUKHU HET BO3MOXHOCTH.

K ToMy Xe ¥ MeTomONOrMyecKH TaKOW MOOXOH HEyIOBJIETBOPUTEJIEH.
JlecTBUTENBHO, 3adaya, KOTOpasi 3[eCb BO3HMKAET, COCTOMT He B U3YYEHMH
WHOMBHUIYANIbHBIX JBUXEHMH YacTHULl, 2 B U3YYEHUM TeX 3aKOHOMEPHOCTEN,
KOTOpbI€ BO3HUKAIOT B COBOKYMHOCTSIX OOJILLIOTO YUC/ia ABUXYLUMXCS U B3a-
MMOJEICTBYIOIIMX YacTHL. 3aKOHOMEPHOCTH Xe, BO3HMKAIOLIME BCJIEACTBHE
y4yacTBYIOLIMX B MX BO3HUKHOBEHMH HMHIPEOUEHTOB, MMEIOT CBOE COOCTBEH-
HOE cBOeoOpa3ue U He CBOASITCS K MPOCTOMY CYMMHUPOBAHUIO UHAUBUIYaIbHbIX
IBUXeHUI. bonee Toro, 3T 3aKOHOMEPHOCTH B U3BECTHBIX Mpeeiax OKa3blBa-
I0TCS1 HE 3aBUCSILUIMMM OT MHOMBUAYAJILHBIX OCOOEHHOCTEN YYaCTBYIOILMX B MX
nopoxnaeHuu yactuil. KoHeyHo, 1 U3y4eHHUs 3THX HOBBIX 3aKOHOMEPHOCTEH
JOJIXHBI OBbITh HaWOEHbl M COOTBETCTBYIOLIME HOBble MaTeMaTHYeCKHe METO-
bl uccnenoBanus. Kakue xe TpeGOBaHUS HOJXKHBI ObITh B MEPBYIO OYepelb
npeabsBaeHbl K 3TUM Metoaam? TTOHATHO, YTO B MEPBYIO OYepedb OHU JOJIXK-
Hbl YYUTBIBATh TO, YTO U3y4aeMOE SIBJIEHUE HOCUT MACCOBBIN XapaKTep; TAKUM
0o6pa3oM, ISl 3TUX METOAOB HaluMyue OONBLIOrO YMC/a B3aMMOAEHCTBYIOLIMX
4acTULl AO/LDKHO MPEACTaBASITb HE AOMOJHUTENbHYIO TPYAHOCTb, a 00jeryarb
U3yyeHUe BO3HMKAIOLMX 3aKOHOMepHocTel. Jlanee, HENOCTaTOYHOCTh 3HAHUI
O MpHUpPOAE M CTPOEHUM YACTHL, a TAaKXE O XapakTepe MX B3aUMOAEHCTBHUS
He JOMIXHA OrpaHUYMBaTh 3(G(HEKTUBHOCTH MX NMPUMEHEHUs. DTUM TpeboBa-
HUSM JIy4yllie BCETO YAOBJIETBOPSIOT METOABI TEOPUU BEPOSITHOCTEN.

YT0o6bl CKa3aHHOE He ObIJIO MOHATO OLIMOOYHO, MbI €lle pa3 MoAYepK-
HEM crenyioliee 06cToaTenbcTBO. [OBOps, YTO annapaT TEOPUM BEPOSITHOCTENH
Jlyyllle NpUcnocobieH A U3ydeHUsl MOJIEKYJISIDHBIX SIBJIGHUH, Mbl HU B KOeW
Mepe He XOTHM CKa3aTh, YTO (wmiocodckue NnpeanochiiKU MCMNONb30BaHUS
TEODUU BEPOSITHOCTEH B €CTECTBO3HAHMM JIEXAT B «HEJOCTATOYHOCTH 3Ha-
Huit». OCHOBHOW MPUHUMUI COCTOMT B TOM, YTO NMPU U3YYEHUH «MaCCOBbLIX»
SIBJIECHUIT BO3HUKAIOT c80e00pa3sHble Hogble 3aKoHOMepHOocmu. TIpU U3yYeHUH siB-
JIEHU O0OYCNOBNEHHBIX OEHCTBMEM OOJBIIOrO YMUCIAa MOJIEKY/], YYE€T CBOWMCTB
KaXa0i MOJIEKYJIbl He HYXeH. JIeHCTBUTENbHO, NMPU U3YYEeHUH SBIEHUHA Mpu-
poibl HEOOXOINMMO OTBJIEKATLCS OT YUYETa HeCyLeCTBEHHbIX TNOAPOOHOCTEIA.
PaccMoTpeHMe Xe Bcex AeTajieif, BCeX CYLIECTBYIOUIMX CBsi3eil, B TOM 4ucCIe
U HECYLECTBEHHBIX I JAHHOTO SIBJIEHUS, IPUBOAUT JIMLIbL K TOMY, YTO CaMO
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SIBIEHUE 3aTEMHSIETCS U OBJIaJleHUE UM OTOABMIacTCcsl BBUAY TaKOW MCKyC-
CTBEHHOM YCJIOXXHEHHOW OOCTaHOBKMU.

Hackonbko ynauHO npou3BeneHa cxemMaTH3auus SIBIEHUH, HACKOJIBKO
ylayHO BbIOpaH MaTeMaTH4eCKMil ammapar Ui ero M3yuyeHWs, Mbl MOXeM
CYIMTb MO COIJIACUIO TEOPUHM C OMBITOM, C NMPAaKTUKOW. Pa3BuTHe ecTecTBO3Ha-
HUS, B YAaCTHOCTU (DM3UKH, NMOKA3bIBAET, YTO aAMNMapat TEOPUU BEPOSTHOCTEH
0Ka3aJiCsl BECbMa XOPOLIO MPUCMOCOOGJIEHHBIM K M3YYEHHI0O MHOTOYMCIEHHBIX
SIBJIEHW NPUPObI.

YKa3aHHas CBSI3b TEOPUM BEPOSITHOCTEN C MOTPEOHOCTAMU COBPEMEHHOI
(GHU3MKHK Nyyllie BCErO MOSICHSET TE€ MPHUYMHBI, B CHJIy KOTOpbIX B NOCIEAHHE
JIECATWIETUS] TEOPHS BEPOSAITHOCTEN NMpeBpaTWiach B OHY U3 HauboJiee 6bICTPO
pa3BUBaIOILMXCS obnacTeit mMaremMaTku. HoBble TeopeTHueckue pe3yabTarhl
OTKPbIBalOT HOBbIE€ BO3MOXXHOCTH JUISI €CTECTBEHHOHAYYHOrO MCIOJb30BaHUS
METOAA TEOPUM BepOATHOCTEH. BceCcTOpoHHee HM3yueHHE SIBJIEHWH NPHUPONBI
TOJIKAET TEOPUIO BEPOSATHOCTEN Ha pa3biCKaHHWE HOBLIX 3aKOHOMEPHOCTEM, no-
poxnaemeix ciiydaeM. Teopusi BEpOSATHOCTE HE OTMEXEBbIBAETCS OT 3aMpPOCOB
IpYryux HayK, a MIET B HOTYy ¢ OOLLUMM pa3BUTHEM ecTecTBO3HaHUs. ITOHATHO,
4YTO CKa3aHHOE HE O3HAYaeT, UYTO TEOPUSI BEPOSAITHOCTEM SABJISETCS JIMLLIb BCIO-
MOTaTe/IbHbIM CPEACTBOM [JISl PELUEHMS] TEX WJIM MHBIX NMPAaKTHUYECKUX 3a1ad.
Hao6opoT, cneayeT momyepkKHyTb, YTO TEODHUsi BEPOSITHOCTEH MpeBpaTH/IACh
B CTPOHHYI0O MaTeMaTMYECKYI0 NMUCLMIUVIMHY C COOCTBEHHBIMU TMpobiieMaMu
M METOAAMM IOKA3aTeNbCTB. B TO Xe BpeMs BBISICHWIOCH, YTO HauboJiee cylle-
CTBEHHbIE NMPOGJEMbI TEOPUM BEPOSITHOCTEI CNYXKAT ey pelleHUs pa3TnYHbIX
3a/1a4 €CTECTBO3HAHMS.

Mpbl onpeaenwin B caMOM Hayajle TEOPHMIO BEPOSITHOCTEN KakK Hayky,
M3yyaloulylo ciayyaiiHble siBieHUs. OTJIOXHMB BbIICHEHWE CMbIC/IAa TMOHSTHUS
«CJIyYalHOE SIBJIEHHE (coﬁume)» 10 MEpBO# IIaBbl, MbI Ceif4ac OrpaHUYUMCS
HECKOJIbKUMU 3aMedyaHusiIMU. Eciu B OOBIIEHHBIX NMPEACTaBIEHUSIX, B XH-
TEHACKOI MpaKTUKE CUUTAETCS, YTO CayyaiHble COOBLITUS MPEACTABISIOT coboi
HEYTO KpaiHe peakoe, uayliee Bpa3pe3 yCTaHOBUBILEMYCS MOPAAKY Bellei, 3a-
KOHOMEDHOMY Pa3BUTHIO COOLITUI, TO B TEOPUM BEPOSITHOCTEN MbI OTKaXEMCS
oT 3THX npexacrasiaeHuit, CnyyaiiHble COObITHS, KaK OHY MOHUMRIOTCS B TEOPUH
BEPOSATHOCTEH, 00/analoT psSiiOM XapaKTePHBIX OCOOEHHOCTEH; B YAaCTHOCTH,
BCE OHM MPOUCXOASAT B MAacCOBbIX siBeHUsAX. [1og MacCOBLIMU ABJIEHUSIMU MBI
NOHVMMaeM TaKue, KOTOpble UMEIOT MECTO B COBOKYMHOCTAX 00JbLIOro YyMucna
PaBHOMPAaBHBIX WM MOYTH PABHOIMPABHBIX OOBEKTOB U ONPEAENSIOTCS UMEH-
HO 3TMM MAacCOBLIM XapaKTepOM SIBIEHWH M NHUIUb B HE3HAYMUTENBLHOWH Mepe
3aBUCSIT OT MPUPOALI COCTABSIOLIMX OOBEKTOB.

Teopusi BEpOSATHOCTEH, NOJOOHO APYrMM pa3fesiaM MaTeMaTWKH, pPa3BU-
Jlacb M3 noTpebHOCcTell mpakTUKW: B abCcTpakTHOH (opMe OHa OTpaxaeTr 3a-
KOHOMEPHOCTH, MpUCYLIUE CayyalHBIM COOBITHSIM MAacCOBOrO xapakrepa. DTH
3aKOHOMEPHOCTH MTIPalOT UCKJIIOYUTENLHO BaXHYIO pOJib B GU3MKE U B APYTHX
006s1acTAX €CTeCTBO3HAHMSI, BOEHHOM €€, pasHOOOpa3HEMIIUX TEeXHUYECKUX
JUCUMIJIMHAX, 9KOHOMMWKE W T.A. B mocnenHee BpeMsi B CBS3M C LUIMPOKUM
pa3BUTHEM NpPeaNnpUATUIA, MPOU3BOASILIMX MACCOBYIO MPOAYKLIMIO, PE3YNbTaThl
TEOPUU BEPOSATHOCTEH MCIONb3YIOTCS HE TOJIBKO JUIsi OPAKOBKHM YX€E M3rOTOB-
JIEHHOM MpOOYKLIUH, HO, YTO BaXKHee, I OpraHU3alLuy caMoro npouecca rnpo-
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M3BOACTBA (CTaTMCTMYECKMI KOHTPOJIb B MPOU3BOACTBE). Bonbiuoe 3naueHue
B 3TOM Kpyre uiaei umeer pa3paboTKa CTaTUCTUYECKUX METONOB YINpaBlieHUS
KayecTBOM NpOAYKLUMU B Mpolecce npou3BoacTBa. s BCEro MHXEHEPHOro
JleNia Cepbe3HYI0 poJib NpUobpesa Teopusl HaleXXHOCTH, LUIMPOKO MCMOJIb3YIO-
1asi METOAbl TEOPUU BEPOSITHOCTEH. 31€Ch YMECTHO 3aMETHUTb, YTO B CBOIO
ouepelb TeOpHSI HAEXHOCTH BbIABMHYJIA Nepen Teopuel BEPOSTHOCTEH psn
HOBBIX TEOPETUYECKUX BOMPOCOB. CBS3b TEOPUH BEPOATHOCTEN C NpakTHye-
CKMMU NOTPEOHOCTAMHU, KaK yXe ObLJIO OTMEYEHO, Oblla OCHOBHON NMPUYHHOMN
ee OypHoro pasButus. MHorue ee pasgensl ObUIM pa3BUThI KakK pa3 B CBSI3M
C OTBETaMM Ha 3ampochl MPaKTUKOB. 3[€Ch KCTaTH BCIIOMHUTb 3aMeyareib-
HbIE CJIOBA OCHOBATeJISl HALLEH OTEYECTBEHHOM LIKOJIbI TEOPUM BEPOSITHOCTEIH
I1. JI. YeObiwieBa: «COnmxeHre TeOpUM C NMPAKTUKOM JaeT camble GJaroTBop-
Hble pe3y/lbTaThl, U HE OJHA TOJbKO MPAaKTHKAa OT 3TOr0 BBIMIPLIBAET; CAMU
HayK¥ pa3BMBAIOTCS MOJ BJIUSIHUEM €€. OHa OTKPLIBAET UM HOBbIE MpEIMEThI
JUISL UCCNIEIOBAHUS WJIM HOBBIE CTOPOHBI B ITPeAMETaX I1aBHO U3BECTHBIX... Eciu
TEOPUst MHOTO BBIMIPLIBAET OT HOBLIX MPUJIOXEHHUI CTAPON METOIbI UJIU OT HO-
BBIX pa3BUTHIi ee, TO OHA elle Gojiee NpUOOpPETaeT OTKPLITUEM HOBBLIX METON,
¥ B 3TOM CJlyyae HayKa HaXoAauT cebe BEpHOro pyKOBOAMTEJSI B MPAKTUKE».
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CnyyanHble cobbITUS U UX BEPOSITHOCTH

§ 1. UHTyuTuBHbLIE NpepcrasneHus
O Ciy4aiHbIx coObITUAX

Ha npoTsXeHHH JUIMTENBHOIO BPEMEHM Y€JIOBEYECTBO M3y4alo U UCHOJb-
30BaJIO ISl CBOEI IEATEILHOCTH JIMLIb TAK Ha3blBa€Mble IETEPMUHUCTUYECKHUE
3akoHoMepHOCTH. [lonaBnsiowas yacTh CBEIEHMIA, MOJYYyaeMbIX YyYallMMM-
CA B WIKOJIbHBIX Kypcax (PU3MKH, MaTEMAaTHKH, XHMHUH, OTHOCUTCA MMEHHO
K 3TOMY Kpyry uneit. [IpuseneM npumepsl.

e Ecnu B OCHOBaHMM NMUpPAaMHUbl HAaXOAUTCS KBAJpaT CO CTOPOHOM a U ee
BBICOTa paBHa h, To 06beM nupamuasl paseH a’h/3.

e Ecnu Teno cBo6OOHO MajiaeT Ha 3eMHYIO MOBEPXHOCTb, TO MyTh, NPOIEH-
HbI MM 3a £ CEKYH MOC/e Hayana NajeHusi, paBeH s = gi?/2.

o Eciau XMMUYECKH YMCTYIO Boay npu atMocdepHOM aaBieHuM 760 MM pT.
cT. HarpeThb g0 100° C, To Boja HayHET MpeBpalLaThCs B Map.

e [Ipy no6BIX XMMUYECKHUX peaKLMSIX KaKUX YrogHO BellecTB 06e3 obMeHa
C OKpy>Kalollei cpenoii obliee KOJMYECTBO BELIECTBAa OCTAETCS HEU3MEH-
HbIM (3aKOH COXpaHEeHMs BELIECTBA).

Yucno nogoOHBIX MPUMEPOB MOXHO YBEJWYMBATh HEOrpaHW4YeHHo. On-
HaKO 3aKOHOMEPHOCTH 3TOrO TMNa He B COCTOSAHUM ONMUCATh BCE pa3HOOOpa3ue
CHUTYaLUi, C KOTOPBIMY NPUXOAMUTCS CTAJIKUBATLCS B HAYYHOI M NMPaKTUYECKOMH
nesiTeIbHOCTH. st npuMepa crnpocuM cebsi: CKOJILKO JAOPOXHBIX MpPOUCIiIe-
CTBUI npou3oiaeT 3aBTpa B MockBe? CKOJbKO BbI3OBOB OT OOJIbHBIX MOCTYMUAT
B MYHKT CKOpPOW MeauMLMHCKON nomoln? CKONbKO JIET NMPOXMUBET TOJLKO 4YTO
poauBuIMics MmnageHeu? Kak MHOro BpeMEHM NpUAETCA 3aTPaTUThb Ha MO-
MCK HEMCNPaBHOCTU B OMpEAEIEHHOM CJIOXHOM TEXHHYECKOM YCTpoiicTBe?
Bce atu Bonpockl 061a1al0T OAHOI OCOOEHHOCTBIO — Ha HMX HEBO3MOXHO
JIaTh OAHO3HAYHOrO OTBETA, MOCKOJNBKY NPOLECCH], C KOTOPBIMU OHU CBSI3aHBI,
[0 CaMOMY KX CYILECTBY JIMLLIEHbI MOJHOW onpeneneHHOCTH. JeiHCTBUTENb-
HO, TOPOXHbIE MPOUCIIECTBUS 3aBUCAT OT OFPOMHOIO YKCJIa MPUYUH, KOTOpbIE
HEBO3MOXHO MPEAYCMOTPETh: MOrofia, COCTOSIHUE JOPOXHOIO MOKPLITUS, OCBE-
LIEHHOCTb, TNICUXOJIOTMYECKOE COCTOSIHUE BOAMUTEJNIEH M TELIEeX010B, B3aMMHOE
pacrnosioXeHue aBToMoOWJieid Ha 1opore U MHOXECTBO APYIMX. AHAJIOTHYHbIE
3aKJIIOYEHHUSI Mbl MOXEM BbICKAa3aTb U OTHOCHUTEJIbHO OCTaJIbHBIX MpELIOKEH-
HbIX HAMH BOIPOCOB.

Bo Bcex MonoGHbBIX CTyyasix Mbi TOBOPUM, YTO HHTEPECYIOLLIEE HAC COObITHE
SIBJIIETCH CJIyYaWHBIM.
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IMockonbKy cnyyaiiHble COOBITHSI BPHIBAIOTCS B HAllly XXM3Hb [IOMUMO Ha-
LIEr0 XEJaHUS U MOCTOSSHHO OKpYXaloT Hac M, Gosiee TOro, MOCKOJIbKY BCe
SIBJIEHUSI NIPUPOJbl, COTJIACHO COBPEMEHHBIM BO33pEHMSAM, SIBISIOTCS Clydai-
HBIMM, HEOOXOAMMO HayyMTbhCS MX M3y4yaTb M pa3paboTaTh IS ITOH LIEIH
METO/bl UX U3YYEHMUS.

Ceityac yMeCTHO MOAYEPKHYTh, YTO CO CNYyYaifHbIMM SBJIEHUSIMU Mbl Bbl-
HYXJIEHbl CTAJIKUBATbCS HE BpPEMSI OT BPEMEHM, a MOCTOSHHO, M 3a4acTylo
MMEHHO OHU ONpEeNeNsiioT CTPYKTYpY TOrO WJIM HMHOTO MHTEPECYIOLLErO Hac
npouecca. Tak, npu opraHuM3auuK paboTbl TeNePOHHO! CTAaHUMKU HEOOXOAUMO
YYMUTBIBATh, YTO MOMEHTHI MOCTYIJIEHUS BbI30BOB OT aDOHEHTOB, TaK Xe Kak
¥ JUIMTEJIBHOCTH pa3roBopa Mexiy abOHeHTaMH, ciiyyaiiHbl. B rpy3oBoii Mop-
CKOW MOPT CyAa ANAJbHErO TJIaBaHUsl MOCTYNAOT HE TOYHO IO PaclMCaHUIo,
a B MOMEHTbI BPEMEHM, HEPEAKO CYLLIECTBEHHO OTJIMYHbIE OT 3arjlaHUPOBaH-
HbIX. TOYHO TaK Xe JIUTENBHOCTh MOrpy30-pa3rpy304HbIX paGoT (06paGoTKu
Cy[Ha) KOPEHHBIM 06Pa30M 3aBUCHUT HE TOJILKO OT MOrPY30YHBIX CPEICTB IPH-
4ajia, HO ¥ OT YCTPOWCTBA TPIOMA, XapaKTepa ¥ KOJIMYECTBA NPUObIBLUUX rPY30B,
MX YNMaKOBKHM MU MHOTUX ApPYyrux obcrositenbcTB. TaKUM 06pa3oM, Kak Mnpu op-
raHu3auuu pabotbl TeaedOHHON CTAHLMM, TaK U NMPU OpPraHU3aLUMu PaboThI
rpy30BOrO NMoOpTa, Mbl JOJXKHBI CYUTATLCS C ABOMHOM CIy4ailHOCTbIO — CIy-
YaiHOCTBIO MOCTYMIEHUsl TPpeGOBaHUi (BbI30B aGOHEHTOB, NMPUOLITHS CYIOB)
Ha OOCNyXHBaHHWE W CJHYYaWHOCTBIO UIMTEJILHOCTH MX OOC/IYXHUBAHMUS. MBI
BMIMM, TaKUM 00pa3oM, 4TO CilyyailHble COOBITHS UIpaloT OOMbIIYIO POJib KaK
B HayyHbIX UCCJIEOBAHUSX, TAK U B MPaKTHYeCKON mesTenbHocTH. bonee To-
ro, HepeaKo NpH MPOEKTUPOBAHMU OTBETCTBEHHBIX COOPYXEHMIA (TeseOHHBIX
Y3JI0B, MOPCKHX MOPTOB M T. I.) Mb! JOJDKHBI ONUPAThCSl HA 3TH CIyYaiiHbIE SB-
JeHust. ATo 06CTOSATENILCTBO MPUBEJIO K TOMY, YTO 32 MOCJEJHUE TPU CTOJETHS,
M B OCOOEHHOCTH 32 MOCJEIHUE AECATUIIETHUS, ClydalHbIE SIBJE€HUS ObLIM NOa-
BEPrHYThl CUCTEMaTHYECKOMY HccaenoBaHulo. KpaTkuii MCTOpHMYECKUI ouepk
3TOr0 MpouUECcCa MPWIOXEH B KOHLIE HACTOSILIEH KHUTH.

[pexnae yeM nepexoAmuTb K M3NOXEHHIO OCHOBHBIX PE3YJILTaTOB TEOPHU
BEPOSAATHOCTEH, Mbl JOJIXKHBI (hOPMaM30BaTh T€ MOHATHUS, C KOTOPDbIMU OHa
uMeet aeno. [Toka Xe MOHSITME «CNyyaHOrO» SIBJEHWS MMEET JIMIUb YUCTO
OnucaTebHbIA, MHTYUTUBHbII M BECbMa pacrlbIBYaThbiii OONMK. Mbl YBUAMM,
YTO TEOpUsl BEPOSITHOCTEN 3aHMMAETCS U3YYEHHUEM HE JIIOOBbIX COObITHI, KOTO-
pble B XUTEHCKOW MpaKTHUKE HA3bIBAIOTCS CyYaWHBIMM, a TOINLKO TE€X U3 HHX,
KOTOpbie 06/1aal0T Onpele/ieHHbIMUA CBOCTBAMH.

ITpexne Bcero, oHa OrpaHUYMBAETCS U3YYEHUEM JIMLLIDb TEX COOBITHIMA, KO-
TOpbIE€ B NMPUHLUIIE MOTYT ObITh OCYILECTBIEHbI HEOrPAHUYEHHOE YUCIIO pa3,
NPUTOM B HEU3MEHHbIX ycioBusx. IlpuBeneM npumepnl. MrpanbHas KOCTb
MOXeT ObITh MOXOPOILLIEHA B OOHUX U TEX XE€ YCIOBHUSX CTOJNLKO pa3, CKOJIBLKO
3abiaropaccyauTcst HaM, UcciefoBatesiM. Mbl MOXEM NMPOU3BOAUTL HeOorpa-
HMYEHHOE YMCJIO HaONIoOfeHMIt 332 YMCIIOM BbI30BOB aGOHEHTOB TenedOHHOM
CeTH, TMOCTYMAOWMX 32 YETBEPTh Yaca JHEBHOrO BpeMEeHU. BbIxooHble OHU
Y HOYHBIE YaChl MbI IPU 3TOM UCKIJIIOYUM K3 PACCMOTPEHMS, MOCKOJIbKY MOTYT
BO3HUKHYTb OMAaceHHUsl, YTO YCJOBUS HOPMUPOBAHMS MOTOKA BbI3OBOB B 3TH
IHU ¥ 4Yacbl OynyT OTVIMYHbI OT OyIAHEH.
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JHanee, Teopust BEpOSATHOCTE 3aHUMAETCS JIUILL TEMU COOBITUSIMH, KOTO-
pbie 06J1a1al0T TaK Ha3bIBAEMOW crmamucmu4eckoil ycmoii4ueocmoio WIH, UHaye,
YCTOMYMBOCTbIO YaCTOT. DTO TpeOOBaHME K Cy4yaHBIM COOBITHSIM CJIEAYET pac-
CcMOTpeThL GoJiee MoapoOHO.

[TpencraBuM, 4TO NMPOU3BOAMUTCS MOC/IEAOBATEILHOCTb UCITBITAHUIA, B KaX-
JIOM K3 KOTOPBIX MOXET MOSIBUTLCS, @ MOXET U HE MOSIBUTLCS HEKOTOPOE COObI-
THe A. DTH UCMBITAaHUS MPOU3BOAATCSA B ONMHAKOBBIX YCJIOBUSIX, M PE3YJILTAThI
OIHMX UCTIBITAHMIA HE OKA3bIBAIOT BIUSIHUSI HA PE3YJIBTAThl APYrUX (KaK rOBOPAT,
MCIIBITAHUS He3aBUCUMbI). OBO3HAYNM Yepe3 i YUCIIO NOARNEHMI coObiTha A
B KakKUX-TO 7 3apaHee Ha3HaY€HHbIX HOMEpaxX WCIMBLITAaHUil, Hanpumep B 7T
MOCJIeI0BaTe/IbHBIX MCNBITAHUAX: TOTAA ¥acmomd, T. €. OTHOUIEHWE K/T npu
OOJIBLINX 7 JUISl CTATUCTHYECKH YCTOMYMBBIX COOBITHIT A GJIM3Ka K MOCTOSIHHOI
Y JIMLDb CJIErKa U3MEHSETCS OT OAHOW CEpUM B M UCMBITAHUM K APYrOM.

ITpoBepka CTaTUCTUYECKOI YCTOWYMBOCTH MpPEACTaBsET COOOM LOBOJIILHO
CJIOXHYIO 3a/1aqy, ¥ ceiiuac Mbl HE CTAHEM €10 3aHUMaThes. [1o3aHee Xe K aToMy
BOMpocy Mbl OyeM BO3BpalllaTbCsl HEOAHOKPATHO.

Tenepb NOAYEPKHEM Ty MBIC/b, YTO TEOPHUSl BEPOSITHOCTEN HE 3aHUMAETCS
M3y4YEHUEM YHUKAJIbHBIX COOBITHI, KOTOpbIE HE AOMYCKaIOT NOBTOpeHui. Tak,
HE MMEET CMbIC/Ia TOBOPUTbL O TOM, KaKOBAa BEPOSAITHOCTb, YTO JAHHBII CTYOEHT
CHACT 3K3aMeH MO TEOPUMU BEPOATHOCTEH Ha Onmxkailleil 3K3aMEeHALMOHHOM
CeCCHM, MOCKOJIbKY 3[€Ch peyb UAET O EIMHUYHOM COOBITUM, MOBTOPUTDH KOTO-
poe B TEX Xe CaMbIX YCJIIOBUSIX HET BO3MOXHOCTH. Mbl MOXeM 06 3TOM COOLITUH
BbICKA3bIBaTh JIMLIb HEKOTOPbIE CYObEKTUBHbIE CYXXIEHUS, OCHOBAHHBIE HA Ha-
ieM 3HaKOMCTBE CO 3HaHHUSMM 3TOro CTyaeHTa. Teopusi Xe BEpOSATHOCTEM
CTaBUT nepen coboi 3aayy u3yuyeHus: OObEKTUBHBIX 3aKOHOMEPHOCTEH, KOTO-
pble He 3aBUCAT OT CYOBEKTUBHBIX CYXIEHUH TOro Win uHoro nuua. Y kak 6sl
HU ObUIM MHTEPECHBI BOMPOCHI, KACAIOLIMECH EAMHUYHBIX, HEMOBTOPUMBIX CO-
ObITUH, TEOpUS BEPOSATHOCTEH K HUM HE MMEET OTHOLLEHUS, €CNU TOJBKO
OTHOCHTEJIbLHO HUX HET BO3MOXHOCTH MPOBECTU JUIUTENIbHbIE HE3aBUCHUMbIE
MCTIBITAHUS B OIMHAKOBBIX YCJIOBUSX. TaK, BCE CliEyIOIINE BLICKA3bIBAHUA —

e 27 anpensa 2015 r. B MocKBe BbINAageT CHET;

e K 2020 rony 6ynyT HaieHbl paaMKaibHble METOIbI U3eyeHUs BceX hopm
paka,

o B 2018 r. poanTcs noat, no tanauty paBHbiil A. C. TTylukuHy —

HOCSIT XapaKTep YHMKaJIbHOCTH, M OTBET Ha HUX OyaeT nosjyyeH (MONOXH-
TeJIbHBIA WM OTPULATENbHBINA) B cBoe Bpems. IToka ke 3TH COGLITHUSL HOCAT
HeornpeneseHHbIi xapakTep. Y XOTs OHH OTHOCATCSI K KaTEropum <«MOXET
NPOU30WTH, @ MOXET U He NMPOU3ONTU», K HUM TMOHATHUS U METOIbl TEOPUH
BEPOSATHOCTEN HE MMEIOT OTHOLUEHMUS.

Teopus BepOSITHOCTEI M3y4yaeT JIMILb TaKUE CllyyaitHble COOBITUS, B OTHO-
ILIEHWH KOTOPBbIX UMEET CMBIC] He TOJILKO YTBEpXIeHUe 00 MX CIy4yalHOCTH,
HO ¥ BO3MOXHa 06bEKTHBHAS OLIEHKA JOJIH CJIy4aeB UX NOsABAEHUS. DTa OLEHKa
MOXET ObITb BblpaXXeHa NpeiIoXeHUEM BUIa:
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1. BepoSITHOCTb TOTO, YTO NMPH OCYLLIECTBJIEHUH OINMPEAETEHHOrO KOMIIEK-
ca ycnosuit & npousoiiner cobbitue A, paBHa p ).

3aKOHOMEPHOCTH TaKOrO poia Ha3bIBAIOTCS CMOXAcmu4ecKumu WIH ée-
poamuocmuoimu. C HAMU TPUXOOUTCS UMEThb JIEJI0 B CaMbIX Pa3HOOOpPa3HbIX
CUTYyalUsAX, CBA3AHHBbIX C M3YYEHHEM KaK NMPHUPOAHBbIX, TaK M OOLIECTBEHHbIX
SIBJIEHUH, a TaKXe B CaMbIX pa3HOOOpa3HbIX MPUKIIAAHBIX BOMPOCAX.

s npumepa, NycTh y HaC UMEETCSt HEKOTOPOE TEXHUYECKOE YCTPOICTBO,
CKaxeM, 3JieKTpuyeckas jaMnouka. Hac uHTepecyeT Bonmpoc: npopaboTaer ju
oHa 6e3oT1ka3Ho 1500 yacoB? 3apaHee Mbl HE MOXEM OTBETUTb HY YTBEPAUTEIb-
HO, HU OTpHLATeNbHO. 1S 3TOro y Hac HeT JaHHbIX. HO MBI MOXEM M IO IXHbI
OTBETUTb MHAYE, YTO OOJS TEX JIAMMOYEK M3 OOJIBLIOrO YKC/Ia HAXOMSLIMXCS
B OJMHAKOBBLIX YCJIOBMSIX 3KCIUTyaTalliK, KOTOpbie MPopaboTaloT MO MEHbLIEH
Mmepe 1500 yacoB, paBHa p. DTa BeJIMYMHA CYLUECTBEHHO 3aBUCUT OT TOrO,
Ha KaKOM MpPEeANpUsATHM U3rOTOBJIEHA JIAMIIOYKa U, 6e3yCI0BHO, OT TOro, B Ka-
KMX YCJIOBMsIX €l MPUXOAUTCS paboTaTh (MCMPABHOCTb MPOBOAKHM M MAaTPOHA,
pa3Mepbl KoneGaHM it HanpsXXeHUs: U CWIbI TOKA U 1p.).

KoHeyHo, Kaxpas anekTpuyeckasi JaMnoyka WHIMBMAYaJbHa IO CBO-
WM KayecTBaM, HO 3THX JIAMIMOYEK M3TOTOBJSETCS OYEHb MHOTO M MCMLITATh
MOXHO GOJIbIIIOE UX YMCJIO, TPUTOM M3TOTOBJIEHHBIX B OOHMUX M TeX Xe Mpo-
W3BOACTBEHHBIX YCIOBUAX. Mbl BCTpeyaeMcsl, TaKUM 0Opa3oM, C NOBTOPEHHUEM
WCMBITAHWI ABYX Pa3IMYHBIX THIOB:

a) NMOBTOpEHWE MCMBbITAHWIi 41 OLHOTO M TOTO Xe 06beKTa u3ydeHus (mo-
BTOPHOE M3BJIEYEHHE 1l1apa U3 YPHbI, CodepXalleif HECKOJIBKO OOMHAKO-
BbIX LIAPOB; U3BJIEYEHHUE Haydayy KapThl U3 MOJIHOI KOJIOABI U T. 11.);

6) MCIMBITAHWE MHOFMX CXOOHBIX 06BEKTOB. IMEHHO 1o 3TOMY 06pasLly Ha 3a-
BOJAX MPOU3BOAUTCS UCMbITAHUE KayecTBa U3rOTOBJIEHHONH MPOLYKLMHU.

DopMynnpoBKa IETEPMUHMCTUYECKHUX 3aKOHOMEPHOCTEN, K KOTOPBIM BCE
MPUBBIKJIM CO IJKOJIbHBIX JIET, 3BYYHUT TaK:

2. Tlpy KaxaoM OCYLIECTBJIEHWM KOMIUleKca ycioBuit & 00si3aTenbHO
MPOMCXOOUT COObITHE A.

B cnenyioiieM mnaparpade Mbl YBUIMM, YTO BEPOSITHOCTb Cy4yaiHOro
COOBLITHS U3MEPAETCS YMCIIOM, 3aKlodeHHbIM Mexay O u 1. EnnHule cooTBeT-
CTBYET T€ COObITHSI, KOTOpbIE 00513aTe/IbHO HACTYNAIOT MPU KaXIOM OCYLIECTB-
neHun komruiekca G. Takue coOLITHS Ha3bIBAlOTCS NOCTOBEPHbIMU. Ecnn xe
COOBITHE HEBO3MOXHO, TO €MY COOTBETCTBYET BEPOSTHOCTL 0. MBI BUAUM, YTO
JNETEPMUHUCTUYECKHE 3aKOHOMEPHOCTH MOXHO pacCMaTpuBaTh KaK 4aCTHbIA
CJyyail CTOXaCTMYECKHX, IUISl KOTOPBIX BEPOSATHOCTh p paBHa 0 unu 1. Takum
00pa3oM, CTOXaCTHYECKHE 3aKOHOMEPHOCTH ABIAIOTCS Oosee WHPOKUMHU, YEM
JETEPMUHUCTHYECKHUE, M MO3BOJISIIOT TOYHbIE, KOJMYECTBEHHbIE METOAbI MpHU-
MEHATh U B TEX CiydyasiX, KOrga O KJIaCCHYECKOM NETEPMUHU3ME HE MOXET
OBbITb M peyHu.

Y Mbl moka He JaeM OmnpelesieHUs] MOHSATHS BEPOATHOCTM M MOJIaraéMcs Ha HMEIOLIUECs
y YMTaTeNeil UHTYUTHBHBIE NPEACTABIECHUS.
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Kaxnbiit Mccnenosaresib, UMEIOIMNA €10 C MPUMEHEHUSIMU TEOPUMU BeE-
posiTHOCTEN K ¢hu3uKe, OUOJOTUM, WHXKEHEPHOMY Oely, OPraHU3auMUMu MpouU3-
BOJICTBA WM J11000i1 Apyroit KOHKPETHOW O0GNMaCTH 3HAHUM, UCXOAUT B CBOEH
pabore M3 ybexneHusl, YTO BEPOSITHOCTHbIE CYXIEHWS BbIPaXaloT onpene-
JieHHble 06BEKTHUBHbIE CBOMCTBA peanbHbIX siBneHUi. [loatoMy yTBepxneHue,
YTO MPH BBIMOJHEHUH HEKOTOPOro Komiiekca ycioBuit & cobbiTe A nMmeer
BEPOSITHOCTb P, UMEET Cepbe3HOE MO3HaBaTelbHOe 3HaueHHe. OHO yKa3biBaeT
Ha HaJIMuMe ONpeAeNIEHHOI, XOTa U CBoeoOpa3HOi, HO OT 3TOro He MeHee 00b-
€KTUBHOM CBA3M MEXIy KOMIUIEKCOM yciioBuit G u cobbiTueM A. Jlaxe TONbKO
YTBEPXAEHHE, YTO BEPOSATHOCTb COObITHS A TPH OCYLIECTBIEHMHM KOMIUIEK-
ca ycnoBuit G CylwecTByeT (XOTs ¥ HEU3BECTHA), SABJSETCS COAEPXKATENbHBIM
YTBEPXIEHUEM, HYXIAIOUIMMCS B 00beKTHBHOM OO0OCHOBAHMHM U NMOC/IEAYIOLIEH
NpoBepKe, eciM OHO MPUHATO B KayecTBe runortesbl. Gunocodcekas 3amaya co-
CTOMT B BbISICHEHMM NMPUPOALI 3TOH CB3U. Ee pelieHnIo nocBsiieHo 60bLioe
YUCNIO UCCIENOBaHMIT, HO 3alaya OO CHX MOp €LUEe OCTAETCS HE PELIEHHOIA.
TpynHOCTb 3TO# Npo6seMbl NMPUBEa K TOMY NapafioKCcalbHOMY pe3yJbTaTy, YTO
Cpeau y4YeHbIX BCTPEYAETCS CTPEMJIEHHWE HE HAWTH MMOJIOXKUTENBHOE €€ pelle-
HHe, a CHSATb €€, OObSABUB BEPOSITHOCTHBIE CYXXAEHUS MMEIOILMMU OTHOLLIEHUE
TOJNILKO K COCTOSIHMIO MO3HAIOWIETO Cy6bheKTa (M3MEPSIOLIMMH CTENeHb ero
YBEPEHHOCTH B HACTYIUIEHUU COObITHA A M NAIOIUMMM OCHOBAHHUS JUIS NPUIU-
CbIBAHMS PAaBHBIX BEPOATHOCTEN MCXO0B MCMIBITAHMSA MPH MOJHOM HE3HAHUH).
B nocnenHee Bpemsi Takue CcyOBEKTHUBUCTCKME BBIBOAbLI HEPENKO H€/IalOTCSA
MO MOBOAY COOLITUI, MPOUCXOASLIMX B YCJIOBHUSIX HEOMpPeNeJeHHOCTH, KakK
TENnepb NPUHATO FOBOPUTD.

§ 2. MNMone cobbiTHii. Knaccuueckoe
onpepeseHue BEpPOATHOCTU

MbI 10 cux nop He gaBanu (oOpMaJIM30BaHHOIO OMNpEeNIeHUsI KU Ciyyaii-
HOro cOOBbITUSI, HU €r0 BEepOSTHOCTH. Tenepb NMPUCTYNMUM K 3TOMY, CTPEMSCH
OIHOBPEMEHHO BOCIMMUTATb Y YUTATEJISI TEOPETUKO-BEPOSITHOCTHYIO UHTYMLIMIO.
Takasi uenb 3acrapiasieT HaC BBOAUTb OMNpelesieHue BEPOATHOCTH NMOCTENEHHO,
Kak Obl MOBTOpSAS MCTOpUYeCKMi nyTb. Takoit moaxon no3BojsieT U30exatb
¢opManbHOrO BOCNIPUATHS, a OTNPABISASACH OT MPOCTEHIINUX NPEACTaBIEHUH,
NOCTENMEHHO MEPEXOAUTh K 60siee CIIOXHBIM U OOLIMM.

HauyHeM ¢ Tak Ha3bIBa€MOro KJIaCCUYECKOro OrpelesieHUs] BEpOATHOCTH.
[Ipy 3TOM MbI YBUAMM, YTO OHO B JEWCTBUTEJILHOCTH ABJISETCA He Ompene-
JIEHMEM, a CKOpee METOAOM BbIYMCJIEHUSI BEPOSITHOCTEH MpHU BMOJIHE OMNpe-
JIeJIEHHbIX M CWJIbHO OrpaHMYEHHBIX YcioBMsX. Kiaccuueckoe onpeaeneHue
MCXOIMUT U3 MPEAIONOXEHUSI PABHOBO3MOXHOCTH KaK 06 BEKTUBHOIO CBOICTBA
U3y4yaeMbIX SIBJIEHWH, OCHOBAHHOrO Ha MX peajbHON cumMmeTpuu. [ToHsTHE
PaBHOBO3MOXHOCTH (PaBHOBEPOSITHOCTH) sABJISIETCS NEepBUYHLIM, HE NOLIEXa-
WKM ¢dopManbHOMY onpeneneHuio. OHO JIMIIbL MOSICHSETCS PAAOM MPOCThIX
U JIOCTYMHBbIX NMPUMEpPOB.

[1pu1 OGpocaHuM Ha MJIOCKOCTb FEOMETPUYECKU MPABUIBHOrO Kyba, U3ro-
TOBJIEHHOTO U3 OJHOPOAHOIO MaTtepuana, nio6as U3 WECTH rpaHeit (npu nox-
OpacblBaHMW Hayaayy) He MMEET pealbHbIX MPEUMYLIECTB [epel APYyrHMH.
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TakuM 06Gpa3oM, eciy MepeHyMepoBaTh rpaHu Lubpamu or 1 1o 6, To npu
6pocaHuK Kyba MOTyT NpOM30MTH LIECTh PAaBHOBEPOSITHLIX COOBLITHIA: BbiMaje-
HHUe rpaHeii 1, 2, 3,4, 5, 6.

[Tpn nondpackiBAaHWM OXHOPOIAHOIO MO MJIOTHOCTH MPaBMJIBHOIO JBa-
ALATUIPAHHKMKA (MKOCa3apa) BhbIMAAE€HHE KaXIOW IDaHW B CHIIy CUMMETPUM
OIMHAKOBO BO3MOXHO. Mbl MMeeM ciyyail, Koraa BO3MOXHbI ABagLaTh paB-
HOBEPOSITHBIX HCXOOB.

[MpeacraBum cebe Tenepb, YTO NMPHU KAXIOM MCIMbITAHUM E€OUHCTBEHHO
BO3MOXHBI 70 HECOBMeCmuMbIX U PaABHOBO3MOXCHbIX Ucx0008 Ey, B, ..., F,.

CnoBO «HECOBMECTHUMbIi» GbUIO BBEAEHO B HayKy aHIJIMACKUM YYEHBIM
Baitecom (1702—1761) 1 03Ha4aeT, YTO €C/IM HACTYNMN KaKOH-HUByab ucxon Ej,
TO HU OIHH U3 OCTAJIbHBIX L — | UCXOMOB B 3TOM MCNbITAHUMU HACTYIMUTDb yXKe
He Mor. Tak, ecny npyu 6pocaHMU UrpaIbHOM KOCTH BbliNasia rpaHb «3», TO 3TO
03HAYaeT, YTO MPH TOM Xe OPOCAHUU HE MOTJIa NOSIBUTLCSA IpaHb «5». Kaxblii
TaKOW MCXOJ CTAHEM Ha3blBATb 21eMEHMApHbIM COOblmueM.

Hapsny ¢ 3neMeHTapHbIMU COOBITUSIMM PacCMaTPUBAIOTCS TaKXe Ciyyaii-
Hble coObITHS. YacTO NpeACTaBISIET MHTEPEC HACTYMJIEHWE TMPU MUCMbITAHUU
HE KaKOro-TO 3/IEMEHTAPHOTO COOBITHSI, @ OOHOTO M3 HECKOJbKUX OINpeaeNeH-
HBIX 3JIEMEHTapHbIX coObITHi. Hanpumep, npu OpocaHMK MUrpajibHOM KOCTH
Hac MOXET MHTEPECOBATh NMOSIBJIEHUE TPAHEN C YMCIIOM OYKOB, OONBILIUM TpeEX,
T. €. MOSIBJIEHWE KAKOro-TO M3 3JIEMEHTAPHBIX COOBITHH «4», «5», «6». MBI
CTaHEM TOBOPHUTb B 3TOM CJly4yae, YTO Hac MHTepecyeT ciyyailHoe coObiTUe —
BbIMaJIeHWE 4Hciia 0YKOB, 6dsbliiero Tpex. Boobluie, ecan Hac MHTepecyeT Mo-
SIBJIEHME KaKOro-TO M3 OMNpeAENEHHBbIX 3J€MEHTApHBIX COOBLITHIA, HANpuMep,
oAHoro u3 cobwituit Ej , E;,, ..., E; , TO Mbl CTAHEM TOBOPHTb, YTO HAC MH-
TEpeCyeT HacCTyIJIeHHe CJIyYalHOro coObiTMS A, COCTOSILIErO B BbilTaJ€HUU
KaKOro-TO U3 M TOJIbKO YTO YKa3aHHbBIX 3JIEMEHTAPHbIX COOBLITHIA.

Beposmuocmoro cayuaiinoeo cobbimus A Ha3blBaeTCS OTHOILEHUE YHUCIIA HE-
COBMECTHMBIX U-PaBHOBO3MOXHbBIX 3JIEMEHTApHBIX COObITHH, cocTaBiaonX A
(T.e. uncna m), K YUCIy BCEX BO3MOXHbBIX 37EMEHTAPHBIX COOBITHIA (T. €. K YHC-
ny n). BepositHocTb ciyyaitHoro cobbitusi A o6osHavaetcs cumsosiom P(A).
CornacHoO TOJILKO YTO AJAHHOMY OMNpelesieHUI0

HanpuMep, npu 0MHOKpaTHOM GPOCAHUM UTPAJILHON KOCTH MOJIHAS IpyIl-
na rnornapHo HECOBMECTUMbIX ¥ PaBHOBEPOSATHLIX COOLITHIT COCTOUT U3 COObITHI

E\, By, B3, By, Es, Eg,

KOTOpbIE COCTOSIT COOTBETCTBEHHO B BbinaneHuu 1, 2, 3,4, 5, 6 oukos. CobbITHE,
cocTosilliee B BbIMAA€HUM YETHOrO YMCJIa OYKOB, MOApPA3NE/sAETCA Ha TpHU
YAaCTHBIX CJlyyasi, BXOISLUMX B COCTaB HECOBMECTMMbIX M PaBHOBEPOSITHbIX
cobbITHif. [ToaTOMy BeposTHOCTh coObITHs C' paBHa

3 |
PC) =% =5
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OueBUAHO TakXe, YTO B CUJ1y NPUHATOrO ONpEaACICHUA

1
P(E,‘) = g, 1

P(Ei + Ey) =

M T A

PaccMoTpuM Tenepb 6pocaHue nByx Kocrteil. Ecnu KocTu npaBWIBHBL, TO
BbIMaficHHE Kax1oit U3 36 BO3MOXHBIX KOMOMHALMI YKCa OYKOB Ha MepBOit
U BTOPOIl KOCTM MOXHO CYMTaTh PaBHOBEPOATHBIMU. Tak, CKaxeM, BEpOST-
HOCTb BbIMajeHUs B cyMMe 12 oukoB pasHa 1/36. Beinamenue B cymme 11
OYKOB BO3MOXHO JBYMs criocobaMu: Ha nepBOil KOCTM 5, a Ha apyroii 6,
Ha nepBoi KocTH 6, a Ha BTOpo# 5. [T03TOMY BEpOSATHOCTL BBINAAEHHUS B CyM-
Me ONMHHAJLATH OYKOB paBHa 2/36 = 1/18. Yuraresb IErKO NMPOBEPUT, YTO
BEPOSATHOCTb BbIMANEHUS TOM WJIM WMHOW CyMMbI OYKOB AAIOTCS CleAyHOLIei
Tabnunuen:

Tabnuua 1

Yucao oykoB 2 3 4 5 6 7 8 9 10 11 12

] 1| 23|45 |65 |4|3]2]1
CPOTTHOCTE 136 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36

IMoacuuraemM Tenepb 0OOlllee YMCIO BO3MOXHBIX CJIy4aiiHBIX COOBITHIA,
KOTOpOe MOXHO 006pa3oBaTh U3 1 3jeMeHTapHbIX. OYeBUIHO, YTO MOXHO 00-
pa3oBath Cj' COOBITHIA, KaX0e U3 KOTOPbIX Oy#eT coxepXarthb 1o M KaKuX-TO
aleMeHTapHbIX coObITHii (1 <M < n). TIpn m = n cnyyaiiHoe coGbITHE Bceraa
MPOMCXOJIUT, T. €. OHO SABJISIETCA AOCTOBEpHBIM. Bcero, Takum obpasoM, obpa-

-n

30BaHO Y, C™ = 2" — | cobbiTuil. JJ06aBUM Tenepb KO BCEM MOCTPOEHHBIM
m=1

COOLITHSIM €llle OHO, KOTOPOMY HE COOTBETCTBYET HM OJHO 3JIEMEHTApHOE
coObITHE, T. €. COCTOsLLEE M3 MYCTOrO MHOXECTBAa 3/eMeHTOB. OueBUIHO, YTO
OHO HUKOTJa HE MOXET HACTYNMHUTh (MMOCKOJILKY €My HE COOTBETCTBYET HU ONHO
a/leMeHTapHOe COBbITHE). DTO CiyyaitHoe COGbITHE HOCUT Ha3BaHUE HEBO3MOX-
HOro coObiTus. TakuM 0Gpa3oM, BCEX CIyYyalHBIX COOBITMIA B PACCMOTPEHHOM
HaMmu ciyyae Gyger 2°.

baunxaiiine paccMOTpeHHsI OTHOCSITCSI HE TOJIBKO K KJIACCUYECKOMY Ofpe-
JeIEHUI0O BEPOATHOCTH, HO M KO BCEM JanbHeiilinMm o6oOweHusMm: Bynem
cuMTaTh (HPUKCUPOBAHHBIM KOMIUIEKC YcJIOBMH & M CTaHEM paccMaTpuBaTh
HEKOTOpYIo cucteMy S cobbithii A, B, C ..., Kaxaoe U3 KOTOPbIX JOJIXHO
MPU KAXIOM OCYLIECTBICHUM KOMIUIEKCa S rpon304Ti VU He npon3ositn?),

2) Cobbitnst B nanbHeiileM 0603HAYalOTCA JAaTHHCKMMM MpONMcHbIMM 6yksamu A, B, C,
D,E,....

3 BMecTO «npon30oiTH» rOBOPAT TAKXKE «TOSABUTHCSA», «UMETb MECTO» MJIM «HACTYMHUTb».
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Me)l(,uy COOBITUAMU CUCTEMBI S MOTryT CYLIECTBOBAaTh M3BECTHbIE COOTHOLLE-
HHA, C KOTOPbLIMM MbI NMOCTOAHHO 6y)1eM UMETb NICJI0 U KOTOPbIE TNMO3TOMY
Npexnae BCEro N3yymnMm.

1) Ecnu mpv KaxaoM OCYILECTBIEHMM KOMIUIEKCAa YCIoBMiA S, npu
KOTOPOM MPOUCXOOMUT COObITHE A, NPOUCXOIUT U cobbiTHE B, TO MbI GyneM
roBOpUTDb, 4TO A éneuem 3a co6oii®) B, w 0603HauaTh 3TO OGCTOATENBCTBO
CHUMBOJIOM C:

ACB

WM CUMBOJIOM D:
BD A

2) Ecnu A Bneuer 3a coboit B M B TO Xe BpeMsi B Bieuer 3a coboii A,
T. €. €CJIM MPU KaXIOW peanu3aluu KoMruiekca ycaoBuit & cobbita A u B
00a HacTynaioT Wi 062 He HaCTYMaloT, TO Mkl 6yeM FOBOPUTh, YTO COOLITUS A
u B pasHocuasnbr v GyneM 0603HayaTh 3T0 OGCTOSATENLCTBO CUMBOJIOM =:

A=B.

3) CoGbiTHe, cocTosiiiee B HACTYIJIEHUM 060X cobbiTuil A u B, 6ynem
Ha3bIBaTh npou3zeedenuem cobbiTHit A 1 B u 0603Hayath AB.

4) CobbiTHe, COCTOALIEE B HACTYIUIEHUU XOTs Gbl OQHOTO M3 COOLITHI A
U B, 6ynem Ha3biBaTh cymmoii coObITHii A 1 B n o6o3Hayath A + B.

5) CoGbITHe, COCTOAILIEE B TOM, YTO COGBITHE A MPOMCXOMNT, a COOLITHE B
HEe MpPOMCXOAUT, OyneM Ha3biBaTh pazHocmsio cOObITME A U B M 0003HayaTh
A - B.

6) CoGbITHE, COCTOSILIEE B TOM, YTO COOBITHE A HE MPOMCXOMWT, Ha3bl-
BaeTCsA NPOMuUBONONONCHbIM 047 A 1 0603HA4YaeTcss CUMBOJIOM A.

Iycts, Hampumep, KOMIUIEKC YCi0BME & COCTOMT B TOM, YTO BHYTpH
KBazipata, u300paxxe€HHOro Ha puc. |, BbiOMpaeTcss Haynayy Touka. O603HaYUM
yepe3d A coObiTHe «BbIOpAaHHAs TOYKA JIEXXUT BHYTPH JIEBOTO Kpyra» U uepe3 B
cobbiTHEe «BbIOpaHHAs TOYKA JIEKUT BHYTPH NpaBoro kpyra». Toraa coObiTus
A, A B, B, A+ B, AB, A— B, B— A, A— B cocToaT B NnonagaH1u
BLIOpaHHOH TOYKM BHYTPb O6JacTeil, 3alUTPUXOBAHHBIX Ha COOTBETCTBYIOILIMX
¢durypax puc. 1.

PaccMoTpuM npyroit npumep. JdonycTuM, 4To KOMILIeKc ycnoBuit & co-
CTOMT B TOM, YTO Ha cTos Gpocaetcs (OAMH pa3) urpaibHasi KocTb. O603HAYUM
yepe3 A BbIMaZeHWe Ha BEPXHENl rpaHM KOcTH® LueCTH OYKOB, yepes B —
BbINAaJEHUE TPeX OYKOB, yepe3 C' — BblMaJieHHE KAKOro-aMbo 4eTHOro yucia
OYKOB, yepe3 D — BbiMageHue KakKoro-jimbo 4uciia OYKOB, KPAaTHOIO TPEM.
Torpa cobuitust A, B, C 1 D cBA3aHBI C/IEAYIOLIMMHA COOTHOILIEHUSMM:

ACC, ACD, BCD, A+B=D, CD-=A.

4 BMmecto A «Bieuer 3a coboit B» roBopsaT Takke « A ABRIAETCA YaCTHBIM Ciyyaem B».

3) B SInoHuu wuzroromnsior TENEpb KOCTHU HE TOJBKO B BHUIC K)’GHKOB, HO TAKX€ B BHIC
AOACKA3APOB U UKOCA3POB.
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Puc. 1

OnpeneneHne CyMMBI U POU3BENEHUS IBYX COOBITHI 060611IaETCA Ha JTI0-
60€e 4ucno cobbITHii:

A+B+...+N

00603HavaeT cobbITHE, 3aKIIIOYaIOLIEeCs B HACTYIJIEHUH XOTSI Obl OOHOIO M3 CO-
obitnit A,B,...,N, a

AB...N

0003HayaeT cobbITHE, 3aKITIOYAIOlIee B HACTYIUIEHUM BceX cobbithit 4, B, ...
N
., N.

7) CoGbiTie Ha3biBaeTCsi docmoeepHbiM, €CIIH OHO C HEOBGXOAMMOCTBIO
JOJIXXHO TPOMU30UTH (NIpH KaXIoii peann3alyu KOMIUIEKCA YCJIOBMIA G). Ha-
npuMep, Npu 6poCaHUM ABYX UTPANIbHBIX KOCTE IOCTOBEPHO, YTO CYMMa OYKOB
OyneT He MEHbILE ABYX. ) '

Co6bITHEe Ha3bIBAETCS HEBOIMONCHLIM, ECJIA OHO 3aBEIOMO HE MOXET Ipo-
M30iTH (HM NpM ONHOM peanM3aLMM KOMIUIEKCA YCJIOBMIl G). Hanpumep,
npu 6pocaHuy ABYX MrPaJIbHBIX KOCTEN HEBO3MOXHO TOSIBJIEHUE CYMBbI OYKOB,
paBHOW TPUHAALATH.

OueBuAHO, YTO BCE AOCTOBEPHbIE COOBLITHS PABHOCWJIBHBI MeX1y COGO¥.
IToatomy 3akKOHHO 0603HayaTh BCE AOCTOBEPHbIE COOLITUS OOHOI OYKBOI. MbI
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oyneM ynotpebnaTbh Wi 3toro O6ykBy 2. Bce HEBO3MOXHBIE COOBLITHS TOXE
PaBHOCHMJIBHBI Mexay coboit. Mbl GyneM o0603HayaTh Jil0OOE HEBO3MOXHOE
COOBLITHE 3HAKOM JJ.

8) Ba cobbITHA A M A Ha3BLIBAIOTCS NMPOMUBONOAOHCHBIMU, ECTH JUISE HUX
OJTHOBPEMEHHO BBIMOJIHAIOTCS IBA COOTHOLUEHHUS:
A+A=Q, Ad=o0.

Hanpumep, ecau npu OpocaHuu oaHoit wurpanbHoii kocth C o6Go3Hauyaer
BbIMTailEcHUE YETHOIO YMCJIa OYKOB, TO

QN-Cc=C

CCTb COOBITHE, COCTOSALIEE B BbIMAJEHUN HEYETHOTO YMC/IAa OYKOB.
9) Ba cobbiTiss A ¥ B Ha3blBAIOTCH HecoeMecmuMbiMu, €ClIi UX COB-
MECTHOE MOSIB/IEeHUE HEBO3MOXHO, T. €. €C/H
AB =g2.
Ecnn
A=B,+B;+...+B,

¥ coObITUSI B; nMonapHO HECOBMECTHMBI, T.e€.

B;B;=2 npu i#j,

TO rOBOPAT, YTO coObiTHE A nodpasdensemcs na uacmuoie cayvau By, B,, ...
..., B,. Hannpumep, npu 6pocanuu urpaabHoit koctu cobeitue C, cocrosiliee
B BBINAJEHUM YETHOrO 4YMCJIa OYKOB, MOAPA3AEISAETCS HA YaCTHbIE Cllyyau
E,, E,, Eg, cocTosilliie COOTBETCTBEHHO B BbiMaJeHUHU 2, 4 U 6 OYKOB.

Cobrituss By, B, ..., B, 00pa3yiorT noauyw epynny cobsimuii, €Clvi XO-
Ts1 Gbl OAHO M3 HUX HEMPEMEHHO JOJIXXHO NMPOU30UTH (MPH KaXIOM OCYLIECTB-
neHuu Komrekca G), T.e. ecnu

B +By+...+ B, =A.

OcobeHHO CyLIECTBEHHDI Ul HAac B JaJIbHEM1IEeM OyayT noansie epynnsl NOnapHo
Hecoemecmumblx cobbimuii. TakoBa, HanmpuMep, NMPU OJHOKPAaTHOM GpocaHUM
WUrpaJIbHOW KOCTH CHUCTEMa COOBITHI

E\, E,, E5, E,, Es, Eg,

COCTOALIas1, COOTBETCTBEHHO, B nosBiaeHuu 1, 2, 3, 4, 5 U 6 OYKOB.

10) B kaxmoit 3amaye TEOPUM BEPOSITHOCTEN MPUXOAUTCH MMETH JIENI0
C KakuM-1u00 ornpeaeseHHbIM KOMIUIEKCOM ycioBuit & M ¢ Kakoi-1ubo
ornpeneseHHOW CUCTEMOM S COOBITHIA, HACTYMAIOUIMX WJIM He HACTYMaloLUX
nocje Kaxnoi peanu3aluM KoMIUieKca YcaoBM G. OTHOCUTENBHO 3TOM
CHUCTEMBI Liesiecoobpa3Ho caesaTh Cliefylolre JONYILIEeHUS:

a) ecau cucmeme S npunadnexcam coboimus A u B, mo eil npunadnexcam
makxce coobimus AB, A+ B, A — B;

6) cucmema S codepxcum docmogeproe U He8O3IMONCHOE COObIMUS.
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Cucrema coObITUI, yIOBJIETBOPSIOIAS 3TUM JOMYLIEHUSIM, Ha3bIBaeTCs
noaem cobbimuii.

3aMeTuM elle B 3aKJIIOYEHME, YTO BO BCEX PAaCCMOTPEHHMSAX TEOPHH BEPO-
SITHOCTEN paBHOCHJIbHbIE MeXy cO00i COOBITHSI MOTYT 3aMEHSITh ApYr Apyra.
[ToaTOMy MBI yCIOBUMCS B JajibHeilIeM JiloOble 1Ba pABHOCUJIBHBIX COOBITHS
CYMTATh NMPOCTO TOXAECTBEHHBIMU APYT APYTY.

PaccMoTpuM Kakylo-1u60 nosiHyio cucteMy G NOnapHO HECOBMECTHUMBIX
PaBHOBO3MOXHBIX COOLITUI (HA30BEM WX 24emenmapiomu coboimuamu):

ElyEZa"' )Erla

M pacCMOTPUM CHCTeMY COOBITHI S, COCTOSAILYI0 W3 HEBO3MOXHOrO COObI-
TUS &, Bcex coObiTuit Ej cucteMbl G M Bcex COObITHIT A, KOTOphIE MOryT
ObITb MOApa3eNieHbl Ha YaCTHbIE C/Iyyau, BXOASLLUME B COCTaB CUCTEMBI G.

Hanpumep, ecnu cucrema G COCTOMT M3 TpPeX 3JIEMEHTApHBIX COOLITHI
E,, E, u E;, T0 B cucteMy S Bxoumat codwitvs &, E,, E,, E3, E| + E,,
E,+FE;, E\+E;, O=E, + E, + Ej.

Jlerko ycTaHOBUTb, 4TO cucTeMa S ecTb nojsie cobbITHii. B caMoM nene,
OYEBUIHO, YTO CYMMa, pa3HOCTb M NpOM3BeJeHHE COOBITUH M3 S BXOAAT
B S'; HEBO3MOXHOE COObITHE & BXOAMT B S MO OMNpeae/ieH!Io, a JOCTOBEPHOE
coObiTHe §) BXOAMT B S TaK KakK OHO NpEACTaBJISETCS B BUIE

Q=E +E+...+E,.

B coorBercTBMM C mpuBeneHHbIM onpeaeneHueM (c.27) KaxIoMy co-
ObITMIO A, MpHHaWIEeXalieMy K MOCTPOEHHOMy ceifyac mojio coGbituit S,
MPUITUCHIBAETCS BIIOJIHE OMNpeaesieHHas BEPOSITHOCTh

P(4) = =,
n
Tle M eCTb YUCJIO TeX COObITUI F; MCXOAHOM rpynnbl G, KOTOpbIE SIBISIOTCA
YaCTHBIMU ciydasiMu coObiTusi A. Takum o6pa3om, BeposaTHOCTb P(A) MOXHO
paccMaTpuBaTh Kak @yHKyuo om cobbimus A, onpedenennyro Ha none coboimuii S .
®yukuus 3ta 06Janaer cieayloUUMMi CBORCTBAMM:

1. [lns kaxncooeo coboimus A noas S

P(4) > 0.
2. Jins docmoseprozo cobbimus )
P() = 1.

3. Ecau cobuimue A nodpa3sdensemcsa na wacmuoie cayvau B u C, u 6ce mpu
coobimus A, B u C npunadnexcam nosio S, mo

P(4) = P(B) + P(C).

DTO CBOMCTBO Ha3bIBAETCS TEOPEMOV CIOXKEHUSI BEPOSTHOCTEN.

CBoiicTBO | O4eBMIHO, TaK KaK Apo6b M/ He MOXET ObITh OTPULIATENb-
Hoi. CBOMCTBO 2 He MeHee O4YEBMIHO, TaK KaK JOCTOBEPHOMY COOLITHIO £
671aronpuUsITCTBYIOT BCE 72 BO3MOXHBIX PE3yJIbTATOB UCMbITAHMUS, U MO3TOMY

PEO) == =1
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Hokaxem cBoiictBo 3. [TycTb coObiTHIO B GiaronpusTcTBYIOT M, a CcO-
6bitio C — m" cobeimuiic E; cuctembl G. Tak kak cobbitug B n C
MO JOMYIIEHUIO HECOBMECTUMBI, TO COObITHSI F;, G1aronpusTCTBYIOLNE OHO-
MY M3 HMX, OTJIMYHBI OT cobbiTHil E;, OnaronpusiTCTBYIOILMX Apyromy. Beero,
TakuM oOpa3oM, uMeercss m’' +m'" cobbiTuii E;, 61aronpusaTcTBYIOLIMX MOSB-
JIEHHIO OgHOro u3 cobeiTuit B wiu C, T.e. 61aronpuUsTCTBYIOLIMX COOBITHIO
B + C = A. CneposartejbHo,

! n ! n
P(4) = mim _m, ™ =P(B) + P(C),
n n n
4TO U TPeGOBAIOCH A0KA3aTh.

Mbl orpaHUYKMMCS 31€Ch YKa3aHUEM €ellEe HECKOJIbKUX CBOMCTB BEpOSITHO-

CTH.

4, Beposamuocmo cobbimus A, npomueonoaoxcioeo cobbsimuto A, pagna

P(4) =1 —P(A).
JIeCTBUTENIBHO, TaK KaK _
A+A4A=Q,
TO, COTJIACHO YXe JOKa3aHHOMY CBOWCTBY 2,
P(A+4) =1,

a TaK Kak cobbiTiss A 1 A HECOBMECTMMbI, TO MO CBONCTBY 3
P(4A + A) = P(4) + P(4).
JIBa nocneqHuX paBeHCTBAa AOKA3LIBAIOT Hallle MPearoioXeHHUE.

5. Bepoamuocmb Heg03MOXCHO20 cOObIMUS PABHA HYAH).
B camoM niene, cobbiTHs 2 M1 & HECOBMECTUMBI, TO3TOMY

P(Q) + P(2) = P(2),

OTKyZda CJIeyeT, YTO
P(2) = 0.

6. Ecau cobbimue A enewem 3a coboii cobbimue B, mo
P(4) < P(B).

HeicTBUTENBHO, cOGbITHE B MOXeT GbITh MPENCTaBJIEHO KaK CyMMa JIBYX
cobeitnit A u AB. Otciona, B culy cBOICTB 3 M 1, nojnyyaeM:

P(B) = P(A + AB) = P(A) + P(AB) > P(4).

7. Beposmuocmo 1106020 coGbimus 3aKA04eHa Mexncoy Hynem u eOuHuyeil.
U3 toro, uro mns no6oro cobuiTus A MMEIOT MECTO COOTHOLLIEHHUS
GCA+T=A=A4A0CQ,
Clle/lyeT, B CHJIy MpeJbIAyLIero CBOMNCTBA, YTO UMEIOT MECTO HEPABEHCTBA
0=P(2)<PA)LPQ) =1
3 3aka3z 1278
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§ 3. Mpumepsbi

MBI paccCMOTPHMM Tenepb HECKOJIBKO NMPUMEPOB BLIYMCIEHUSI BEPOATHO-
CTeil COOBITHI, MOJIB3YsACh KJIACCHYECKUM ornpeaesieHueM BeposTHocTH. Ilpu-
BOAMMBIE HAMM MPUMEPBI HOCAT UCKIIIOUUTENILHO WJUTIOCTPATUBHBIN XapakTep
M HE MPEeTEHAYIOT Ha TO, YTOObI COOGILMTH YUTATENIO BCE OCHOBHBIE METOJIbI
pacyeTta BepOSITHOCTEN.

Mpumep 1. BpocaioTcs TpH UrpaibHble KOCTH. YTO BeposiTHEe: MONYYUTh
B CYMME BbINaBlIMX o4ykoB 11 unu 12? )

OTa 3amaya ObUla OJHOH M3 MEPBMYHBIX, HA KOTOpoi (OPMHUPOBATHUCH
MOHATUSA U METOMbl TEOPUM BEPOSTHOCTEN. YTBEPXKIAIOT, YTO C Hell CBsi3aHa
M cremyiowas JiereHaa: ogHaxasl K lamuieio (a kro roBoput, yto K [oii-
reHcy) 3a KOHCy/brauueil obpaThics JaHacKHeXT. Ero mHTepecoBan MMEHHO
MpeaIoXeHHbIH HaMu Bonpoc. JIAaHACKHEXT 0Ka3aJICs MBICJISAILIUM YEJIOBEKOM,
CKJIOHHBIM K TEOPETHMYECKOMY M IKCMEPUMEHTAILHOMY MbllUieHHI0. OH 3a-
aBun Tanunelo, YTo COrjacHoO JIOTMKE 00e 3TH CYMMBbl AOJIKHBI MOSBJSITHCH
OIMHAKOBO YaCTO, HO OMNbIT YYUT IPYrOMY, a UMEHHO, 4YTO cymMMa 11 nosiBnsiercs
yauie, yeM 12. B uem 3pech neno?

O60cHOBaHKeE JIAHACKHEXTA Ha NMEPBbIH B3MIAA 3BYYUT yOEAUTENIbHO: YMCNIa
11 1 12 06a MOryT 6bITh pa3jioXXeHbl Ha CYMMY TPeX MOJIOXHUTEIbHBIX CJlaragMbIX
JIMLIB IIECThIO PAa3IMYHBIMU CNIOCOOaMM, 2 UMEHHO,

H=1+5+5=1+4+6=2+3+6=2+4+5=3+3+5=3+4+4;
12=1+4546=2+4+6=2+5+5=3+4+5=3+3+6=4+4+4;

OTCl0/1a, O €0 MHEHUIO, BBITEKAET PABHOBO3MOXHOCTh OOOUX MHTEPECYIOLINX
Hac COOBITHHM.

Onnako lanuneit Bo3pa3ui eMy, CKa3aB, YTO KaXI0€ U3 3TUX Pa3IOXeHUMI
chienyeT cCHabAUTh elle OnpeneieHHbIM BECOM M MOSICHWI CBOIO MbIC/Ib TAKUM
paccyxnenneM. Ha3oBeM KOCTH «NepBOii», «BTOPOW» U «TpeTbei»; Torna pas-
JnoxeHue | + 5+ S Ha caMOM aene MOXET MPOM3ONTH HE OOHMUM, a Tpems
pa3MYHbBIMKM CIOCOOaMu:

1+54+5=54+14+5=5+5+1,

T. €. eIMHHLA MOXET BbINAacThb Ha NMepBOi, BTOPOM MUK TpeTbei KocTH. Touy-
HO Takxe pa3joxeHue 1 + 4 + 6 MOXeT NPOM30WUTH CIIEAYIOLUNMU LUECTHIO
pa3nuyHbIMU criocobamu:

I +44+6=14+6+4=441+6=4+6+1=6+1+4=6+4+1.

Takum o6pa3oM, 11 B CyMMe MOXET NOSBUTLCA HE LIECTbIO, a 27 pa3iny-
HbIMM pPaBHOBO3MOXHbIMU cniocobamu. CymMa xe 12, oka3biBaeTcs, pasjara-
€TCs JIMLIb 25 pa3TMYHbIMU croco6aMu. 3aech BCe IeJI0 B TOM, YTO pasioXeHUe
4 + 4 + 4 ocyuiecTBMMO JIMLLIb OOHUM CIOCOOOM.

Tenepnr 3aMeTHM, YTO OOIlle€ YUCJIO BCEX BO3MOXHBIX PaBHOBEPOSITHBIX
BbIMAJEHUI TPeX UrpasibHbIX KOcTel paBHO 63 = 216. DTo GbUIO NMPaBUILHO
nocuutaHo eute B XII Beke.
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O6o3HaunM yepe3 A u B ciyyaitHble COOBITHS, COCTOSIILIME B BbINaAEHUN
coorBeTcTBeHHO 11 M 12 oukoB B cymme. Torga comiacHO JaHHOMY HaMu
KJIaCCUYECKOMY OMNpeeSIEHUIO BEPOSITHOCTH,

25

B MaTemaTHuyecKkoi CTaTUCTHKE MOKa3bIBACTCA, YTO LI YBCPEHHOIo pa3-
ACJICHUS OBYX BEPOSITHOCTEHM, OTIMYAIOLIMXCS MEHEE YEeM Ha OJIHY COTYIO,
HY>XXHO NMPOU3BECTHU MHOI'O ThICAY HCNBbITAHUH.

Mpumep 2. V13 kosoxb! KapT (36 KapT) Haynauy BHIHUMAIOTCA TPU KapThl. -
HaiiTu BepOSITHOCTb TOrO, YTO CPEM HUX OKAXETCSI TOYHO ONMH TY3.

Pewerne. TlonHas rpynna paBHOBEPOSITHBIX 1 HECOBMECTUMBIX COOBITHI
B Halllei 3aJaye COCTOUT M3 BCEBO3MOXHBIX KOMOMHAUMI MO TPH KapThl, UX
YUCJIO PaBHO C§'6. Yucno 61aronpusTCTBYIOLMX COOLITHIH MOXHO MOACYMTATD
ciaenyoliuM cnocoboM. OauH Ty3 Mbl MOXEM BbIOpaThb C} pa3IMYHbIMU
crnioco6amu, a aBe ApYrue Kaprthl (He Ty3) MOXHO BbIGpaTh C322 pa3TIMYHbIMU
criocobamu. Tak Kak Juisi KaXnoro ornpenesieHHOro Ty3a JIBE€ OCTaJIbHbIE KapThbl
MOTYT ObITb BEIOpAHbI C322 cnocob6aMu, TO Bcero 6;1aronpusITCTBYIOLIMX CJIy4yaeB

1.2
oyzer C, - C4,. MickoMast BepOSTHOCTb, TAKMM 06pa3oM, paBHa

4 32.31
_GCh 1 1 316 496
[ 36-35-34 7 35.3.17 1785 7
1-2-3

T. €. HeMHoro 6osbiie 0,25.

Mpnmep 3. V3 Kononbl KapT (36 kapt) Hayaady BHIHUMAIOT TPU KapThl.
HaiiT BepOSATHOCTb TOTO, YTO CPENU HUX OKAXETCH XOTS Obl OOUH TY3.

Petwerne. O603HauYMM HHTEpPecyloliee Hac cobbiTHe OyKBO A: OHO MO-
XeT ObITh MPEACTABIEHO B BMIE CYMMbI TpPEX CIELYIOLLUMX HECOBMECTHMMbIX
COOBITHII: A| — MOABJIEHUE ONHOrO Ty3a, Ay — NOsABIEHUE ABYX Ty30B, A3 —
NOsIBJIEeHUE TPeEX TY30B.

PaccyxneHUAMU, aHAJIOTHYHBIMU TEM, KOTOPbIE€ Mbl BUIEJIHU NP PEILIEHUH
NpeabIayILEN 3aauM, JIETKO YCTAHOBUTD, YTO YUCJIO CllyyaeB, 61aronpusTcTBy-
IOLINX

cobbiTHIO A paBHo C; - C322,

"~ 4 -"- Ci-Cy,

"~ Ay =" Ci-Ch.

TaK KaK YMC/IO BCEBO3MOXHbIX CiyuaeB paBHO Cig, TO
C,-Ch  16-31

ci  3-35-17
c?.cl, 3-16

= = z0,026 ’
P(4) c3  3-35-17 ?

P(4)) =

~ 0,2778,

3
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CJ . CO
P(4;) = 252 = ~ 0,0006.
3, 3.35.17
B CHUJ1Yy TEOPEMBI CIIOXEHUA
109
P(A) =P(A,) + P(4;) +P(4;) = T~ 0,3053.

DTOT NpUMep MOXHO PELIUTh U UHBIM MeTooM. CobbITHE A, MPOTHBOMONOX-
Hoe A, COCTOMT B TOM, YTO CPeM BbIHYTBIX KApPT He OKaXeTCsl HA OIHOrO Ty3a.
O4YeBHIHO, YTO TPU HE-TY3a MOXHO BbIHYTb U3 KOJIOAbI KapT C%Z Pa3IMYHbIMMK
cnocobaMu M, Clied0BaTe/bHO,

c3  32-31-30 31-8

P(A) = 232 — = ~ 0,6947.
“) Cy 36-35-3¢  3.17-7

Hckomas BEPOATHOCTbL paBHa
P(4) =1 - P(4) ~ 0,3053.

MNpumeyarne. B 060MX nmpuMepax BbIpaXeHHE «Hayaayy» O3HAyajlo, 4TO
BCEBO3MOXHbIE KOMOMHALMKM MO TPH KapThl PABHOBEPOSTHBI.

lNpumep 4. PaccMOTpUM Tenepb MPUMEP, KOTOPBIA LIMPOKO MCIIOJb3Y-
€TCsl PU NpOBepKe KauecTBa MPUHUMaeMON Mpomykuuu. B maremaTnyeckoM
OTHOLIEHUH OH GJIM30K K MpuMepy 2.

B ypHe HaxonuTcsi N OAMHAKOBBIX MO pa3Mepy U BHELLIHEMY BUAY LLAPOB;
cpenm HuUx M Oenbix ¥ N — M uyepHbix. Haymauy BbIHMMAOT 7 1LAapOB
(Ge3 BosBpauleHusi B ypHy). UeMy paBHa BEPOSITHOCTb TOTO, YTO CPEAM HUX
okaxercss m 6eybix?

W13 ycioBKs 3a1aun ICHO, YTO MBI NpeINoJiaraeM BhINOJTHEHUE HEPABEHCTB
m<num<M,atakken—m<N-—-M.

O6Liee YKCI0 BCEX PaBHOBEPOSITHBIX ClIy4aeB, KaK JIEFKO MOHSThb, paB-
Ho C}; . Uncno 61aronpHsTCTBYIOIIMX CIy4YaeB MOACYMTAEM CIEAYIOLIUM MyTEM:
Pa3IMyHbIX cnoco603 u3Bjieyb m Oenbix WapoB umeercs Chr, a n — m yep-

Hpix — Cyy . Takum 06pa30M obuiee Y1cio 6;1aronpUATHLIX PABHOBO3MOX-
HBIX cnyqaeﬂ paBHo C}; - Cy "}, . OTciona MCKOMasi BEPOSITHOCTb
m n—m
Ci - Chnu
n
Cy

Mpumep 5. Konony kapt, cocrosiulylo M3 36 Kapt, Hayaauyy pasigesior
Ha JBe paBHble YacTu. YeMy paBHa BepOSITHOCTb, YTO B O0EUX YaCTAX OKaXeTcs
110 PaBHOMY 4MC/ly KPAaCHbIX U YEPHBIX KapT.

BripaxeHue «Haynauy» O3Ha4aeT, YTO BCEBO3MOXHBIE Pa3ie/IeHUs1 KOJIOAbI
Ha JiB€ 4aCTH PAaBHOBEPOSITHHI.

PeweHne. HaM HYXHO HalTH BEpPOSTHOCTb TOTrO, YTO Cpedu Hayaauy
BBIHYTBIX M3 Koyoabl 18 kapT 9 6yayT KpacHbIMH U 9 — yepHbIMH. CorlacHO
npuMepy 4, UICKOMasi BEpOSITHOCTb PaBHa, CJIENOBATENBHO,

_C-Cly _ (18)°
CIE 7 3619




§ 3. lpumepsi 37

Yro6bl cocTaBUTh cebe MmpencTarjieHHe O BeJIMYMHE 3TOM BEPOATHOCTH M NpPU
3TOM He MPOU3BOAUTL YTOMUTENLHBIX BBIYMCIIEHHIA, Mbl BOCIONb3yeMcs ¢Gop-
myJioit CTHpJIMHIa, COrJIaCHO KOTOPOW MPU 71 — 0O MMEET MECTO Cleyollee
ACMMNTOTHYECKOE PABEHCTBO:

n! ~ V2rn-n" exp (—-n).

TakuM oOpa3om, uMeeM:

18! =~ 18" . exp (—18) V2r - 18,
9~ 9° - exp (-9) V2.9,

36! &~ 362 - exp (—36) V2 - 36,
M 3HAYUT,
(V2r - 18- 1818 - exp (—18))"
PR
V21 - 36 36% - exp (~36) (V27 - 9- 9 - exp (=9))*

[Tocne HecnOXHbBIX np606p33OBaHMﬁ HaxoanuM, 4TO

2 4
IS ~ — =~ 0,26.
p Vi8r 15

EcTecTBEHHO BO3HMKAeT BOMPOC: KAaKOE OTHOLUEHHE MUMEIOT HaiIeHHble
BEPOATHOCTH K peaTbHbIM ABJIeHUAM? UTOObI HAMIHO 3TO OLUYTHUTh, HA OLHOIA
M3 JIEKUMH ObUI MPOBENEH TAKOWH 9KCMEPUMEHT: CTYAEHThI MPUHECH HECKOJILKO
KoJion KapT no 36 KapT Kax/ias ¥ 3aTeM CTO pa3 ObUIO MPOU3BEEHO pa3iesieHue
KOJIOA Hayjayy Ha ABe paBHble yacTW. B Tabi. 2 npuBeaeHbl pe3ynbTaThl 3TOrO
aKcnepuMeHTa. B nepBoM cTonblie yka3aH HOMED MCMbITaHUSI, BO BTOPDOM —
YKCJIO MOSIBUBLUMXCS B OAHOM M3 NMOJTYKOJIOA KPAaCHbBIX KapT, B TPETheM — YHCJIO
cyyaeB A€JIEHUS] KPACHBIX M YEPHBIX KapT MOMOojiaM Cpelu yXe NPOU3BEAEHHBIX
UCMbITAHUI M, HAKOHEL, B YETBEPTOM CTOJIOLIE NaHbI 3HAYEHHUS YACTOT.

IMpuBoauMBIi Ha puC. 2 rpadMK HAMISIAHO NMpPEACTaBJsSET U3MEHEHUE Ya-
CTOTHl [t/ B 3aBUCUMOCTM OT YMCJIa MChbiTaHMW. BHayane, Korma 4mcio
OMBITOB HEBEJIMKO, JIOMaHasl JTMHUS NMOPOH 3HAUYMUTENILHO YKJIOHSIETCS OT Mpsi-
Mot y = p = 0,26. 3ateM C yBeJMYEHHEM YUCJIa OMNBITOB JIOMaHasi B OOLIEM
Bce Onmxe U OaMXe MOAXOOUT K 3TOM NMpSMOi.

lpumep 6. VIMeeTcst m yaCTHML, Kaxaasi U3 KOTOPbIX MOXET HaXOAUTLCH
C OIHOM ¥ TO¥ Xe BeposATHOCTbI0 1/N B Kaxnoit us N (N > n) sueek. Haiitn
BEPOSITHOCTb TOTO, YTO:
1) B onpeneneHHbIX T sY€iiKax OKAXETCs MO OAHOI YacTuLe,
2) B KaKMX-TO 7 siyeiKax OKaXeTcs M0 OAHON YacTHLIE.

Pelernne. Dta 3alaya MrpaeT BaXKHYIO pOJib B COBPEMEHHON CTaTUCTH-
yeckoi (u3mke, M1 B 3aBUCUMOCTH OT TOro, Kak oOpa3syercs IoJjiHas rpymnrna
PaBHOBEPOSITHbIX COOBITHI, MPUXOMAT K TOM MM MHOI HU3NYECKON CTATUCTU-
ke: bonbumana, Boze—3itHiuTeiiHa, PepMu—Iupaka.
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Tabnuua 2
Homep Yucno Yucno Yac- Homep Yucno Yucno Yac-
UCTIBI- KpacHbBIX Gnaromnp. rora HCIIBI- KpPacHbIX Gnaromnp. ot
TaHUH KapTt clyyaeB TaHUi Kaprt cly4yaeB
1 8 0 0,00 S1 9 13 0,25
2 9 1 0,50 52 8 13 0,25
3 11 1 0,33 53 7 13 0,25
4 9 2 0,50 54 9 14 0,26
5 11 2 0,40 55 7 14 0,26
6 8 2 0,33 56 9 15 0,27
7 11 2 0,29 57 9 16 0,28
8 9 3 0,37 58 11 16 0,28
9 8 3 0,33 59 8 16 0,27
10 7 3 0,30 60 8 16 0,27
11 12 3 0,27 61 8 16 0,26
12 10 3 0,25 62 10 16 0,26
13 9 4 0,31 63 12 16 0,25
14 13 4 0,29 64 9 17 0,27
15 12 4 0,27 65 11 17 0,26
16 8 4 0,25 66 12 17 0,26
17 11 4 0,23 67 11 17 0,26
18 10 4 0,22 68 8 17 0,25
19 8 4 0,21 69 10 17 0,25
20 11 4 0,20 70 8 17 0,25
21 12 4 0,19 71 7 17 0,24
22 10 4 0,18 72 9 18 0,25
23 10 4 0,17 73 10 18 0,25
24 9 5 0,21 74 8 18 0,24
25 9 6 0,24 75 11 18 0,24
26 14 6 0,23 76 8 18 0,24
27 9 7 0,26 77 9 19 0,25
28 10 7 0,25 78 9 20 0,26
29 10 7 0,24 79 5 20 0,26
30 7 7 0,23 80 8 20 0,25
31 10 7 0,22 81 7 20 0,25
32 7 7 0,22 82 10 20 0,24
33 8 7 0,21 83 9 21 0,25
34 10 7 0,21 84 6 21 0,24
35 9 8 0,23 85 10 21 0,25
36 9 9 0,25 86 10 21 0,24
37 10 9 0,24 87 9 22 0,25
38 10 9 0,24 88 7 22 0,25
39 8 9 0,23 89 7 22 0,25
40 7 9 0,22 90 10 22 0,24
41 9 10 0,24 91 8 22 0,24
42 10 10 0,24 92 8 22 0,24
43 10 10 0,23 93 10 22 0,24
44 9 11 0,25 94 8 22 0,23
45 8 11 0,24 95 11 22 0,23
46 7 11 0,24 96 9 23 0,24
47 12 11 0,23 97 9 24 0,25
48 9 12 0,25 98 10 24 0,25
49 6 12 0,25 99 7 24 0,24
50 7 12 0,24 100 7 24 0,24
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i =p=0,26
0,3 . _Y=Pp

eV g~ e o
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B cratcTiike BonbliMaHa paBHOBEPOSTHBLIMHM CUMTAIOTCS J1IOObIE MBICIIH-
Mble pa3MEIlEHHs], OTINYAIOUIMECH HE TOJBKO UYUCIIOM, HO U MHIWBUIYyaJlb-
HOCTBIO YAaCTHUIL: B KaXION sfyeifke MOXET MoMelaThes Ji1o60e YMCI0 YacTHIL
ot 0 10 n.

OOuiee YMC/IO BO3MOXHBIX Pa3sMELIEHWIt Mbl MONCYHUTAEM CJEAYIOLINM
crnocoboM: KaxJas YacTMLA MOXET HaxOOMThCH B Kaxaoi u3 N suyeek,
CJIeIOBaTeJIbHO, 7. YacCTHI[ MOXHO pa3METUTb Mo sueikaM N" pa3nTuyHbIMU
cnoco6amu.

B nepsoM Borpoce 4ucjio 61aronpUSTCTBYIOLIMX clyyaeB OyneT, oueBu-
HO, N! W, 3HaYWUT, BEPOSATHOCTb TOTO, YTO B OMpeAEJIEHHbIE 7 SiueeK MOonaner
Mo OHOM YacTulle, paBHa

n!
— _N—”'
Bo BropoM ciyuyae uucio GiaronpusTcTBylOIUMX ciydaeB Oyzer B Cj

pa3 GosblIE U, 3HAYMT, BEPOATHOCTb TOro, YTO B KAKHE-TO N AYEECK Nnomnaaer
Mo OJHOI YyacTuue, paBHa

4

Wl N!
N® — N®(N —n)!

B cratuctuke bo3e—DiiHIUTEHHA CUMTAIOTCS TOXAECTBEHHLIMM Cllydaw,
KOT[a 4acTHLIbl MEHSAIOTCA MECTaMU MeXIly A4yeiikamu (BaXHO TOJIBKO, CKOJlb-
KO YaCTHILl MONajo B AYEHKY, HO HE MHAMBMAYATbHOCTb MOMABUIMX YaCTHLL),
Y MOJIHAS IPyINna paBHOBEPOSITHBIX COObITHI COCTOMT M3 BCEBO3MOXHbIX pa3Me-
weHUi n yactul no N siyeiikaM, npuyeM 3a OOHO pa3MeLLEHUE NTPUHUMAETCS
LeNbli KJ1acc 60IbLIMAHOBCKUX pa3MELLIEHUI, OTIMYAIOILMXCS HE YUCIIaMU CO-
IepXalluxcsi B ONpeAesieHHbIX AYeiikax 4yacThll, a TOJbKO CAMMMH YaCTULIAMH.
Jns HarnaoHOro NMpeAcTaBieHUst O pa3IMYuM CTaTUCTUK BonbuMaHa u bosze—
DHHITeHHa PacCMOTPUM YacTHbI npumep: N = 4, n = 2. BceBo3MOXHbIE
pa3MellleHHs1 B 3TOM NMpUMepe MOXHO 3amucaTh B BuAe Tabdi. 3, B KOTOpoi a
n b — HauMmeHoBaHus yactuu. B cratuctuke BonbuMana Bee 16 BosMOXHOCTEN

P =
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Tabnuua 3
Cnyyam | 1 | 2|3 |4 |5|6|7|8|9|10]11]|12]13]14]15]16
ab a|ala b|b|bd
Sueiiku ab b ala a b|bd
ab b b a a a b
ab b b|b a a|a

NpPeACTaBNASIOT cO00i pa3iMuHbie paBHOBEPOSITHOCTHBIE COOBITUS, B CTATUCTHU-
ke xe Boze—DitHwTeitHa cnyyan Swu 11, 6 m 12, 7n 13, 8 u 14,9 u 15, 10
1 16 nonapHoO OTOXIECTBJSIOTCS U Mbl UMeeM rpyry U3 10 paBHOBEpOSTHBIX
COOBITHA.

BblyncnuM Teriepb o6liee YUCIO paBHOBEPOSATHLIX CIy4yaeB B CTATUCTUKE
bo3e—ditHTeitHa. C 3Toif LIeNIbI0 3aMETHM, YTO BCEBO3MOXHbIE Pa3MELLIEHUS
YacTULl MO siYEHKAM Mbl MOXEM IOJYYUTb CJAEXYIOLIMM MYTEM: PaCIONOXUM
S;YeMKM Ha MpPsSMOM BIUIOTHYIO APYr K JAPYry, PaclojioXUM Jajiee psioM
ONIHY BO3JIe IpYroil Ha TO# Xe MpsIMOif HalM yacTulibl. PaccMOTpuM Tenepb
BCEBO3MOXHbIE MEPECTAaHOBKH YACTHULL M NEPEropoaok Mexuy suekamu. Takum
00pa3oM, Kak JIerko coob6pa3uTb, OYAyT YYTeHbl BCEBO3MOXHbBIE 3aMOTHEHUS
siyeeK, OTIMYAIOLIMXCSA KaK MOPSAKOM PACIOJIOXEHHUsT YacTULL B siyeikax, Tak
Y TOPSIAKOM pacrofioXeHHUs Meperopoaok.

Yuciio 3THX nepecTaHoBoK paBHO (N +n — 1)!. Cpeay 3THX NepecTaHOBOK
MMEIOTCS ¥ TOXAECTBEHHbIE: KaXJI0€ pacnpelesieHUe Mo siYeikaM cuMuTaercs
(N —1)! pa3, tak Kak Mbl pasivyaju, KaKue Meperopoaku ObUIM MexXi1y
sAyeiKaMM, a KpOME TOrO, KaxJO€ pacrpejeieHHe Nno s4yeiKaM Mbl CHOBa
CUMTAJIU MO n! pa3, TaK KaK Mbl YYUTBIBATU HE TOJBKO YHCJIO YaCTHULL B UEHKE,
HO M TO, KaKM€ 3TO YaCTULIbI U B KAKOM MOPSIIKE OHU PacCMONOXKEHbI. TakuM
06pa3oM, KaxIoe pacrpeaeieHue no siyeikam Mol cuutanu n!(N — 1)! pas,
OTCIOJIa YMCJIO Pa3IMYHBIX B cMbIcie boze—DitHIUTeiHA pa3MELLEHMI YacTHLL
Mo fAyeifkaM paBHO

(n+N-1)
n!(N - 1)~
TakuM 0b6pa30M, 4YMCJIO PABHOBEPOSATHLIX COOLITHI B MOJIHOW CUCTEME COOBITHIA
HaMM HailgeHo. Teriepb Mbl JIETKO MOXEM OTBETHUTbh Ha BONPOCHI HALLEH 3afayM.
B cratucruke bo3e—3iiHIlUTEIHA BEPOATHOCTH P U Py PaBHbI

1 nI(N.— 1)!
L oy T R P A T
nI(N = 1)!
cr NN = 1)!
P2 = =

T (m+N-=-1)! T (N-n)(N+n-1)"
n(N — 1)!
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PaccmoTpuM, HakoHell, cratuctuky Pepmu—dupaka. CoriacHo 3Toif
CTaTUCTHKE, B fYeiiKe MOXET HaXOOUThCS JIMOO OHA YacTHLa, MO0 He HaXo-
JIUTCSl HU OIHOM, MHAMBUIAYAJILHOCTh YACTHULl YHUYTOXKAETCH.

OO6lee YyucIo pa3MellleH|it YacThl No syeikaM B cTraTucTke MepMu—
Jupaka noacyuTaTh JIerko: mepBasi YacTHLia MOXET ObiThb pacrosioxeHa N
pasnmuuHbBIMK criocobamu, Bropas — Tonbko N — 1, tpethst — (N —2) u,
HakoHel, -1 — (N — n + 1) pasnmuuHbiMu criocoGamu. Ho mpu 3TOM MbI
3a pasHble CrnocoObl MPMHMMaeM CrocoObl pacrpenesieHus, OTINYaloLIMecs
TOJILKO MEPecTaHOBKOW 4YacTul Mo syeiikaM. s TOro yrtoObl MCKIIOYHUTDH .
WMHAWBUIYAIBHOCTh YACTHLL, Mbl JOJIXHbI YUCIIO, MOJYYeHHOE YKa3aHHBIM 00-
pa3oM, elle pa3euTb Ha n! .

Takum o6pa3om, n yactull o N siyeiikaM MOryT ObITb PAaCMOIOXEHbI

N!

1
EN(N—1)...(N—n+l):—(N_n)!n!

Pa3IMYHBIMU PaBHOBEPOSTHBIMU CMOCOGAMH.
Jlerko coobpa3uth, yto B cratuctike PepMu—JIMpaka MCKOMbIE BEpOSIT-
HOCTH PaBHbI
(N =n)'n!

PL="pn p=1

PaccMOTpeHHbBIN npUMep MOKa3blBaeT, HACKOJIBKO BaXHO TOYHO Ornpene-
NISITh, KaKWe COBLITUA CYMTAIOTCS B 3a1aye PaBHOBEPOSITHBIMU.

MNpumep 7. Y TeaTpasibHOI Kacchl CTOSIT B ouepenu 2n venoBek. Cpeau
HHX 1 YeJIOBEK MMEIOT MOHEThI TOJIKO py0JIeBOro JIOCTOMHCTBA, @ OCTAJIbHbIE —
TONILKO MOHeThl 1o 50 koneek. Buner crout 50 koneek. Kaxnblit nokynarenb
npuobperaer 1no omHoMmy GuyieTy. B HayajbHbIi MOMEHT B Kacce HET JIEHET.
YeMy paBHa BEpOSITHOCTb TOTO, YTO HM O MH MOKYyNaTesib He OyneT xaathb ciavy?

Dr1a 3amaya sBasercs nepedoOpMyJMpPOBKON BOMpOCa, KOTOPbIA BO3HMK
MpyU U3yyeHUH npobsieM ynpapaeHUs] KAYECTBOM NMPOAYKLMHU B NMPOLIECCE TMPO-
V3BOACTBA.

BceBO3MOXHEIE MEPECTAHOBKH MOKYmnaTeneil paBHOBepOSTHBI. TakuMm 00-
pa3oM, umeercsi CJ;, Bcex BOSMOXHBIX PABHOBEPOATHBIX CiydaeB. [Ins pasbic-
KaHMs Yucia 61aronpusTCTBYIOUIMX CllyyaeB NPUOErHEM K CIeaylolIeMy reo-
MeTpuueckoMy npuemy. PaccMotpum miockocts Oy M OONYCTHM, YTO MO-
KynateJii B MOPSAKE OYepeNHOCTH pacrojiaraloTcss B Toukax ocu abcumce
¢ KoopauHatamu 1,2, ..., 2n. B Havane yA
KOOpAMHAT pacrnojioxeHa Kacca. [Ipu- ;
NULIEM KaXIOMY JIMLLY, UMEIOLLEMY pyO- Y R !
JIA, 3HaYeHWe OpAMHATHI, paBHOe —+1, P n
a MMeEIoLLEeMy MOJATUHHUKM — 3Haye- 7 y
Hue —1. ByneM Tenepn cymMMuUpoBaTh »
NOCJIEIOBAaTENIbHO 3TH 3HAayeHMs ciea O (2n,0)T
HanpaBoO U B KaXIOH LENOYMUCIEHHOM '

TOYKE OTMeYaTh B BUIE OPAMHATHI MO-
nydenHyio cymmy (puc. 3). Coemunum Puc. 3
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Tenepb MOJYYMBILIMECS COCENHHE TOUYKU MPAMOJUHEHHBIMU OTpe3KaMU U Ha-
4aJio KOOpAMHAT C MEepBOi crnpaBa M3 3TUX Touyek. [TonyyuBlIyIOCS JIOMaHYIO
Ha30BeM TpaeKTOpHMel. SIcHO, yTo OHa Ha KOHuax orpe3ka [0,2n] mmeer
OpIMHaThI, paBHbIe 0.

Kaxnoif TpaeKTopvu MOCTaBJEHO B COOTBETCTBUE ONPEIEIEHHOE pacIio-
JIOXEHHUE UL ¢ pyOnssMM U MoATMHHMKAMU. MHTEpecyloleMy Hac COOLITHIO
O61aronpusITCTBYIOT T€ M TOJILKO T€ TPaeKTOPUHU, KOTOPbIE HE MOAHUMAIOTCS
HaJ OCblo abcuucc. .

BblyvciuM Tenepb oOllee YMCIO TPAeKTOPUM, AOCTMrAIOLIMX WM Te-
pecekalolMX XOTs Obl pa3 npsamylo ¥ = 1. DTU U TONBKO 3TH TPAEKTOPUHU
O/1aronpusITCTBYIOT MPOTUBOIMOJIOXHOMY COOBITHIO, KOraa XOTst Obl OOHOMY
JIMLlYy MIpUIeTCst OXWAaTh crnayy. Ins 3Toi 1enn NOCTPOMM HOBYIO, DUKTHUB-

HYI0 TpaekTropuio. JIo mepBOro HOCTMXEHUsi MpsMoil ¥y = | oHa coBnagaer
CO CTapoii, a OT TOYKH AOCTUXEHHS 3TOM NPSAMOMN OHA SIBIAETCS 3ePKAIbHbIM
OTOGpaXeHHeM CTapoii TPaeKTOPUM OTHOCUTENLHO NpAMOii ¢ = | (Ha puc. 3 —

NYHKTUPHas jomaHas). Kaxias HoBast TpaeKkTOopus HaurHaetcs B Touke (0, 0)
M 3akaHuyuBaetcs B Touke (27n,2). OTCiONa BLITEKAET, YTO EAUHUYHBIX MOLb-
€MOB OHa MMeeT Ha [Ba GoJiblie, YeM CrycKoB (MMeHHO: n+ | nogseM u n — |
cniyck). OTciona clleflyeT, YTO BCEX HOBBIX TPAeKTOpHil GymeT C;‘n‘ !, 3Ha-

YUT YUCJIO COOBITUIA, OJIaronpUsATCTBYIOLIMX COOBITHIO Halued 3agayu, OydeT
n n—1

m ~ Lo 1 TEM CaMbIM UCKOMasl BEPOSATHOCTb paBHa
n-—-1
cs, n+1 n+1l

§ 4. TeomeTpuyeckme BEpoOSTHOCTH

Ewe B caMoM Hauasie pa3BUTHsI TEOPUM BEPOATHOCTEH Obula 3ameuyeHa
HEI0CTaTOYHOCTb «KJIaCCUYECKOro» ONpesesieHUs] BEpOATHOCTH, OCHOBaHHOTO
Ha pacCMOTPEHMM KOHEYHOI rpynmnbl paBHOBEPOSITHBIX COOBITMI. YXe Torma
4acCTHbIE MPUMEPBI MPUBEIN K HEKOTOPOMY BUAOM3MEHEHUIO 3TOrO Oonpenene-
HUS Y TTOCTPOEHMIO MOHSATUS BEPOSITHOCTH TaKXe [Ulsl CJIy4aeB, KOIia MbICJIMMO
OecKOHEYHOe MHOXeCTBO McXonoB. IIpy 3TOM MO-NMpeXHEMY OCHOBHYIO pOJb
UTPAJIO MOHSITUE «PABHOBEPOSITHOCTH» HEKOTOPBIX COOBITHM.

OO1was 3amaya, KoTopasi CTaBWIach M MpHBeJa K PacnpoCTPaHEHHUIO MO-
HATUSI BEPOSITHOCTH, MOXET ObITh C(HOPMYJIMPOBAHA CIEAYIOLIMM CITOCOOOM.

[TycTs MMeeTcs, HanpUMep, Ha TUIOCKOCTH HEKOTOpas 00J1acTh.G' M B Heil
colepxXuTcs Jpyras obylacTb ¢ C KBaapupyeMoi rpaHuueil. B obnacts G
Haynayy Opocaercsi Touka M CrHpalliMBaeTcs, YEMY paBHa BEpPOSATHOCTb TOrO,
4YTO TOYKa romnaget B obnactb ¢g. [Ipn 3TOM BblpaXkeHUIO «TO4YKa Gpocaercs
Hayfayy B obaactb G» npuaaeTcsl CleAyloIMid cMbica: OpolleHHas TOYKa
MOXET Ionactb B JiloOylo TouKy o6nactu G, BEepOSTHOCTb MOMAacCTh B KaKyio-
7160 yacTh obacti G NMPONOPLUMOHAIbHA MeEpe ITON YacTH (InHe, MIOoILAAN
M T.JI.) U He 3aBUCHT OT ee PacroloXeHus1 U HOpMbI.
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Takum 06pa3oM, No onpenesieHnIo, BEpOSATHOCTb NonajaaHus B obnacTs g
npu OpocaHuyU Hayaayy TOYKM B obyacth G paBHa

mes g

mes G’
PaccMOTpPUM HECKOJILKO TPUMEPOB.

lpumep 1. 3agaya o BcTpeye. [ABa nuua A 1 B yCNOBUIUCH BCTPETUTHCS
B onpejie/IeHHOM MecTe Mexny 12 yacamu v yacom. Ipuiueauinii nepBbuiM XaeT
apyroro B teyeHue 20 MHUHYT, nocjie yero yxoaut. YemMy paBHa BEpPOSITHOCTb -
BCTpeun vy A u B, eciu npuxod KaXIOro M3 HUX B TEYEHHUE YKA3aHHOIO
yaca MOXET MPOM3ONTH Haylayy ¥ MOMEHTbI NPUXOAA HE3aBUCHMBI®).

Petwenne. O603Ha4uM MOMEHTHI npuxoaa juua A yepe3 = v nauua B
yepe3 y. ns Toro 4ytobbl BCTpeya MpPOM30LLIa, HEOOXOOAMMO U AOCTATOYHO,
4YTOOBI

|z — y| < 20.

CraHeM u300paxartb T M ¥ KaK J€KapTOBblI KOOPAMHATHI Ha MJIOCKOCTH; B Kaue-
CTBE eIMHULbl MaclluTaba BbIoepeM MUHYTY. Bo3MoXHbIE HCXOnbl M3006pa3srcs
TOYKaMHM KBajaparta co ctopoHamu 60; 6naro-

MPUSITCTBYIOIIIME BCTPEYE — PaCIONIOXATCS

B 3alUTPUXOBaHHOM o6nactu (puc. 4).

Mckomas BEpOSTHOCTh paBHa’) OTHO-
LIEHUIO TJIOLIAM 3aLUTPUXOBAHHOMN HUTYpBI
K TUIOILAAM BCEro KBajpara:

602 —40% 5
P="gn 9
HekoTopble MHXEHEPbI-UCCNEN0BATENN
MPUMEHSIJIM 33Ja4y O BCTpeuYe K peLIeHMIO
cnenyiolleit npobieMsl OpraHM3aLuy MPOU3- Puc.4
BoacTBa. Paboumii 06CNyXMBAET HECKOJILKO
OIHOTHUITHBIX CTAHKOB, KaX/blii U3 KOTOPLIX B Clly4yaitHble MOMEHTbI BPEMEHH
MOXeT NnoTpeboBaTh BHUMaHUs paboyero. MoxXeT Cly4uThCsl, 4TO B TO BpEMS,
Korga paboyuii 3aHAT y ONHOrO CTaHKa, NOTPeOOBAJIOCh €ro BMELIATEJIbCTBO
y ApYrux cTaHkKoB. TpebGyeTcsi HANTH BEPOSITHOCTb 3TOTO COOBITHS, T. €., HHBIMHU
C/IOBaMH, CPERHIOI [UIMTENBHOCTh OXHMAAHMSI CTAHKOM pabouero (MHaye ro-
BOpA, MPOCTOIi CTaHKa). 3aMETUM, OJHAKO, YTO CXEMA 3a[a4yl O BCTPEYE MO
MPUTOHA VISl PELLIEHUS] 3TOrO MPOM3BOACTBEHHOIO BOMNpPOCA, TAK KAK HUKAKO-
ro YCJIOBJIEHHOTO BpeMEHM, B T€YEHHE KOTOPOro CTaHKU 00s13aTeIbHO TpebyIoT
K cebe BHMMaHMUsl paboyero, He CyleCTBYET, a JUIMTEJILHOCTh ONMepauuu pa-
6oyero y cTaHka He noctosiHHa. [TOMMMO 3TOH OCHOBHOW NMPUYMHBI, HYXHO

%) To ecTb MOMeHT MPUXOa OQHOrO JIMLA He BIMSieT Ha MOMEHT npuxona apyroro. [loHstue
HE3aBUCMMOCTH COObITHI Gyner noapoOGHO paccMoTpeHo B § 7.

B CHJIy HE3aBUCHMOCTH MOMEHTOB npuxona Juu A u B BeposSTHOCTb TOro, 4to Mo A
NPHUIET B MPOMEXYTOK OT T 10 T + h, a imuo B — B MpOMEXyToK OT Y A0 ¥ + S, paBHA
h/60 - s/60, T.e. NPONOPLMOHAIbHA [UIOLIANH TIPSMOYTONbHUKA CO CTOPOHaMu b 1 s.
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yKa3aTb Ha CJIOXHOCTb BbIYMCIIEHUS B 3alaye O BCTpeye sl ciiyyasi 60JbLIoro
yrcna aul (CTaHKOB). A 3Ty 3azayy HEPEAKO HYXHO pellath Uil GOJBbLIOro
YKCJIa CTAHKOB (B TEKCTUIILHOM NPOM3BOACTBE, HANPHUMeED, HEKOTOPbIE TKAYUXH
Gpajiu Ha 0OC/yXMBaHHUE MO HECKOJILKO JIECATKOB CTAHKOB).

Mpumep 2. KoadbuuMeHTbl p U ¢ KBaIpaTHOrO YpaBHEHUS
o+ pr+q=0

BbIGUpaloTCa Haynayy B npomexytke (0,1). CnpauinBaercsi, 4eMy paBHa Bepo-
STHOCTb TOTO, YTO KOPHU OYnyT A€HCTBUTENIbLHBIMM YKCTaMK?

YT0o6bl KOPHHU KBaZIPATHOIO YpaBHEHUS ObUIM NEHCTBUTEIbLHBIMU YUCIIAMM,
HEOOXOIMMO M JIOCTATOYHO BBITIONHEHHME HEPABEHCTBa p’ > 4q. B npsMoyronb-
HBIX 1EKaPTOBBIX KOOPAMHATAX (PHC. 5) MHOXECTBO BCEX BO3MOXHBIX Map YKCell

(p, q) 3anmaercs ToukamMu KBaapaTa C Bep-
gk ummnamu (0,0), (0,1), (1,1), (1,0). Touku
(0,1) (1,1) Xe, 06J1aronpusaTCTBYIOLINE HallleMy COObI-
THIO, NieXaT nox napabonoit ¢ = p? /4.
Takum 06pa3oM, COMIACHO OMpEAENICHHIO,
HUCKOMasi BEPOSITHOCTb paBHA

1
2
[ G
/ J ) |
0,0 (1,0) p 1 12
Puc. 5 3agayu, NOAOOHBIE TOJIBKO YTO pac-
’ CMOTPEHHOMN, HalUITM UHTEPECHBIE PUME-

HEHHUSI B TEOPUM YMUCEJT U B PSOE HAyYHBIX
M TEXHUYECKHUX MPUMEHEHUIA.

lpumep 3. MNapagokc beprpana. Teopusi reoMeTpUUECKUX BEPOSITHOCTEN
HEONHOKPATHO MOABEprajach KPUTHKE 32 MPOU3BOJILHOCTb ONMpeAesieHUsl Be-
pOSTHOCTH COObITHIL. [Ipy 3TOM aBTOPbLI NMPUXOAWIM K YOEXIEHHIO, YTO LIS
6ECKOHEYHOrO0 4MCJia UCXONOB HENb3sl AaTb OOBEKTUBHOIO, HE 3aBUCSLLETO
oT cnocoba pacyeta, onpeaeseHus BEpOATHOCTH. B kayecTBe 0COOEHHO SIPKOTrO
BbIPa31TeE/sl 3TOr0 CKENMTULIU3MA MOXHO NpUBECTH (paHIly3CKOTO MaTeMaThkKa
npouutoro Beka ’Koseda beprpaHa. B cBoeM Kypce Teopuu BepOATHOCTEH OH
NMpuUBeN psii 3afay Ha reOMETPUYECKHE BEPOSTHOCTH, B KOTODPLIX pe3yJbTaT
3aBMCeNl OT MeToza pelieHusl. B KauecTBe nmpumepa nMpuBENEM OJHY U3 3a1ady,
paccMoTpeHHbIX BepTpaHoM.

Haynauy Gepercs xopaa B Kpyre. UeMy paBHa BEpPOSTHOCTb TOTO, YTO €€
JUTMHA MPEBOCXOAMT JJIMHY CTOPOHbBI BIIMCAHHOrO PaBHOCTOPOHHErO TPEYroJib-
HHKa?

Petenne 1. Tlo coobpaxeHUsIM CUMMETPUM MOXHO 3apaHee 3aJaTh Ha-
npasiieHue xopabl. [IpoBeneM aAMaMeTp, NeprneHANKYISApHbINA K 3TOMY Hanpas-
neHuno. OYeBUAHO, YTO TOJILKO XOPIbI, MepeceKaolliie AMaMeTp B MPOMEXYTKE
OT YETBEPTH JI0 TPEX YETBEPTEN €ro JIMHbI, OyayT MPeBOCXOAUTb CTOPOHBI Mpa-
BWJIBHOTO TpeyrojibHUKa. TakuM 06pa3oM, MCKOMasi BEPOSITHOCTb paBHa 1/2.
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Pewwetune 2. TIo coobpaxeHUsIM CHUMMETPUU MOXHO 3apaHee 3aKpenuTh
OIMH M3 KOHLIOB XOpAbI Ha OKPYXHOCTH. KacatesibHasi K OKpYXHOCTH B 3TOM
TOYKE M JIBE CTOPOHBI NMPAaBUJILHOTO TPEYroNbHMUKA C BEPLIMHOMN B 3TOI TOYKE
obpasyloT Tpu ymia mo 60°. YcioBMIO 3amaud GaronpusSTCTBYIOT TOJBKO
XOpIbl, Momnajaioue B cpeaHuii yroia. Takum oGpa3om, rnpu 3ToM crocobe
BbIYMCJIEHUS] MICKOMasi BEPOATHOCTb OKa3bIBaeTCsl paBHOM 1/3.

Pewenne 3. YToObl onpenesnuTb NOJOXEHUE XOpIbl, JOCTATOYHO 3a/aTh
ee cepeauMHy. UtoObl Xopaa ymoBJIeTBOpsUIa YCJIOBUIO 3a1ayd, HEOOXOAMMO,
4yTOObI €€ CepeirHa HAaXOAWIach BHYTPU KpYra, KOHLUEHTPUYECKOTO AAHHOMY,
HO TNOJIOBUHHOro paauyca. Ilnouwaas 3Ttoro kpyra paBHa OAHOW 4YETBEPTH
MJIOLIAAM JaHHOIO; TAKUM 00pa3oM, UCKOMasi BEpOSITHOCTb paBHa 1/4.

MBI JONXHBI TENEPb BLISCHUTh, B Y€M NMPUYMHA HCOJHO3HAYHOCTH pelle-
HUS Halleid 3amayu. JIEXHUT NM NpUYMHA B MPUHLMNUAIBHON HEBO3MOXHOCTH
ONpEAESUTL BEPOSITHOCTDb MJIsI CliyyaeB GECKOHEYHOro 4MCJia BO3MOXHBIX UC-
XOIOB WIH X€ MPUYMHA JIEXUT B TOM, YTO Mbl MPUHSIU B NPOLIECCE PELIEHHUs
KaKue-JIM60 HeIOMYCTUMbIE MPEANOCHIUIKH.

Heno, Kak JIerko YCMOTPETh, 3aK/II04YaeTcsi B TOM, YTO 3a pellieHHe OOHOM
Y TOM Xe 3a1ayM, NMOoJIb3YsCh TEM, YTO B YCJIOBUM 3aJla4M HE OINpe/ie/IeHO MOHSI-
THE TIPOBEIEHUS] XOpAbl Haylauy, BbIIAIOTCA pELUEHUs TPeX pa3jIMyHbIX 3a/1ay.
B camoM nene, B nepBoM pellieHHM BIOJIb OMHOFO M3 IMAMETPOB 3aCTaBJISIOT
KaTUTBCS KPYIIblii LUMIMHAPUYECKHIi cTepxeHb (puc. 6 a). MHOXecTBO Bcex
BO3MOXHBIX MECT OCTAHOBKM 3TOTO CTEPXHSI €CThb MHOXECTBO TOYEK OTpe3-
Ka AB miuHbl, paBHOW auameTpy. PaBHOBEPOATHBIMU CYMTAIOTCS COOBITHSI,

4> \

a 6 6
Puc.6

COCTOSILLIME B TOM, YTO OCTAaHOBKA NMPOU30OHIET B MHTEPBaJe [UIMHBI h, rae Obl
BHYTPY AMAMETpa HU ObL1 pacrnojioXeH 3TOT OTPe30K. Bo BTOpPOM pelueHUM
CTEPXEHb, 3aKPEIUVIEHHbIA Ha IIApPHUPE, PAaCMOJOXEHHOM B OIHOW M3 TOYEK
OKPYXHOCTH, 3aCTaBJISIIOT COBeplliaTh KonebaHusi pa3mepoM He Oonee 180°
(puc. 6 6). Tlpn 3TOM NpeanonaraeTcs, YTO OCTAHOBKA CTEPXHs BHYTPH NyrH
OKPYXHOCTH JUTMHBI h 3aBUCHT TOJILKO OT JUIMHBI YT, HO HE OT €€ MOJIOXe-
Hust. Takum 0Opa3oM, paBHOBEPOSITHBIMU COOBITUSIMM CUMTAIOTCS OCTAHOBKM
CTEPXKHS B JII0OBIX yraX OKPY>XXHOCTH OJMHAKOBO# JUIMHBI. HecorniacoBaHHOCTb
onpeAeyeHu# BEPOSTHOCTH B NEPBOM M BO BTOPOM PELLEHUSIX CTAHOBUTCS CO-
BEPLUEHHO OYEBMAHOM MOCJIe TAKOro MPOCTOro pacyera. BeposiTHOCTL TOrO,
4YTO CTEPXEHb OCTAHOBUTCS B MPOMEXYTKE OT A IO Z, COIJIACHO MEPBOMY
pelenuio pasHa ¢/ D. BeposaTHOCTb TOro, YTO NPOEKLMS TOYKH MepecedeHust
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CTEPXKHS C OKPYXHOCTBIO BO BTOPOM PCLUCHHUHU NMONAAaET B TOT XK€ WHTEPBaA,
KakK I[MOKa3bIBAKT 3JIEMCHTAPHO NF€COMETPUYCCKHUE MOACYEThI, pABHA

1 2c — D
1 - —arccos——— mnpu x> D/2
T D

a cosD_zz <D/2
—arccos ——— npu T < .
™ D P

HakoHen, B TpeTbeM pelleHHM Mbl 6pOCaeM Haynayy TOYKy BHYTPb Kpyra
¥ cripauiMBaeM cebs O BEPOSTHOCTH MOMNAJaHUs BHYTPh HEKOTOPOTO MEHBILIETO
KOHLIEHTPUUYECKOTO Kpyra (puc. 66).

Pa3nuume nocTaHOBOK 3a/1a4 BO BCEX TPEX CIIYYasiX COBEPLIEHHO OYEBUIHO.

lNpumep 4. Sapaya broggora. TlnockocTs pasrpadieHa napauienbHbIMU
NpsIMbIMK, OTCTOSILUMMU APYr OT Apyra Ha pacctosaHuu 2a. Ha mnockoctu
naynauy ¥, Gpocaetcst urna JuiMHb 21 (I < a). Haittn BepoSTHOCTb TOTO, 4YTO
UrJla nepeceyeT Kakyl-HUOyIb MpsiMylo.

Pewerne. O603HaUUM 4Yepe3 T pacCTOSAHME OT LEHTpa A0 Onuxaiiiuei
napajuieJli ¥ 4Yepe3 ¢ — yroj, COCTaBJE€HHbBIA WIJIOH ¢ 3TOH mapasenbio.
BenuuuHbl & U ¢ MOJHOCTBIO ONPEAENSAIOT NojoXeHUe Urbl. BceBo3MOXHbIE

/>

2a

Puc.7 Puc. 8

NOJIOXEHUS WMIJIbl ONPEACNISIOTCA TOYKaMU NPSIMOYrOJIbHUKA CO CTOPOHAMU @
u 7. Y3 puc. 7 BUOHO, YTO /ISl MEPECEYEHMS UIJIBI C MApaJUIESIbIO HEOGXOIUMO
M JOCTaTOYHO, YTOOLI

z < Isingp.
HckoMast BepOATHOCTb B CUJIY CAEJIaHHBIX MPEANOJIOXKEHNI paBHA OTHOLUEHUIO
TUIOLIAAM 3aLUTPUXOBAHHON Ha puC. 8 06J1acTH K IUIOWIAAN NPSIMOYrOJbHUKA

! ]ls'n dp 2
= — 1 = —.
P=r PoP=an
0

®) MNon cnopamn «Haynady» 31eCh MOAPA3yMEBACTCS CIELYIOLIEE: BO-TICPBbIX, LEHTP WLIbI
Haylayy najaeT Ha OTPe30K JUIMHBI 2a, MEpIEeHAMKY/SPHBbIA K MPOBENEHHBIM NPSMBIM, BO-
BTOpBIX, BEPOSTHOCTD TOTO, YTO YrOJ (p, COCTABJIEHHbIA UIJION M NPOBEAEHHBIMY NPAMBIMH, GyzeT
3aKTI0MaThCSt MEXAY @) U ¢ + Ay, nponopuroHansHa Ay, W B-TPETbUX, BEJIUYUHBI T U
He3aBucHMBI (cM. §7).
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3aMeTuM, yTo 3anaya broddoHa aBiseTcs UCXOMHBIM MYHKTOM IS pelie-
HMSI HEKOTOPBIX MPOGJIEM TEOPUU CTPENbObI, YYUTHIBAIOLIMX pa3Mepbl CHapsaaa.

lpumep 5. Ha ropu3oHTaNIbHYIO MJIOCKOCTb, pa3rpadieHHYIO0 napasuieib-
HBIMM TPSAMBIMH, OTCTOSAILMMH JPYr OT JPYra Ha PacCTOSHMM 2a, Hayqauy®)
OpOlLIEH BbIMYKJIbIA KOHTYpP, AMAMETP KOTOPOro MeHblle 2a. Haiitu Bepost-
HOCTb TOTO, YTO KOHTYpP MEPEeceyYeT OAHY U3 MapayljieSIbHbIX MPSIMBbIX.

Pewenne. TIonoxum cHayana, YTo BBIMYKJbI KOHTYD SIBJISIETCS MHOTO-
YroJIbHUKOM C . CTOpOHaMHM. TTycTb €ro cTOpoHbI MPOHYMEPOBaHbl OT HOMepa 1
J10 HoMepa 1. Eciam MHOroyronbHUK nepecekaeTcsl ¢ KakKoii-n6o napajiesib- .
HOH NpsIMO#A, TO 3TO nepeceyeHue AONKHO MPOU3OWUTH MO KaKUM-JIMGO OBYM
cropoHaM. O603HauMM Yepe3 p;; = pj; BEPOATHOCTb TOTO, YTO MEPECEYEHHUE
NpOU30iaeT Mo i-i u j-i cropoHam. O4yeBUIHO, YTO cobGbITHE A, cocTosllee
B TOM, YTO OpOILIEHHbI# MHOrOYroJbHMK MepeceyeT OAHY M3 MapaUiebHbIX
MpSAIMBIX, MOXET ObITb MNpEACTaBJIEHO B BHUOE CJEAYIOLIEH CyMMbl MOMapHO
HECOBMECTHUMBIX COOBLITHIA:

A=(Ap+Ap+...+A,)+
+(An+Au+...+An)+...+ (Ancan-1 + Anoan) + Ancins
rne yepe3 A;;(1 < j,i=1,2,...;j=1,2,...) 0603Ha4YeHO COBBITHE, COCTOS-
1I€e B MEPEceYeHnH C MapajuiesIbHOM NpsiMoii 1-it U j-it cropoH. ITo Teopeme
CJIOXXEHHUSI BEpOSITHOCTEM
p= P(A) = [P(Alz) + P(A13) +...+ p(A[,,)] +
+ [P(A3) + ... + P(4y)] + ... + P(4n-1.0) =

=(@n+pr3+...+Pn)+@3+pu+...+Pm)+ ..+ Paoin-

[Tosb3ysiCh PABEHCTBOM P;j = Pji, Mbl MOXEM 3aMMCaTh BEPOSITHOCTh P UHBIM
crnocobom:

1
P=§ [(P12+P13+- o Apin) (P2 +pu+. . APwm)+ A (Pri PR+ .+p,,_n_1)].

n
! -
Ho cymma ), Dij, TO€ TONOXEHO p; = 0, mpencraBinser coboi He yTO
j=1
MHOEe, KaK BEPOSTHOCTh NnepecedyeHus i-if CTOpOHbl MHOTOYroJibHUKa C OXHOM
U3 mapajjieNibHbIX NpAMbIX. Eciu JUIMHY 1-i CTOpOHBbI 0003HAYUThL Yepes 2[;,
TO U3 3anauu bioddona HaxoauM, yTo

n
> pi =
P = —
: I na’
J=1
W, CJIeNOBATENbHO,

n
222
i=1

p= 2ma

%) B atom npuMepe «HayJady» 3HAYMT, YTO Mbl GepeM Kakoi-JIM60 OTPE30K, XECTKO CBA3aHHbI
C KOHTYpOM, M OpocaeM ero «Hayaayy» B CMbICJIE MpEAblylIero npuMepa. HeTpyaHo nokasats,
4YTO TAaKMM 0GpPa3oM ONMpefECHHOE MOHATHE HE 3aBUCUT OT BbIOOpAa YKa3aHHOrO OTpE3Ka.
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Ecnn 0603HaunTh Yepe3 2s nepuMeTp MHOTOYTOJILHMKA, TO Mbl HaiiieM, YTO

s

p=—

ma
MbI BuAMM, TaKUM 06pa3oM, YTO BEPOSITHOCTb P HE 3aBUCHUT HHU OT YMCJa
CTOPOH, HH OT BEJIMYMHBI CTOPOH MHOroyrojibHuka. OTciona Mbl 3aKJl0YaeM,
4yTO HaiaeHHas ¢opMysa BepHa M JUis J1II0O0ro BHIMYKJIOrO KOHTYpa, TaK Kak
Mbl BCErJa MOXEM paccMaTpuBaTh 3TOT MOCJHEAHMHA KaK Mpeaes BbIMYKJIbIX
MHOTOYIOJIbLHUKOB C G€3rpaHM4YHO BO3PaCTAIOLIMM YMCIIOM CTOPOH. :

§ 5. O craTtucTuyeckoim oueHke
HEU3BEeCTHON BEpPOSATHOCTHU

Knaccuyeckoe onpeneneHue BepOSSTHOCTH MPU Mepexole OT NpoCTeHIINX
NPUMEPOB K PACCMOTPEHMIO CJIOXHBIX 33Jay, B OCOOEHHOCTH Xe€ 3ajay ecTe-
CTBEHHOHay4YHOTrO MJIM TEXHUUYECKOTO XapaKTepa, HaTAJIKMBAeTCs Ha Henpeoao-
JIKMblE TPYAHOCTH MPUHUMIHAIbHOTO Nopsiaka. [Tpexnae Bcero, B 601bILIMHCTBE
c/lyyaeB BO3HMKAET BOMPOC O BO3MOXHOCTH HAXOXIEHHUsI pa3yMHOro criocoba
BbIIEJIEHUS] «PaBHOBO3MOXHLIX cliyyaeB». Tak, Hanpumep, U3 cOOOpaxeHMi
CHUMMETPHUHM, HAa KOTOPbIX OCHOBAHbl HALLKM CYXIEHUS O PaBHOBEPOSITHOCTH
COOBITMI, BBIBECTM BEPOSITHOCTb pacraja aToMa paaydOaKTHBHOIO BeELLECTBa
3a OrnpelesieHHbI MPOMEXYTOK BPEMEHM, WJIM X€ OMNpPEE/NUThb BEPOSTHOCTb
TOTO, YTO POAMBLLIMICS peOEHOK OKAXETCSI MaJTbYMKOM, MPEACTABJISAETCS HEBO3-
MOXHBbIM. B 3THX cliyyasx ellle Ha 3ape BOSHMKHOBEHUS TEOPUH BEPOATHOCTEH
ObLI 3aMeyYeH HHOM cnocod NPUOIMKEHHON OLIEHKN HEU3BECTHON BEPOSTHOCTH
CJly4ailHOFO COOBITHS.

JivtenbHble HAGIOMEHUS Hal TMOSIBJIEHWEM WIJIM HEMOSIBJIEHUEM COOBI-
TS A npu GOJNBLIOM YMCJiE HE3aBUCMMBIX MCMBITAHWIA, MPOU3BOAUMBIX MpPHU
OIHOM M TOM Xe KOMIuIeKce ycnoBuit S, B psiie ciliyyaeB MOKa3blBAaIOT, YTO
YUCJIO MOSIBJIEHNI COObITUS A NMOMYMHSETCH YCTOMYMBBIM 3aKOHOMEPHOCTSIM.
A MIMEHHO, eC/ii Mbl Yepe3 (1 0603HAYUM YKCIIO NOSIBIEHUI COObITHS A npyu n
HE3aBUCHMBIX MCMBITAHMAX, TO OKa3bIBAE€TCHA, YTO OTHOLUEHWE f/n (YacToTa
cobbiTist A) mpu AOCTAaTOYHO GOJBIUMX 71 Ui GOJNBLUIMHCTBA TaKMX CepHii
HaOJIOAEHUIT COXpAHSIET MOYTH MOCTOSTHHYIO BEJIMUMHY, MPUYEM OBOJBIINE OT-
KJIIOHEHUs Hab10[al0TCsl TEM peXe, YeM MHOrOYMC/IEHHEe NpPOU3BEAEHHbIE
ucnbiTaHusi. bonee Toro, okaspiBaeTcs, YTO I TeX CliyyaeB, K KOTOPbIM MpU-
MEHHUMO KJIACCHYECKOE OINpeAeSieHUe BEPOSATHOCTH, 3TO KoJieGaHUE 4YacCTOThI
MPOUCXOANUT OKOJIO BEPOSITHOCTH COOLITUSL p. Mbl YBUAUM BIIOCIEACTBUU, YTO
STOT 3MNUPHUUECKUil (akT nMeeT rybokMe OCHOBaHMS B Teopeme bepHysu.
To, 4To Npu GONBLIOM YMCIIE UCMBITAHWUH YAcTOTa COOBLITUSI OCTAETCS MOYTH
NMOCTOSIHHOI, aeT HAaM BO3MOXHOCTb PaCLUMPHUThL KPYT SIBJEHUH, U1l KOTOPbIX
Mbl OyieM rOBOPUTh 06 MX BEPOSITHOCTH.

IMpencraBuM cebe, YTO OTHOCUTENILHO COOLITHS A MPUHUMMHAILHO BO3-
MOXHO TIIpOBEACHHE HBOI‘paHH‘leHHOﬁ NnocjieA0BaTENbHOCTU HE 3aBUCHUMBIX
JIPYT OT Jpyra UCTbITaHUi B Heu3MeHHbIX ycioBusix G. Ecnu B pesynbrate fo-
CTATOYHO MHOTOYMCJIEHHBIX HaBJIOfeHUI 3aMeyeHo, YTO YacToTa cobbiTus A
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BeJIeT cebsl JOCTAaTOYHO IMPAaBUJIBHO M MOYTH Bcerga KosebseTcsi OKOJIO HEKO-
TOpO#, BOOOILE FOBOPS HEM3BECTHOM, MOCTOSSHHOM, TO Mbl CKaXeM, YTO 3TO
CcOOLITHE UMEET BEPOATHOCTD.

3a yucneHHOe 3HAYeHHE 3TOi BEPOSATHOCTH MOXET ObITh MPUOIUXEHHO
npu GOJILLIOM YMUCJIE 7t HE3aBUCUMBIX MCMBITAHUI, MPOU3BOASILIUXCSA B HEU3-
MEHHBIX yclioBusXx S, MPUHATA YacToTa COObITHA A.

OnHaKo UCTILITAHUS MO3BOJSIOT HaM JeNaTh 3aKJIIOUYEHUS U MHOTO Xapak-
tepa. [IpeacraBuM cebe, UTO HEKOTOPhIE COOOpaXXeHUs1 AAIOT HAM OCHOBAHHUE
CYUMTaTh, YTO BEPOSITHOCTb HEKOTOpOro codbitsi A paBHa p. Ilyctb nanee,
NMpU TMPOBEJEHUU HECKOJBbKHUX CEPHUiI HE3aBUCHMBIX MCMBITAHUHA OKa3aloCh,
YTO YaCTOTHI B MOAABJISAIOLIEM YUCIIE CEPUI 3HAUMTENBHO OTKJIOHSIOTCS OT Be-
JIMYUHBL p. DTO OOCTOSATENBCTBO JAaET HAM OCHOBAHME BbICKA3aTh COMHEHME
OTHOCHUTEJIbHO NMPaBWJIBHOCTH HALUMUX ANPUOPHBIX CYXAEHWI U NMpPeanpUHATH
Oosiee IETabHOE UCCJENOBaHME TEX MPENNOCHUIOK, U3 KOTOPbIX Mbl MCXOOM-
JIM B CBOMX anpHOpHBIX BbiBOAaX. Tak, Hanpumep, B OTHOLIEHWM HEKOTOPOW
UIPaJIbHOM KOCTH MBI I€JIaeM MPEANONIOXEHHUS O €€ TeOMETPUUECKO MPaBUJIb-
HOCTH ¥ OJHOPOAHOCTH MaTepuasa, U3 KOTOpOro oHa uarotomieHa. M3 atux
NpeaBapUTeIbHBIX MPEeANOChIIOK Mbl BPaBe CAENaTh BbIBOJ, YTO NPU 6pOcaHUH
KOCTH BEPOSITHOCTb BbIMAaJeHUs HEKOTOPOH rpaHU, HanpuMep, rpaHu € HO-
MepOM 5, mo/kHa 6bITh paBHa 1/6. EcnyM HEOMHOKpATHBIE CEPUU JOCTATOYHO
MHOTOYMCJIEHHBIX UCTIBITAHUI (BPOCaHMIi) B HAlLIEM NPUMEPE CUCTEMATUYECKH
MOKAa3bIBAIOT, YTO YACTOTa MOSABJIEHUS! 3TOH IPaHM 3HAYMTEBHO OTIMYAETCS
ot 1/6, TO MBI YCOMHMMCSL HE B CYLIECTBOBAHMM OINpENENEHHOM BEPOSITHOCTH
BbINAJEHMUS 3TOM IpaHM, a B HAUIMX MPEANOCHUIKAX O MPaBWIBHOCTH KOCTH
WM B NPaBUIBHOCTH OPraHMW3aLMHK NPOLECca HALIMX UCTIbITaHUI (GpocaHwmit).

B kayecTBe WINIOCTpaLMM MOYTH TMOCTOSIHCTBA YacTOT MpH OOJBLIMX
yycnax MCNbITAHUA PACCMOTPUM pacnpenesieHue HOBOPOXIEHHBIX MO Moy
1o mecsiuam. JJaHHble 3auMcTBOBaHbl U3 KHUrHM I Kpamepa «Marematuueckue
METObI CTATUCTUKW» U MPEACTABNISAIOT CO00it 0hULIMaTbHbIE JaHHbIE LUBEACKOM
CTaTUCTUKH 3a 1935 1.

Tabnuua 4
Mecsau 1 2 3 4 5 6 7 8 9 10 11 12 |3aron
Bcex 7280 | 6957 | 7883 | 7884 [ 7892 | 7609 | 7585 | 7393 | 7203 | 6903 | 6552 | 7132 | 88 273

Manbuu- | 3743|3550 4017 | 4173 | 4117 | 3944 | 3964 | 3797 | 3712 | 3512|3392 [ 3761 | 45682
KOB

Hesouek | 3537|3407 | 3866 [ 3711 | 3775 | 3665 | 3621 | 3596 | 3491 | 3391 | 3160 | 3371 | 42591

Yacrora
poxnenwii | 0,486(0,48910,490|0,471)0,4780,482(0,462(0,48410,485]0,491]0,482|0,473] 0,4825
ZIeBOYEK

Ha puc. 9 roKa3aHO YKJIOHEHHE YaCTOThI POXIEHUI JEBOYEK MO MeCALAM
OT YacCTOThl POXAEHUI JEBOYEK 3a TO..

43akaz 1278



50 masa 1. CnyvasiHbie cobpITHSI M X BEPOSITHOCTH

A
05L x x X x x X

0,4825 X -~

0 4 1 1 1 1 1 1 1 1 -
’
1 23 456 7 8 9101112

3aMeTHM, 4YTO B Cjiiydya€ CTAaTUCTHYECKOro onpeacjicHusa CHoOBa HMCEIOT
MECTO TaKM€ CBOMCTBA BEPOATHOCTH:

1) BEpPOSITHOCTb HOCTOBEPHOrO COGBITHS PaBHA EANHHLIE,
2) BEpOSATHOCTb HEBO3MOXHOIO COGBLITUSA PaBHA HYIIIO;

3) ecnu cnyyaitHoe coGbite C' SIBNSieTCS CyMMOIA KOHEYHOTrO 4YMCia He-
COBMECTHMBIX cOOBITHIT A, 4,,..., A;, UMEIOLIMX BEPOATHOCTh, TO €r0
BEPOSATHOCTb CYILECTBYET M PaBHa CYMME BEPOATHOCTEN CllaraeMbIx

P(C) =P(A)) + P(4;) + ... + P(4,).

B 3akiioyeHne Mbl JOJIKHBI OCTAHOBUTLCSI Ha BECbMa pacpoCTpaHEHHOM,
B OCOGEHHOCTH Cpel €CTeCTBOMCIbITaTe/ei, KOHLENLMU BEPOSTHOCTH, IaH-
Hoil P. MusecoM. CoracHo Mu3secy, pa3 4acToTra 1o Mepe yBeJUYEHHUs YMCha
ONBITOB BCE MEHbLUE U MEHbLUE YKJIIOHSIETCS OT BEPOSITHOCTH P, TO B Npelene
JIOJIXXKHO OBbITh

p = lim E.
n—oo N

DT0 paBeHCTBO Mu3ec npeanosaraet CYUTaTh OnpeaesieHueM MOHATHS BEpOsT-
HocTH. 1o ero MHeEHUIO, N06OE alpUOPHOE oMnpejesicHHe 0OpeyeHO Ha Heynaqyy
Y JIMLWb JAHHOE UM 3MITUPUUECKOE ONpeaeeHUe Coco6HO 00eCneYynuTh UHTE-
pecbl eCTeCTBO3HAHUS, MaTEMAaTUKK U duiocoduu, npuyeM pa3 Kjiaccuueckoe
OrnpenesieHUe MMEET JIMILIbL BeCbMa OrpaHWYEHHOE NPUMEHEHHUE, a CTATUCTH-
YECKOE OnpejeseHue NPUMEHUMO KO BCEM MMEIOLIMM HayyHbl MHTEpeC ciy-
4asiM, TO KJIACCMYECKOE OfpeleieHUue Yyepe3 paBHOBO3MOXHOCTb, OCHOBAaHHYIO
Ha cuMMeTpuM, Musec npemiaraer BoBce OoT6pocuTh. Bonee Toro, Mwusec
CUMTAET BOQOLLUE HEHYXHBIM BbIICHEHWE CTPYKTYpPhl SBJIEHWIA, JUIS KOTOPBIX
BEPOSITHOCTb SIBJISIETCSI OOBEKTUBHOW YHUCIOBOI XapaKTepUCTUKOM, IUISL HEro
JIOCTATOYHO HAIMYUS SMIIMPUYECKON YCTOWYUBOCTH YACTOThI.

MbI He OyneM ocTaHaBIMBAThLCS Ha JETAJSAX TEOpUM Mu3eca, B YACTHOCTH,
Ha TeX OrpaHUYEHHUSAX M YCIIOBUAX, KOTOpbI€ OH JOMOJHUTEIbHO HAaKJIa blBaeT
Ha T0CJIE0BATEIbHOCTh UCMIBITAHMIA. 32 MOAPOGHOCTMM TEOPHH MbI OTOLLIIEM
YyuTaTes K ero KHure «BeposiTHOCTb ¥ CTaTUCTHKA». B TO Xe BpeMs ero rnoJio-
KEeHUsA He OblIM 6e30roBOPOYHO MPUHATHI HayKoil. Kputnueckue 3aMedyaHusi
B Pa3BEPHYTOM BUAE M3INOXEHBI B cTaThe A. . XMHUMHA 10),

19 Yacroras Teopns P Museca u cospeMeHHble WIE TEOPUM BepOSTHOCTH // Bompochi
dunocoduu. 1961. Bemn. 1. C. 91-102; Buin. 2. C. 77-89.
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B xoHuenuuu Mwuseca BEpOSTHOCTb TEPSIET CBOM XapakTep OGBbEKTHBHOMN
YUCJIOBOW XapaKTEPUCTUKU HEKOTOPBIX peasibHBLIX SBIE€HMiA. leicTBUTENBHO,
0 MPOM3BOACTBA GECKOHEYHOrO YMCJIa MCMBITAHWIH HEJb3sl JaXe TOBOPUTh
MpO BEPOSTHOCTb TOrO MJIM MHOTO COOBITHS, @ MOCKOJIbKY 3TOrO HEJib3sl OCy-
LLIECTBUTb, TO XU BOOOILLIE MBI JIMLLIEHBI BOBMOXHOCTH B KaKMX-JIMOO YCIIOBHUAX
KCIOJIb30BaTh TEOPUIO BeposTHOCTEH. CrenyeT 3aMeTUTb NP 3TOM, YTO, TpeOys
OT YacCTOT CXOAMMOCTH K BEPOSTHOCTH, Mu3ec BLICTABJISET TAKOE TPeOOBaHUE,
KaKOro He NMpeAbsBIsAIOT HU B OHOM 00nacTh ectecTBo3HaHus. Bexb B camoMm
Jiesie, HUKTO U3 Hac He OTKAXETCS OT MOHSITUSl TEMIEPATYPhHI TOJIBLKO MOTOMY,
YTO MBI HE MOXEM NPOM3BECTH GECKOHEYHOTO YMC/Ia U3MEPEHMIT U HE MOXEM
NpoOBEPUTh, OYAYT M pe3yNbTaThl 3TUX MCMBITAHUNA CTPEMMUTBCS K Mpeney,
eciy Obl MBI UX BCE X€ CTaJIM NPOU3BOAUTb. YN He cTaHeM Xe Mbl TOBOPHUTb,
YTO KaKOM-NMOO NMpeaMeT HE UMEET pa3MepPOB TOJIbKO MOTOMY, YTO MOCJIea0Ba-
TEJILHOCTh HaLIMX U3MEPEHUI HE CTPEMUTbCs K npexpeny. bonee Toro, cienys
3a MusecoM, Mbl BooGlLIe HE MOXEM TOBOPUTb O TEMIMEPATYpPE Tejia WK O Cy-
LLIECTBOBAHMM Pa3MEPOB MpeIMETa IO TeX MOp, NOKa He MNMOSBUTCS MbICIISLLUI
CyOBEKT, HE HAa4YHET NMPOU3BOAMTL U3MEPEHHUSI U He yOemuTCs B TOM, YTO HX
pe3yaLTaThl CTPEMSATCS K Npenery.

Kax wraccuyeckoe onpelenieHUe BEPOATHOCTH, TaK M CTAaTUCTUYECKOE,
Oblny BriepBbie YeTKO chopMyaupoBaHbl 5. bepHyman.

§ 6. Akcuomaruyeckoe NnocTpoeHue
TEeopuu BEpOATHOCTEN

Teopusi BepOATHOCTEI H0JIroe BpeMs INpencTaBisia coboii elle He Clo-
KMBILYIOCSI MAaT€MaTHMYECKYI0 HayKy, B KOTOpOW OCHOBHbIE TMOHATHS Oblau
HEOCTAaTOYHO YETKO OnpenesieHbl. DTa HEYeTKOCTh MPUBOAWIA HEPEIKO K MNa-
pa/lOKCaIbHBIM BbIBOAaM (BCMOMHMM napanokcel Beprpana). EctecTBeHHO,
YTO MPUIOXEHUSI TEOPUU BEPOSATHOCTEN K U3YYEHUIO SBJIEHUN NMPUPOAbI ObUIH
cnabo o60CHOBaHbI M BCTpPEYAIM MOPOI pe3Kyld ¥ OOOCHOBAHHYIO KPUTHKY.
HyXHo cka3aTb, YTO 3TH OOCTOATENBLCTBA MajI0 CMYLLIAJIM €CTECTBOUCTIBITATE-
JIel 1 MX HAUBHBIM TEOPETUKO-BEPOSITHOCTHBIN MOAXOM B pa3IMYHbIX 00J1aCTIAX
HayKy TIPUBOAWI K KPYMHBIM ycriexaM. Pa3BUTHE eCTECTBO3HAHUSA B Hauaje
XX cToneTust npeabsBWIO K TEOPUM BEPOSITHOCTEN MOBBIIIEHHbIE TPEOOBaHMS.
Bo3Huki1a HEOGXOIMMOCTh B CUCTEMATHYECKOM M3yYEHUH OCHOBHBIX NMOHATHIHA
TEOPUU BEPOSITHOCTEN M BBISICHEHUM TEX YCJIOBMM, MPH KOTOPLIX BO3MOXHO
UCMOJIb30BaHUE €€ pe3yabTaToB. BOT noyeMy OCOOEHHO BaXHOE€ 3HAYEHHE
npuodpeno GopManbHO-JIOrMyeckoe 0OO0CHOBAaHME TEOPUM BEPOSAAITHOCTEH, ee
akcuoMaruyeckoe nocrpoeHue. [Ipy 3TOM B OCHOBY TEOPUH BEPOATHOCTEN KakK
MaTEMaTH4YeCKON HAyKH JOJIKHbI ObITh MOJIOXEHbI HEKOTOPbIE NMPEANOCHUIKH,
siBIsiloLMecs: 00001IeHMEM MHOrOBEKOBOIO YeJI0OBEYECKOro onbiTa. JlanbHeit-
Liee X€ €€ pa3BUTHE HOJIKHO CTPOMUTHLCS MOCPEACTBOM HEAYKLIMU M3 ITUX
OCHOBHbIX MOJIOXEHUI 6e3 0bpallleHUs K HAISIAHBIM NPEACTABIEHUSIM, K Bbl-
BOJIaM «COTJIACHO 3IpaBOMY CMbIC/y». UHBIMM C1I0BaMM, TEOpUSI BEPOSITHOCTEM
JIOJXXKHA CTPOMTBLCSL M3 aKCMOM TaK Xe, Kak Jito6asi chopMupoBaBlLasiCs Marte-
MaThyecKasi Hayka — reoMeTpusi, abCTpaKTHasi TEOpUs IPYII, TEOpETUYECKas!
MEXaHUKa M T. 1.

4*
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BnepBble Takass TOYyka 3peHMsl Oblia BbicKa3aHa M pa3Buta B 1917 T
coBerckuM MareMatukoM C. H. BepureitHom. Ilpu stom C. H. Bepiureitn
MCXOOWJI U3 KAaYeCTBEHHOTO CPaBHEHHMS CJIy4ailHbIX COOBITUI MO UX Goiblieii
WJIM MEHbLIEH BEPOSITHOCTH.

Wmeetcs nHoii noaxon, npemioxeHHslit A. H. KonmoropoBbiM. 3toT noa-
XOIl TECHO CBSI3bIBAET TEOPUIO BEPOSITHOCTEH C COBPEMEHHOW METPUYECKOM
Teopueit pyHKLHMIA, a TakXe ¢ Teopueil MHOXecTB. Hacrosiias kHura cnenyer
MyTH, NpeaioxeHHoMy KonMoropoBbim.

Mbl yBUAMM, YTO aKCMOMATUYECKOE MOCTPOEHHWE OCHOB TEODHU BEPO-
STHOCTEN OTMPABJSETCS OT OCHOBHBLIX CBOICTB BEPOSITHOCTHM, MOAMEYEHHBIX
Ha NpUMepax KJIaCCUYECKOTrO U CTaTUCTHYECKOTO ONpeaeieHuii. AKCHOMaThye-
CKOE€ onpenesieHue BEpPOSITHOCTH, TAKUM 00pa3oM, KaK YacTHbIE Cly4yau BKIIIO-
4aer B ce0s1 M KJIAaCCUYECKOE U CTATUCTUYECKOE ONpPENESIEHUS! M NpeoaoneBaeT
HEeIOCTAaTOYHOCTh Kaxaoro M3 Hux. Ha aroit 6ase ymamoch MOCTPOUTH JIOTH-
YeCKM COBEpLIEHHOE 3JaHWE COBPEMEHHOW TEOPHM BEPOSITHOCTEH U B TO Xe
BpEMS yIOBJIETBOPUThL MOBLILUEHHbIE TPeOOBaHMS K HE COBPEMEHHOIO ecTe-
CTBO3HaHMS.

OTnpaBHBIM MYHKTOM akcuomatuku KosMoropoBa sBnsieTCsi MHOXe-
CTBO {2, 3JIEMEHTbI KOTOPOTO Ha3bIBAIOTCS 31eMeHmapHoimu coboimusmu. Hapsny
¢ €} paccMaTpUBaeTCs MHOXECTBO § MOAMHOXECTB 3JIEMEHTAPHBIX COOBITUIA.
MHOXeCTBO § Ha3bIBAETCH a12e0poil MHOMCecma, CIU BHITIONTHEHBI ClIeAyIOoII1e
TpeOOBaHMS:

1) Q€F, 9 €F (I — nycroe MHOXECTBO);
2) u3 Toro, uto A € ¥, cnenyer, yto TaK xe A € F;
3) u3 Toro, uto A € § u B € F, cienyer, 4To

AUBeF n ANBEGF.

Ecnu nononHUTENBHO K MEPEeYMCIEHHBIM BBIMOJHAETCS €Le Ceaylollee Tpe-
6oBaHue:

4) w3 toro, yto A, € § (npu n = 1,2,...), BbITEKaET, YTO

UAnGK U nAnega
n n

TO MHOXECTBO § Ha3blBaeTCs o -ageefpoii. DNeMeHThl § Ha3bIBAIOTCSA
CAYHAUHbIMU COObIMUAMU.

ITox onepauusiMu Haja CaydyalHbIMHU COOBITUSIMU MOHUMAIOTCSl ONEpaLivU
HaJ COOTBETCTBYIOIIMMM MHOXeCTBaMH. B pe3ynkraTe MOXHO COCTaBUThb CJIO-
Bapb MEPEeBOAOB C S3bIKa TEOPUM MHOXECTB Ha SI3bIK TEOPUU BEPOSTHOCTENA,
NMPUBOOUMBII HamMu B Ta6. 5.

Teneps Mbl MOXeM mepeiTH K (GOpPMYITUPOBKE aKCUOM, ONpEAEAIOIIHMX
BEPOSITHOCTD.

Axcnoma 1. Kaxcoomy cayuaiinomy cobsimuio A nocmaeéneno 6 coomeem-
cmeue Heompuyamenshoe uucao P(A), nasvieaemoe e2o eeposmHocmsio.
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AB=ANB=0

A=B
ACB

MuoxectBa A U B He ne-
pecekaiorcs (He UMelOT 06-
ILMX 3IEMEHTOB)

MHoxectBa A 1 B paBHbI

A ectb noaMHOXeCTBO B

Tabnuuya 5
TepmuHbl
O603HavYeHus
TEOPUU MHOXECTB TEOPUH BEPOSTHOCTEM
Q MHOXecCTBO, MPOCTPAHCTBO ITpocTpaHCTBO B/IEMEHTapHBIX
cOObITHI, JOCTOBEPHOE COObI-
THE
w DeMeHT MHOXeCTBa DjieMeHTapHOEe COObITHE
A B Monmuoxectso 4, B CnyuaitHoe co6bitie A, B
A+ B=AUB | O6benuHenue (cyMmMa) MHO- | CyMma cryyailHbIX COOBITHI
xectB Au B AnB
AB=ANB IMepeceyenne muoxects A u B | IpousseneHue cobbituii A
uB
Y JononHeHne MHOXecTBa A Co6biTHE, POTHBOIOJIOXHOE
s A
A\ B PasHocTh MHOXecTB A U B Pa3nocTb cobbiThit A u B
%] ITycTtoe MHOXECTBO Heso3moxHoe cobbiTue

CoObiTisi A 1 B HecoBMeCTH-
Mbl

Cob6biTHst A 1 B paBHOCHJIbHBI

CobbiTHe A Breyer cobbiTHE B

Akcnoma 2. P(Q) = 1.
Akcuoma 3 (akcuoma cnoxenns). Ecau coboimus Ay, A,, ..., A, nonapho

Hecoemecmumbst, mo

P(Ai+Ar+...+ 4,) =P(4) + P(4y) +... + P(4,).

Jnst Knaccuyeckoro omnpeneneHusi BEpOSITHOCTH CBONCTBA, BbIPaXXEHHbIE
aKCMOMaMHU 2 ¥ 3, He HYXHO ObLIO NMOCTYJMpOBaThb, TaK KaK 3TH CBOWCTBA
BEPOSATHOCTH ObIIM HAMM J1OKAa3aHbI.

N3 copMynMpoBaHHBIX aKCHOM MbI BbIBEEM HECKOJIBKO BaXKHbIX 3Ji€-
MEHTapHBIX CIEICTBUIA.

IIpexne Bcero, U3 OYEBUOHOIO PaBEHCTBA

Q=24+0Q

Y aKCHOMBI 3 MbI 3aKJII04aceM, 4YTO

P(Q2) = P(2) + P(Q).
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Taxum o6pazoM,

1. BepoSITHOCTb HEBO3MOXHOIO COOLITUSI paBHa HYJIIO.
2. nsa moboro cobbitusa A

P(A) =1-P(4A)".

3. KakoBo Obl HM 6bUIO CllyyaitHOE cOObITHE A,

0<P(A) <L

4. Ecnu cobeitne A Bieder 3a coboit coObiTHe B, TO

P(4) <P(B).

5. Ilyctb A 1 B — 1Ba npou3BojibHbIX cOObITUA. [TOCKONBKY B CyMMax
A+ B =A+(B-AB) un B = AB + (B — AB) cnaraeMmble SBJISIOTCS
HECOBMECTUMBIMU COGLITUSIMH, TO B COOTBETCTBUM C aKCHOMOM 3

P(4 + B) =P(A) + P(B—- AB); P(B)=P(AB)+P(B - AB).
Orcioia BhITEKAET TeopeMa CIOXEHMS TSk MPOU3BOJIBHBIX coObITHt A U B
P(A + B) = P(4) + P(B) — P(AB).
B cuny HeorpuuarensHoctn P(AB) oTciona 3aKiiodaeM, YyTo
P(A + B) < P(4) + P(B).

[To MHAYKLUMHK Terepb BbIBOAMM, YTO ecnn Ay, A,, ..., A, — Npou3BOJb-
Hble COOBITHSI, TO UMEET MECTO HEPABEHCTBO

P{A; + Ay +... + A} <P(A)) + P(4y) +... + P(4y).

Cucrema akcuoM KosiMoropoBa nenpomusopewusa, Tak Kak CYILECTBYIOT
peaibHble 0OBEKTHI, KOTOPLIE BCEM 3TUM aKCMOMaM yaoBiaeTBopsior. Hanpu-
Mep, ecnu 3a () MPUHATL NMPOU3BOJILHOE KOHEYHOE MHOXECTBO C KOHEYHBIM
uucioM anementoB Q = {a;,a;,...,a,}, 38 F — COBOKYIMHOCTb BCEX MOA-
MHOXeCTB {@;, @i, ..., 8}, 0<§; <6 <...<i; <n, 0< s <N, TO NONOXUB
P(a)) = p1,P(a3) = pa, ..., P(a;) = pn, 1€ D1, D), ..., Pn — TPONU3BONBHBIE
HEOTpHULATENIbHbIE YHCIA, YIOBJIETBOPSIOLINE PABEHCTBY P+ Py +...+ P = 1,
a P(a,'l,a,-z, ey 0i,) = Di, +...+pj,, Mbl yIOBJIETBOPUM BCEM akcMomaM Koi-
MOroposa.

Cucrema akcuom KoJMOropoBa Henoaxa: naxe Ui OIHOTO M TOTO Xe
MHOXeCTBa {) BEPOSITHOCTH B MHOXECTBE § Mbl MOXEM BbIOMPATh PA3TMYHBIMU
cnocob6aMu.

Tak, B paCCMOTPEHHOM HaMM MPUMEPE C UIPATBLHON KOCThIO Mbl MOXEM
NOJIOXHUThL UK

P(E1) = P(E2) = ... =P(Eg) = 1/6 : (1
. P(E)) = P(By) = P(Ey) = 1/4, o
P(E4) = P(Es) = P(Eg) = 1/12
U T O

n DopMyTHpPOBKa ITOTO MpPEIOXEHUST uMeeTcs B Tpakrate 5. Bepuysmnu.
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HenonHora cucTeMbl aKCHOM TEOPUM BEPOSITHOCTEN HE SIBJISIETCS CBUIE-
TEJILCTBOM WX HEYaYHOro BbIOOpA WJIM HEAOCTAaTOYHOMH paboThbl MBICJIM MPHU KX
CO3JaHMH, a BbI3BaHA CYLIECTBOM JI€/1a: B Pa3/IMYHbIX 33J]a4aX MOTYT BCTPETUTh-
Csl SIBJIEHUS, NP U3YYEHUHU KOTOPBLIX TpeOyeTcsi paccMaTpUBaTh OJWHAKOBbBIE
MHOXECTBA CJly4yailHbIX COOBITUI, HO C pa3IWYHbIMU BepositTHOcTAMU. Hanpu-
MEpP, MOIYT BCTPETUTBHCS MIPAJbHbIE KOCTH, M3 KOTODPLIX OIHA MNpaBUJIbHAS
(TouHBIt KY6 C OOMHAKOBOWM IUIOTHOCTHIO B KaXIOil TOYKe), Apyras Hempa-
BWIbHasA. B nepBoM ciyyae cucteMa BepOATHOCTEi OyZeT 3aaHa CHCTEMOi
paseHcTs (1), @ BO BTOPOM, CKaxeM, cucTeMoii (2).

HanbHeiiliee pa3BUTHE TEOPUM HYXKIAETCH B JOMOJHUTENLHOM MPEANO- |
JIOXEHUH, KOTOPOE HOCUT Ha3BAHWE pacuiupeHHol axkcuomel croxcenus. He-
00XOOMMOCTb BBENEHMSI HOBOW aKCHOMBbI OOBSICHSIETCS TEM, YTO B TEOPHUU
BEPOSITHOCTE# MOCTOSIHHO MPUXOAMUTCA pacCMaTpUBaTh COOBITUSA, MOApa3aesi-
ouecss Ha 6ECKOHEYHOE YUCIIO YaCTHBIX C/TyYaeB.

PacwwpenHas akcnoma cnoxenms. Ecau cobbimue A pasrocunvHo nacmyn-
NIeHUI0 X0ms Obl 00H020 U3 NONApHO Hecoemecmumblx cobbimuil Ay, A,, ..., Ay, ...,
TO

P(A) =P(A)) +P(4) +... +P(45) +... .

3aMeTHM, YTO paclUMpEHHash aKCUOMa CJIOXEHHS] MOXET ObITh 3aMEeHeHa
PaBHOCWJILHOI eif akcuomoil HenpepovigHocmu.

Akcunoma HenpepsisHocTn. Ecau nocaedosameavhocms cobvimuti By, B,, ...
..., Bn,... makosa, umo kaxcdoe nocaedyroujee eaevem 3a coboli npedvldyujee
u npousgedeHue ecex cobbimuii B, ecmb Heeo3moxncHoe cobbimue, mo

P(Bp) >0 mpu n — oo.

JlokaxeM 3KBUBAJIEHTHOCTb TOJIbKO 4TO CHOPMYIMPOBAHHBIX MPELTOXKE-
HUI.

1. Y3 pacluMpeHHOIi aKCHMOMBI CJIOXEHMS CelyeT aKCMOMa HeErpepbiB-
HOCTH. [IefiCTBUTENBHO, MYCTh COObITHA B}, B,, ..., By, ... TaKOBbI, YTO

BiDB,D...0B,D...

U npu aoboM n > 1

[[B:=2. 3)

k>n

OuyeBHAHO, YTO

o0 00
By=3 BBy + ] Be
k=n k=n

Tak kak COOBITHSI, CTOSILIME B 3TOM CyMME, NnonapHo HECOBMECTHUMbI, TO
COrjlacHO paCU.alCHHOﬁ AKCHUOME CIIOKCHUA

P(B.) = > P(BiBisi) + p(n Bk>.

k=n k=n
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Ho B cuny ycnosus (3)

P(ﬁ Bk) =0,

MO3TOMY
o0

P(Ba) = > P(BiBiy1),

k=n
T.e. P(By) €cThb OCTATOK CXOAsILIErocs psiaa

(o]

> " P(BiBi41) =P(B)).

k=1
IMoatomy P(B,) — 0 npu n — oo.

2. VI3 aKCMOMBI HENpPEPbIBHOCTH CJIElyeT PaclIMpeHHass aKCHOMaA CJIOXe-
Hus. Iycts cobbiTus Aj, Ay, ..., Ay, ... TONAPHO HECOBMECTHMBI U

A=A+ A)+...+ 4, +....

[Monoxum
o0
By=) A
k=n

SlcHo, yto By, C By. Ecnu cobbiTHe B, HacTynmwio, TO HaCTYMWJIO Kakoe-

HUOYAb U3 cobbITHI A;(i > n) 1, 3HAYNT, B CUJIy MONAPHOI HECOBMECTHMMOCTH

coObiTuit Ay, cobbiTis Aiti, Aiya, ... YXe He Hactynuiu. TakuM oGpasoM,

cobbitust Biy1, Biy), ... HEBO3MOXHbBI, M, CJIENOBATENbHO, HEBO3MOXHO CO-
o0

6bitue [] Bg. Mo akcuome HenpepbiBHocTH P(B,) — 0 npu n — 00. Tak Kak
k=n

A:A|+A2+...+An+Bn+|,

TO MO OOBbIYHOW AaKCUOME CIIOXEHUS

o0

P(4) = P(41)+P(A2) +...+P(4) +P(Bus1) = lim 3 P(4x) = 3 P(4y).
k=1 k=1

Mbl BUOMM M3 CKa3aHHOTO, YTO aKcMoMaThka KOJMOropoBsa ro3ssojisieT
CTPOMTh TEOPHIO BEPOATHOCTEN KaK YaCTh TEOPUM MEPHI, a BEPOSATHOCTh pac-
CMaTpuBaTh KaK HEOTPMLATEIbHYI0 HOPMHUPOBAHHYIO ANAMTHUBHYIO (DYHKLMIO
MHOXECTBa.

BeposmHocmHbim npocmpaHcmeom TIPUHSATO Ha3blBaTh TPOIKY CHMMBOJIOB
(Q,3F,P), rne © — MHOXECTBO 3/IEMEHTapHbIX COObITHIL, § — o -anrebpa
MOAMHOXECTB ), Ha3bIBAEMBIX CIIYYallHBIMU COBBITUAMM, U P(A) — BeposT-
HOCTb, OMpe/eNieHHas Ha o -airebpe .
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§ 7. YcnoBHasi BEpOSITHOCTb
W npocreiume OCHOBHbIe HOPMYIJibl

MBI yXxe TroBOpUIU, YTO B OCHOBE OMpEAETEHUs1 BEPOSITHOCTU COOBITHUS
JIEXUT HEKOTOpasi COBOKYMHOCTb ycjoBuid G. Eciv HUKAaKUMX OrpaHMYEHMUH,
Kpome ycnosuii S, mpu BeluMC/IeHUH BeposiTHocTH P(A) He Hanaraetcs, TO
TaKhe BEPOATHOCTH Ha3bIBAIOTCS 0e3yCa08HbIMU.

OnHako B psiie ciyyaeB NMPUXOAUTCS pacCMaTpyBaTh BEPOSITHOCTH COOBI-
THIi MPU JOMOJHUTENBHOM YCJIOBMH, YTO NMPOM30LLUIO HEKOTOpOoe cobbiThe B.
Takue BepOATHOCTM Mbl OyaeM Ha3biBaTh yCA08HbIMU W ODO3HAyaTb CUMBO-
oM P(A|B): 3T0 o03HayaeT BEPOSTHOCTb COOLITHS A TNpH YCIOBUH, YTO
cobbiTie B npousouuno. Crporo roBopsi, 6e3ycioBHble BEPOSITHOCTH TaKXe
SIBJISIIOTCS YCJIOBHBIMM, TaK KaK MCXOAHbIM MOMEHTOM MOCTPOEHHOI TeopuH
ObUIO NMpEANnoJIOXeHHE O CYLIECTBOBAHUM HEKOTOPOr0O HEM3MEHHOTO KOMILIEK-
ca ycnosuit G.

lpumep 1. BpouieHbl ABe UrpajibHble KOCTH. YeMy paBHa BEPOSITHOCTb
TOrO, YTO CyMMa BBIMABIIMX HAa HMX OYKOB paBHa 8 (coGbitve A), ecnu
M3BECTHO, YTO 3T CyMMa €CTb YeTHOE YuCiOo (cobbite B)?

Bce BO3MOXHBIE Clyyau, KOTOpble MOTYT NMPENCTaBUThLCS NMpU GpOCaHUM
JIBYX KOCTei, Mbl 3aMuLleM B TabJ1. 6, KaXnasi KJIeTKa KOTOPO COOEPXKUT 3aMUCh
BO3MOXHOI'O COOBITHSI: Ha MEPBOM MeCTe B CKOOKaxX yKa3blBaeTCsl YUCIIO OYKOB,
BbIMABIIMX HA MEPBOIl KOCTH, Ha BTOPOM MECTE€ — YMUCJIO OYKOB, BhINABIINX
Ha BTOpPOi KOCTH.

Ta6nuua 6
(1, 1) 2,1 (3,1) 4,1) (5, 1) (6, 1)
(1,2) (2,2) (3,2) 4,2) (5,2) (6,2)
(1,3) (2,3) (3,3) 4,3) (5,3) (6,3)

(1,4) (2,4) (3,4) 4,4) (5,4) (6,4)
(1,5) (2,5) (3,5) 4,5) (5,5) (6,5)
(1,6) (2,6) (3,6) 4,6) (5,6) (6,6)

OO611ee YMCIO BO3MOXHBIX cliyyaeB — 36, GJIaronpUsATCTBYIOLIMX COObI-
™0 A — 5. TakuM o6pa3oM, Ge3yciioBHas BepositHoctb P(A) = 5/36. Ecnu
cobbiTHe B MpOM30L1I0, TO OCYILECTBUNACh ofiHa U3 18 (a He 36) BO3MOXHO-
CTel M, CJIeNOBaTENLHO, YCIOBHAsA BEPOATHOCTL paBHa P(A|B) = 5/18.

lMpumep 2. V3 Kostoas! KapT MOCAeN0BaTeIbHO BbIHYTHI 1Be KapThl. HaiiTu
a) 6e3yCJIOBHYIO BEPOSITHOCTb TOTO, YTO BTOpAsi KapTa OKaXeTcs Ty3oM (He-
M3BECTHO, KaKas KapTa GbUia BBIHYTa BHavalle) U
6) YC/IOBHYIO BEPOSITHOCTb, YTO BTOpasi Kapra OyneT Ty30M, €C/i MepBOHa-
YaJIbHO GbUT BBIHYT TY3.
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O603HaunM yepe3 A coGbITHE, COCTOSIILIEE B MOSBIEHUM Ty3a Ha BTOPOM
MecTe, a yepe3 B — coObITHE, COCTOSILEE B MOABIECHUHN Ty3a Ha NMEPBOM MECTE.
SICHO, YTO MMEET MECTO PaBEHCTBO

A= AB+ AB.
B cuny HecoBMecTUMOCTH cobbiTHit AB 1 AB umeeM:
P(4) = P(AB) + P(AB).

IMpu BLIHUMAHKU JABYX KapT U3 KOJIOAbI B 36 KAPT MOTYT NMpou30iiti 36 - 35
(yuuTbiBas nopsnok!) cnyyaes. M3 HuX 61aronpusTCTBYIOLINX COOBITHIO AB —

4.3 cnyyas, a cobbitnio AB — 32 -4 cnyyas. Takum 06pazoM,

4.3 32-4 1

P(A) = —— + —— = .
W =335"3%35 9

Ecnu nepBas kapTa ecTb Ty3, TO B KOJIOAE OCTAJIOCh 35 KapT M CPeAu HUX
TOJILKO TpH Ty3a. ClegoBaTeNbHO,

P(A|B) = 3/35.

OG6uiee pelleHHe 3a0a4¥ HAXOXIEHUS YCIOBHOW BEPOATHOCTH UIS KJlac-
CHYECKOTO Onpe/esieH!sl BEPOATHOCTH He MNpelcTaBisieT Tpyaa. B camom nene,
NYCTb U3 T E€IMHCTBEHHO BO3MOXHBIX, HECOBMECTUMBIX M PaBHOBEPOSTHBIX
cobuiTuit Ay, Ay, ..., A,

coObITHIO A GIaronpuATCTBYET M COOBITHIA

_”_ B _”_ k _”_
_”__ AB _”_ r __”_
(nonsitHo, yto T <k, r < m). Ecan cobeiTie B mpou3ouuio, TO 3TO O3Ha-

YaeT, YTO HaCTYNWIO OAHO M3 coObiTMit Aj, GnaronpusatcTeyowmx B. Tpu
3TOM YCNIOBUM COOBITHIO A GNaromnpuATCTBYIOT T U TONBKO T COOBITHI Aj,
6naronpusarcTByiouimx AB. Takum o6pa3om,

_r _r/n_P(AB)
P(A|B) = - = k/n~ P(B) (1)
TouHo Tak xe, eciu P(4) > 0, To
P(BlA) = Ho). m)

IMoHsiTHO, yTO eci B (COOTBETCTBEHHO A) eCThb HEBO3MOXHOE COOBITHE,
TO PaBEHCTBO (l) (coorsetctBerHO (1)) TepsieT cMbICI.

3aMeTHM, YTO paccyXUEHMs, MPOBEACHHbIE HaMM B npumepax 1 u 2,
He SABJISIOTCS 10Ka3aTesIbCTBAMM, @ MPEICTABIISIOT TOJIbKO MOTUBMPOBKH OMNpe-
IeneHuit, naHHbIX paBercreamu (1) u (1').

IMpu P(A)P(B) > 0 kaxnoe u3 paseHcTB (1), (1') aKBMBaNEHTHO Tak
Ha3bIBAaEMOIi TEOpEME YMHOXEHHSI, COTNIACHO KOTOPO#

P(AB) = P(4)P(B|4) = P(B)P(A|B), )
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T. €. 8ePOAMHOCMb npoussedeHus 08yx cobbimuii pagnHa npou3sed0eHuUI0 6eposmHo-
cmell 00H020 U3 Smux cobbimuil Ha YCA0BHYIO 8ePOAMHOCMb OPY2020 NPU YCAO8UU,
4mo nepeoe nPoU3OWA0.

TeopeMa yMHOXeHHUsI NPUMEHMMA M B TOM Cjly4ae, KOIa OIHO M3 COObI-
THIt A unn B ecTb HEBO3MOXHOE COOBITHE, TaK KaK B 3TOM CJIy4ae BMECTE
¢ P(A4) = 0 umetor Mecto pasenctsa P(A|B) =0 u P(4B) = 0.

ToBopsT, uTo cobbiTHEe A Hezasucumo oT COObLITUA B, eciu MMeET MeCTO
pPaBEHCTBO

P(A|B) = P(4), 3)

T. €. €C/IM HACTYIUIEHUE COOBITUS B He U3MEHSET BEPOATHOCTH cobbiTHs A 12,
Ecnu cobbiTe A He3aBHCHMO OT B, To B cuily (2) MMeeT MeCTO paBeHCTBO

P(A)P(B|A4) = P(B)P(A).
Ortciona npu P(4) > 0 HaxoauM, uto
P(B|A4) = P(B), (4)

T. €. cobbiTHEe B Takke He3aBUCUMMO OT A. TakuM 0Opa3oM, CBOICTBO HE3aBU-
CHUMOCTH COOBITHIA 83aUMHO.

s He3aBUCHMBIX COOBITMIH TeopeMa YMHOXEHUs NMPUHMUMAeT 0COOEHHO
MPOCTOi BUI, 2 UMEHHO, ecsim cobbitna A n B Hesasucumel, 10

P(AB) = P(A) - P(B).

Ecnu He3aBUCUMOCTb cOObITHIE A U B onpeneinTb MOCPEACTBOM PaBeH-

cTBa

P(AB) = P(4)P(B),
TO 3TO ONpejeNeHe BEPHO BCeraa, B TOM YKcie U Toraa, korna P(4) = 0 unn
P(B) = 0.

TToHsiTUE HE3aBUCUMOCTH COOBITHIA MIrpaeT 3HAYUTENBHYIO POJib B TEOPUHU
BEPOSATHOCTEN U B ¢ MPWIOXeHUAX. B yacTHOCTH, GONbLUIAS YAaCTh PE3y/ILTAaTOB,
U3JIOXEHHBIX B HACTOSIIEH KHUTE, NOJydyeHa B MPeanojioXeHHH HE3aBUCHMMO-
CTU TEX MJIM UHBIX PACCMaTPUBAEMBIX COOLITHIA.

B npakruyeckux Borpocax Uil onpenesieHWss HE3aBUCHMOCTHM HaHHBIX
COOBITHIA PelIKO OOPALIAIOTCS K MPOBEPKE BHIMOJIHEHUS UIS HUX PaBeHCTB (3)
¥ (4). OGBIYHO LIS BTOTO NOJIb3YIOTCA MHTYMTHBHBIMM COOBPaXEHUSIMHU, OCHO-
BaHHBIMH Ha OIBITE.

Tak, HampuMep, SICHO, YTO BbinageHHe repba Ha OJHON MOHETE He U3Me-
HSIET BEPOSITHOCTH MOSIBJIEHNS rep6a (PeliKu) Ha JPYroi MOHETE, EC/IM TOJIBKO
3TM MOMEHTbl BO BpeMs 6pOCaHMsi He CBfI3aHbl Mexiay coboii (Hanpumep,
XECTKO He ckperuieHbl). TOYHO Tak Xe pPoXIEHHEe MTbYMKa y ONHOI MaTepH
He M3MEHSIET BEPOSITHOCTH MOSIBNICHUS MAIbuMKa (I1€BOYKHM) y APYroil MaTepH.
DTH COOBbITUS HE3ABUCUMEIE,

Mgt 060611MM Tenepb MOHATHE HE3aBUCUMOCTH ABYX COOBITUH Ha COBO-
KYMHOCTb HECKOJILKUX COOBITHIA.

) Monsus YCJiOBHOM# BEPOSITHOCTH M HE3aBHCUMOCTH, @ TaKke (OpMYJIHPOBKA TEOPEMbI
YMHOX€HHUs naHbl A. MyaBpom B 1718 1.
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Cobuitua By, B,, ..., B; Ha3bIBAIOTCA HE3a8UCUMbIMU 8 COBOKYMHOCMU,
ecnu s 11060ro cobbITHs By U3 MX YMCIA U MPOU3BONLHLIX B, B;,, ..., B;,
M3 UX XE YMCNA M OTIMYHBIX OT By (in # p m 1 < n <) cobuitus B,
v B; B;, ... B; B3aMMHO HE3aBHCHMBI.

B cuiy npenbiayuiero, 3To onpeiesieHue 3KBUBAJIEHTHO CJIEAYIOLIEMY: NPU
mobbix 1€4) <i3<... <, <sur(1<r<s)

P(BilBiz .. B,") = P(B;I)P(B,'z) ves P(B,").

3aMeTHM, YTO [Vl HE3aBUCHMOCTH B COBOKYMHOCTM HECKOJILKMX COGBI-
THI1 HEJOCTATOYHO MX MONAPHOI HE3aBUCHMOCTH. B aTOM MOXHO y6eauThes
Ha crefylomieM npoctoM npumepe. IMpeacrasum ceGe, YTO rpaHu TeTpasgpa
okpatieHbl: 1-1 — B KpacHblii user (A), 2-9 — B 3eneHbit (B), 3-1 —
B cuHuit (C) u 4-1 — Bo Bce v Tpu usera (ABC). Jlerko BUaeThb, YTO
BEPOSITHOCTb [PaHM, Ha KOTOPYIO ynajeT TeTpasap npu GpocaHuu, B CBOEH
OKpacke MMeTb KPAacHBIi LBET paBHa 1/2: rpaHeii YeThIpe U BE U3 HUX UMEKOT
B OKpacke KpacHblit uBeT. TakuM o6pa3om,

P(4) = 1/2.
ToyHO Tak Xe MOXHO NMOCYHUTATb, YTO

P(B) = P(C) = P(4|B) = P(B|C) = P(C|A4) = P(B|4) = P(C|B) =
= P(A|C) = 1/2.

CobruiTua A, B, C, TakuM 06pa3oM, MONApHO HE3aBUCHMBI.
OnHako, eciy HaM M3BECTHO, YTO OCyLUeCTBWIKChL cobuiTid B u C, TO
3aBEeJOMO OCYLUECTBHIIOCH U COOGbITHE A, T. €.

P(A|BC) = 1.

Takum obpasom, cobeitss A, B, C' B COBOKYNMHOCTH 3aBUCHMBI.
®opwmyna (1'), koTopas B ciiydae KINaccU4eCKOro onpeleeHus 6bl1a HaMu
BbIBEIEHA M3 OMNpeAeseHUs] YCJIOBHOM BEPOSTHOCTH, B Clyyae aKCHOMaTuye-
CKOTrO OnpeaesieH!s1 BEPOATHOCTH OyIeT B3AiTa HAMM B KayeCcTBe ONpelesieHus.
TakuM obpasoM, B obiyem cryyae npu P(A) > 0 no onpeaenexnio
P(AB)

P(B|A4) = @)

(B cnyuae P(A) = 0 ycnoBHaa BepostHocth P(B|A) ocraetcst Heomnpene-
NIEHHOW.) DTO MO3BOJNISIET HaM MEPEHECTH aBTOMATHYECKU Ha obluee MOHATHE
BEPOSITHOCTH BCE OMNpe/esieHMsl U Pe3y/bTaThl HacTosLIEero naparpada.

I[Ipeanosoxum Tenepb, YTo COGLITHE B MOXET OCYLIECTBUTHCA C OLHUM
M TOJIbKO C OOHUM M3 T HECOBMECTHMBIX COOBITMI Ay, Aj, ..., A,. UHbBIMK
CJIOBaMM, TIOJIOXHMM, YTO

5= Ba, O

i=1
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rae cobbitus BA; v BA;j C pa3sHbIMH MHIEKCAaMM i M j HECOBMECTHMMBI.
ITo Teopeme ciiOXeHHs BEPOSTHOCTEN UMEEM:

n

P(B) =) P(BA,).
i=1
Hcnonb3oBaB TeOopeMy YMHOXEHMS, HAXOAUM, 4YTO

n

P(B) = P(4;)P(B|4;).

i=1

OTO pPaBEHCTBO HOCHUT Ha3BaHUE GOPMYsibl MOMHOMN aepo,qmocmm U Wrpaer
OCHOBHYIO pOJib BO BCeil NanbHeieh Teopuu.
B kayecTBe WINIIOCTPALIMM PaCCMOTPHUM [IBa NpUMepa.

lpumep 3. MeeTcsa naTh ypH:

2 ypHbI cocTaBa A; — no aBa GeNbIX apa ¥ OJHOMY YEPHOMY,
1 ypHa coctaBa A; — no 10 yepHBIX 11apOB,
2 ypHbI coctaBa A3 — no 3 GenbIX 1apa ¥ OQHOMY YEPHOMY.

Haynauy BbiOupaeTcs ypHa ¥ U3 Hee HayJayy BhIHMMAaeTCs Luap.
YeMy paBHa BEPOATHOCTb, YTO BBIHYTHIN 1ap Genbiit (cobbite B)?

Pewenne. Tak Kak BBIHYTHIM 1Iap MOXET ObITb TOJBKO M3 YpHBI 1-ro,
2-ro wiu 3-ro cocrasa, TO

B = AlB +AZB + A}B.
ITo dopmyne monHOK BEPOSITHOCTH HAXOAUM, YTO
P(B) = P(A1)P(B|A) + P(4)P(B|4,) + P(43)P(B|4;).

Ho sicHo, yTO

2 1 2
P(A) = = P(4) = < P(43) = <,
( 1) 59 (AZ) 5’ ( 3) 5
2 3
P(BlA)) = 3 P(B|4;) =0, P(B|4;) = g
TakuM o6pa3om,
2 2 1 2 3 17
B =.24+_. D=,
P(B) 53 + 5 0+ 5 4 30

lMpumep 4. V3BeCTHO, YTO BEPOATHOCTb MOCTYIUIEHUS] K BBI30OBOB Ha Te-
JIeDOHHYIO CTaHLMIO 332 NMPOMEXYTOK BPEMEHM MLIMTENLHOCTH ! paBHa B(k)
(k=0,1,2,...).

1) ®Dopmysia NOIHOM BEPOATHOCTH LIMPOKO MCMOJb30BAIach MaTeMaTHkaMu Hauata XVIII se-
Ka, HO BhepBble 6bula cHOPMYIMPOBAHA KAaK OCHOBHOE MPEIJIOXKEHME TEOPUHM BEPOATHOCTEH
I1. Jlannacom nuus B koHue XVIII Beka.
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Cuurtasi, 4YTO NOSABJIEHUS KaKOro-MbO 4KC/ia BHI3OBOB 32 JIBa COCEIAHMX
NMPOMEXYTKAa BPEMEHM SIBIAIOTCH COOBITUSAMM HE3aBUCUMBIMM, HANTH BEpOSAT-
HOCTb MOCTYIUIEHUS S BBI30OBOB 32 MPOMEXYTOK BPEMEHU JJIUTEILHOCTH 2L.

Pewetme. O603Hauum yepes A, 4¢ €obbiTHE, cocTosllee B MOCTyMe-

HUM k BBI3OBOB 32 BpeMs OT b 10 b+t. OYeBMIHO, YTO MBI UMEEM Clieayloliee
PaBEHCTBO:

K] 0 ] ] 0
Av,e = Ao, tAi o + ..+ Ay Ag s

KOTOPOE O3HAYAET, YTO COOBITHE Af 5, MOXHO paccMaTpuBaTh Kak cyMMy s + |
HECOBMECTUMBIX COOBITHI1, COCTOSAILMX B TOM, YTO 3a MEPBLIA NPOMEXYTOK
BPEMEHH JUIMTENBHOCTH ¢ NOCTyNaeT ¢ BLI30BOB, a 3a CJIEAYIOLIHIT TPOMEXYTOK
TOI Xe MPONOJIXMUTENbHOCTH MOCTynaeT s — ¢ BbI30BOB (i = 0,1,2,...,5).
[To Teopeme CIOXEHUS BEPOATHOCTEI

s

P(Ap, %) = Z p(A(i).tAf,_zi)-

i=0
[To TeopeMe YMHOXEHHMSI BEPOSTHOCTEN Ui HE3aBUCUMBIX COOBITHI
i s—1
P4, A %) = P(Ao ¢)P(Af 2t)
TaxuM 06pa3oM, eciii NMOJIOXUTD

Py(s) = P(47,2),

TO \
Py(s) = Z Py(i) - Pi(s - 9). (6)
i=0
BriocnieaACTBUM MBI YBMAMM, YTO NP HEKOTOPBIX BECbMA OBLLMX YCIOBHMAX
(a t)"
Py(k) = exp (—at) (k=0,1,2...), (7)

1€ @ — HEKOTOpas KOHCTAaHTA.
Y13 dopmyssl (6) MbI HAXOOUM, YTO

Py(s Z—(at l'exp( 2at) (at)’ exp (— 2at)i: - :
i=0 i=

i)! < il(s —d)!

Ho

S S

1 1 s! 1 2’
> e a S g = R0 =

| — ! 1 Z 1 — 2 \! l(
—al(s—i)l st = il(s z); s!
[TosTomy
(2at)? exp (—2at)
Py(s) = ) 07200
s!

TakuM 06pa3oM, ecu 1Sl IPOMEXYTKA BPEMEHU JUTUTEILHOCTH t UMEET MECTO
¢dopmyna (7), To WIS MPOMEXYTKOB BPEMEHM, B [Ba pa3a GOJNBIIMX, U, KakK

(s=0,1,2,...).
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JIerko yoeaMThCsl, ISt JIOObIX KpaTHbIX [ NMPOMEXYTKOB BPEMEHH XapaKTep
opMynbl Wi BEPOATHOCTH COXPaHSIETCS.

Mkl B COCTOSIHUM Tenepb BbIBECTH BaxHble opMynbl bBaiteca wim, kak
WHOTAA TOBOPST, BEPOSITHOCTU rumnote3. ITycTb mo-npexHeMy MMeeT MECTO
paBeHcTBo (5). TpedGyeTcs HaiiTH BEPOSATHOCTb COOLITHSL A;, €CIM N3BECTHO,
yto B npousouuto. CornacHo TeopeMe YMHOXEHHUS] HMeeM:

P(A4;B) = P(B)P(4;|B) = P(4;)P(B|4;).

Orclona
P(A;)P(B|4;)
P(4;|B) = ———,
(4ilB) = ==L
Hcnosb3ys ¢opMyny MOJIHON BEPOSITHOCTH, HAXOAUM, YTO
P(A;)P(B|A;
P(A,IB)= - ( 1) ( I 1)

py P(4;)P(B|A;)

MonyyeHHble HaMyi HOPMYJIbI HOCAT Ha3BaHue gopmya Baiteca'?. O6was
cXxeMa NpuMeHeHUs1 3TUX GOPMYN K PELIEHHI0 MPaKTHYECKUX 3aay TaKoBa.
ITycth cobbiTHe B MOXeT NpOTeKaTb B Pa3lIMYHbIX YCJIIOBUSIX, OTHOCHUTEINb-
HO XapakTepa KOTOpbIX MOXeT ObITh cuellaHo n rumores: Ay, Ay, ..., Ag.
[To TeM WM MHBIM MPUYMHAM HAM U3BECTHBI BeposTHOCTH P(A;) aTHX rumo-
Te3 10 ucnbiTauug. M3BecTHO TakXe, YyTo runore3a A; coobuiaer cobbitHio B
BepositHocTs P(B|A;). TIpou3BeneH omnbIT, B KOTOPOM cOGbiTHE B HacTynuio.
DTO NOJIXHO BbI3BaTh MEPEOLEHKY BEpOATHOCTEH rumores A; — ¢HOpMYJkI
Baiieca KonnyecTBEHHO pELLAIOT 3TOT BOMPOC.

B apTunnepuiickoii npakTuke NMpOM3BOAMTCA TaK Ha3biBaeMasi MPUCTPEN-
Ka, MMelolllas CBOed LeJIbl0 YyTOUHWUTb HallX 3HAHUS OTHOCUTENIBHO YCJIOBHI
cTpensObl (Hanpumep, NMpaBUILHOCTbL NpHuUENna). B Teopuu mpucTpenku LIK-
poko ucnonb3yercsi dopmyna Baiteca. Mbl orpaHnuuMcs NpuBeAeHUEM YUCTO
CXEMaTHYECKOro MpHMepa MCKITIOUMUTENIBHO paay WIIOCTPALMK XapakTepa 3a-
Jlay, peliaeMbix 3Toi popMynoi.

Mpumep 5. VIMeloTca NATh ypH CNEAYIOLIEro COCTaBa:

2 ypHbI (coctaBa A;) no 2 Genbix ¥ 3 YEPHBIX LIapa,
2 ypubl (cocraBa A;) — 1 Genblit ¥ 4 YepHbIX LIapa,
1 ypHa (coctaBa A;) — 4 Genbix U 1 yepHblii 1wap.

N3 onHoit Haynayy BbIGpaHHOH ypHbI B3sT wwap. OH okasajics OesibiM
(coGbiTe B). YeMy paBHa 1ocie OnbiTa BEPOSITHOCTB (anocTepuopHasi Bepo-
ATHOCTB) TOTO, YTO ILIAp BHIHYT U3 YPHbI TPETHErO cocTaBa?

) T. Baitec NpUBEAEHHBIX (HOPMY] HE BLIBOLMJI, OH OrpaHMuMiCH 3anuceio dopmyibt (1)
Hacrosiutero naparpacda. [puBeaeHHble opMyabl ObuUlM BbimucaHbl auiub 1. Jlanaacom B KOHLE
XVIII Beka.
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Pewwerne. CornacHO NpearnoyioXeHUIo

P(4)) = -, P(4y) = -, P(43) = <;

P(BlA))=7, P(Bl4)=7, P(Bl43)=

W — N

(VAN SRV, S}
wn|H | —

Cornacro ¢opmyne baiteca uMeem:

P(43)P(B|4;)

P(As|B) = =
(“1B) = S VPBIAY) T P(A)P(BIA) T P(A>)P(BIAS)
1 4
_ 5.5 _4_2
22 1 2 1 4710 5
557557575
To4yHO TakK Xe HaxOoHUM:
2 1

§ 8. Mpumepsi

MBI npuBeieM HECKOJILKO 60siee COXHBIX MPUMEPOB Ha UCMOJIb30BaHUE
U3ITOXEHHOI TEOPHH.

Mpumep 1'9). Jipa urpoka A 1 B npononkaioT HEKOTOPYIO Urpy A0 MOJ-
HOTO pa3opeHust oqHOoro U3 HUX. Kanuran nepsoro paBHsieTcs @ py0., KanuTa
BTOpOoro — b py6. BeposiTHOCTh BbIMIpBILIA KaXIOM MapTUW Ui urpoka A
paBHa p, a uis urpoka B pasHa ¢; p+ ¢ = | (Hnubu oTcyTcTBYIOT). B Kaxnoit
MapTHY BBIMTPBILLI OZHOTO MIPOKa (M, 3HAYMT, MPOMIPEILL APYrOro) paBHsETCS
| py6mo. HaiiTi BepOSITHOCTb pa3’OpeHHsl KaxI0ro M3 UIpOKOB (pe3ysbTaThl
OTAE/BbHBIX MapTHii NPEANONaraloTcs HE3aBUCUMBIMHU).

Petwenme. O6GO3HaYMM Yepe3 P, BEPOATHOCTb Pa3opeHMs UTpoKa A, Koraa
OH uMeeT n py6. OueBUAHO, YTO UCKOMask BEPOSITHOCTb €CThb Pg U YTO

pﬂ+b=0x Do = 1’ (l)

MOCKOJIbKY B NMEPBOM Cjy4ae UrpoK A yXe COCPeIOTOYM/I B CBOMX PyKaX BeCh
KanuTall, a BO BTOPOM OH yXe HMYero He MMeeT.

15) Mut COXpaHsieM [UIst 3TOM 3ala4YM «O PAa3OPEHUM UIPOKA» €e KIACCHYECKYIO0 HOPMYITUPOBKY,
HO BO3MOXHbI U MHble GOPMYJIMPOBKH, HAPUMED: MaTepUaNbHasl YaCTHLIA HAXOAUTCSl HA MPAMO#
B Touke O M Kaxiyl0 CeKyHIy MOJABEPraeTcsi Cly4ailHOMy TOJNYKY, B pe3yJsTaTe KOTOpPOro
nepefBUraeTcss Ha | CM BNpaBO C BEPOSTHOCTBIO P MiIM Ha | CM BJIEBO C BEPOSTHOCTBIO
¢ = 1 —p. YeMmy paBHa BEPOATHOCTb TOTO, YTO MaTepUabHAs YACTHLA OKAXKETCS NMpaBee TOUKU
¢ koopauHaroit b (b > 0), npexze yeM OHa NONAAET B MOJOXEHUE, PACTIONIOKEHHOE JIEBEE TOUKU
¢ koopanHaroit @ (¢ <0, a u b — uenvie uncna)?

3amaya 0 pasopeHMH Mrpoka Gebula npemioxeHa u Brepsble usyuyeHa X. loiireHcoM. Mbi
MpeanosiaraeM, YTo BEPOSTHOCTb COBbITHS «Pa3OpPEHNE UIPOKa» CYLIECTBYET.
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Ecnu urpok A umen n py6. nepea HEKOTOPOIi NapTHell, TO ero pa3opeHue
MOXET OCYLUECTBUTbCA ABYMS Da3IMYHBIMU CMOCOGAMM: WM OH OYEpEdHYIO
NapTHIO BLIMIPAET, @ BCIO UIPY NPOMUTPAET, UJIM OH NIPOUTPAET M MAPTHIO U UIPY.
Mo ¢opMyne MOJIHOI BEPOSITHOCTH MTO3TOMY

Ppn =D Pnt1 +q " Pn-1-

OTHOCUTENIBHO P, Mbl MOJIyYUSIM YpaBHEHME B KOHEYHBIX Pa3HOCTSX;
JIETKO BUIETb, YTO €ro MOXHO 3aMKCaTh B CJIEAYIOLIEM BUIE:

q(Pn — Pa-1) = P(Poy1 — Pn)- (2)

PaccMoTpuM cHauana pellieHue 3TOro ypaBHeHus npu p = q = 1/2. Ipu
3TOM JOMYUIEHHH

Pny1 = Pn=Pn —Pn-1=...=pP1 —Po=¢,
rac ¢ — NOCTOSAHHas. OTCK)ﬂa HaXOAUuM, 4YTO

Pn = Ppo + ncC.
IMockonbky pg =1 ¥ pg4p =0, TO
_ n
Po=1- a+b
TakuM 06pa3oM, BEpPOSITHOCTb pa3opeHust Urpoka A paBHseTcs
G b
=l T e

[Mono6HbIM Xe nyreM HaiigeM, 4to B ciydae p = 1/2 BepoSATHOCTB

pa3opeHus urpoka B paBHa
a

Tatb
B o6uieM ciyyae npu p # ¢ u3 (2) HaXOmMM, 4YTO

n n
¢" [ e - pe-) =" [ (Prs1 — pi)-
k=1 k=1

(3

IMocne cokpaiuenuit U yyera cootHotenuii (1) HaxonuM, 4To
Pnt1 = Pn = (g/p)"(pr - 1).

PaccMOTpUM pa3HOCTb Pgyp — Py ; OYEBHIHO, YTO

a+b-1 a+b-1 n ath
Pes=pa= 3 Grer—pi)= 3 (a/p)(pi—1)=(—1) VWD
k=n k=n q/p

IMockonbky pgyp =0, TO

(¢/p)" - (¢/p)*+*
1-q/p

pn=(1-p)

S5 3akaz 1278
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a Tak Kak pg = 1, 10

(¢/p)° — (q/p)**"
l-q/p

Hckniouns u3 ABYX NMOCJE€AHUX PABEHCTB BEJIMYUHY P|, HAXOAUM, 4YTO

p, = WP — (a/p)"
T g/t

Orciofa BEPOATHOCTb pa3opeHusi urpoka A
"t - 1-(p/q)
P = o F =0 T 1= (pjg)

ITonoGHbIM MyTEM HAaXOAMM, YTO BEPOSITHOCTb Pa30opeHMsl Urpoka B npu
P # ¢ paBHa

1=(1-p)

o= /P
1= (q/p)*+

N3 3tx ¢hopMysn MBI MOXEM cIeNaTh CleaylolIue BbIBOALI: €C/IM KamuTal
OIHOTO U3 UIPOKOB, HanpuMep B, HecpaBHeHHO GoJbllle KanmuTajsa urpoka A
(TaK 4TO MPaKTUYECKH b MOXHO CYMTATh GECKOHEYHO GOJIBIINM 110 CpaBHE-
HUIO C @), 2 UIPOKM OAMHAKOBO MCKYCHBI, TO pasopeHMe B NpakTHiecKH
HEBO3MOXHO. BbiBox 6yneT coBceM MHOM, ecnu A urpaert aydiue, yeM B, u,
3HayuT, p > ¢q. Cuuras b ~ 00, HaxXooHUM, YTO

@~ 1-(q/p)*

pa ~ (q/p)".

Otciona Mbl A€jaeM TOT BBIBOM, YTO YMEJbIi MIPOK JaXe C MaJbIM KaluTa-
JIOM MOXET MMEeThb MEHbLUE HIAHCOB Ha Pa3opeHHe, YeM MIPOK C OONBLIMM
KalUTaJIOM, HO MEHee YMeJIblid.

K 3amaye o pa3opeHMM Mrpoka CBOOMTCSI pelIEHWE HEKOTOPhIX 3amay
(hU3NKHM ¥ TEXHUKH.

lNpumep 2. HaiiTh BEPOSTHOCTb TOrO, YTO CTAHOK, pabGOTalOIMi B MO-
MEHT £y, He OCTAaHOBUTCS 1O MOMeHTa ty + ¢, ecliu U3BECTHO, YTO

1) 3Ta BEPOATHOCTL 3aBUCHT TOJLKO OT BEJIMYMHBI MPOMEXYTKA BPEMEHM
(to, to +1t),
2) BEpOATHOCTb TOTO, YTO CTAHOK OCTAHOBUTCA 33 MPOMEXYTOK BPEMEHH

At, nponopuroHanbHa At ¢ TOYHOCTBIO 10 GECKOHEYHO MalbIX BBICLIMX
nopsakoB '®) oTHocuTeNBHO Af.

1) B jansHeiiem 11s 3anucn Toro (AkKTa, YTO HEKOTOPas BEMYMHA @ GECKOHEYHO Maia
CPaBHMTE/IbHO C BeMYMHON [, Mbl 6yneM nonb3oBaThes 3anuchio a = o(8). Ecnu xe otHoweHue
a/f orpanuyeHO no aGcoNIOTHOMN BenyuHe, To Gyaem nucats a = O(8).
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Pewenne. O603HaYUM BepoSITHOCTb Yepe3 p(t). BepostHOCTh TOro, 4TO
CTAaHOK OCTAaHOBMTCS 32 MPOMEXYTOK BpeMeHU At, paBHa

1 — p(At) = aAt + o(At),

Tie @ — HEKOTOpas MOCTOSIHHas.

OnpenenuM BEPOATHOCTb TOTO, YTO CTAaHOK, paGoTaBlIMii B MOMEHT iy,
He OCTaHOBUTCS 10 MOMeHTa £ + ¢ + At. JUIs OCyLECTBIEHUS 3TOrO COOLITHS
HEOOXOAUMO, YTOObI CTAHOK HE OCTAHOBMJICS 32 MEPUOIbl BPEMEHM IUIMHBI ¢
u At; B culy TeOpeMbl YMHOXEHMS, TAKMM O0Opa3oM,

p(t+ At) = p(t) - p(At) = p(t)(1 - alt — o(At)).

Orciona

HELLDZPO _ _apt) - o). ®)

Tenepb nepeiineM K npeneny, nonoxuB At — 0; w3 TOro, 4To CyLUIECTBYET
Mpeaen NnpaBoi 4acTU paBeHCTBA (3), BBITEKAET, YTO CYLIECTBYET TaKXe MNpeae
JIEBOIt yacTu. B pe3ynbrate HaxOAuM, YTO

dp(t)
—Jt—- = —ap(t)

PeuieHune 3TOro ypaBHeHUs €CTb DYHKIMS

p(t) = Cexp (—at),

rme C — mnocTosiHHasi. DTa NOCTOSIHHAsE HAXOOMTCA M3 TOTO OYEBMAHOTO
ycnosus, yto p(0) = 1. TakuM oGpasom,

p(t) = exp (—at).

IepBoe ycnoBMe HanaraeT Ha PeXuM paboThl CTAHKAa OOJIbLIME OrpaHu-
YeHMsl, OHAKO CYLIECTBYIOT MPOM3BOACTBA, 1€ OHO BBIMOJIHSAETCS C GONbLIONH
CTENEHBbIO TOYHOCTH. B KauecTse MpuMepa MOXHO ITPUBECTH paboTy aBTOMAaTH -
4YeCKOro TKalKOro CTaHKa. 3aMeTUM, YTO K paCCMOTPEHHOM 3ajaye CBOAMTCS
MHOTIO JpYrMX BONPOCOB, HAMPUMEP, BOMPOC O PacnpeaeeHU! BEpPOSITHOCTEM
IUIMHBI CBOGOIHOTO MYTH MOJIEKYJIbI B KWHHETHYECKON TEOPUU Ta3oB.

lpumep 3. Tlpu coctaBieHUU TabAUL CMEPTHOCTH 4aCcTO MCXOIAT U3 Ta-
KHMX JOMYLIEHUIA:

1) BepOATHOCTDb TOrO, YTO HEKOTOPOE JIULIO YMPET B Bo3pacte oT ¢ 1o ¢ + At
paBHa

p(t,t + At) = a(t)At + o(At),
rze a(t) — HeoTpuLaTesbHas, HenpepbiBHAs (GYHKLMS;

2) cyuTaeTcs, YTO CMePTh JAHHOIO L@ (WK ero BLLKMBAHME) 32 paccMar-
puBaeMblii npoMexyTok (¢, t,) BO3pacta He 3aBMCHT OT TOTO, YTO GbUIO
10 MOMEHTa 1;;

3) BEPOATHOCTH CMEPTH B MOMEHT POXIEHUS PaBHA HYIO.
s*
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Hcxons u3 BbICKa3aHHBIX MPEANONOXEHHI, HAWTH BEPOSTHOCTb CMEPTH
nuua A 10 TOro, Kak OHO JOCTUTHET Bo3pacTa t.

Pewetne. O6o3HauuM yepe3 m(t) BEPOSATHOCTb TOTO, YTO JIULO A TOXH-
BeT 10 Bo3pacTa t, u BhluMcauM w(t + At). OueBUOHO, YTO U3 HONYILIEHMIA,
NPUHSATBIX B 33/1a4€, BHITEKAET PaBEHCTBO

w(t + At) = w(t)w(t + At; t),

roe w(t + At;t) 0603HayaeT BEPOATHOCTb JOXMTH 10 Bo3pacTa t + At, eciu
auuo A yxe AOXWIO 10 Bo3pacta t. B COOTBETCTBMM C MEPBHLIM U BTOPLIM
JONYLIEHUSIMU

w(t+ At;t) =1 - p(t, t + At) = 1 — a(t)At — o(At);
Mo3TOMY
7(t + At) = w(t)[1 — a(t) At — o(At)].

Otciona HaxonuM, 4To 7(t) ynOBNETBOpSET CieayiouleMy auddepeHun-
QIbHOMY YPaBHEHHUIO:

dn(t)

= —a(t)m(t).

o = —alHm ()

PeuleHueM 3TOro ypaBHEHMsl TpM yYeTe TPETLErO YCJIOBMA 3a1ayu OymeT
dbyHkuma

t
n(t) =exp (— / a(z) dz).
0
BeposiTHOCTb yMepeTh mpexne, 4eM OyaeT AOCTUIHYT BO3pacT t, TaKuUM

00pa3oM, paBHa
t
l1-7()=1-exp (— / a(z) dz).

0

IMpu cocTaBneHUM TaGIKUL CMEPTHOCTH JUIS B3POCIIONO HACEIEHUS HEPEIKO
nonb3ylotcst popmysoit Makerama, CorjacHO KOTOpOii

a(t) = a+ Bexp(1t) ,

nocTosiHHbE @, 3,7 — mnonoxurensHel 7). TIpu BeIBOZE 3TOM HOPMYNbI MC-
XOOMJIM U3 JOMYILEHMs, YTO B3POCIbIN YENOBEK MOXET YyMEPETb OT MPUYMH,
HE 3aBMCALIMX OT BO3pacTa, M NPUYUH, 3aBUCAILMX OT BO3PACTa, NMPUYEM
BEPOSITHOCTb CMEPTH PacTeT C yBeJIMYEHUEM BO3pPAcTa B reOMETPUYECKON Mpo-
rpeccuu. [Ipu TakOM JDOMOJIHUTENILHOM MPEANONOXEHHH ‘

w(t) = exp (-—at - g(exp (vt) - 1)) .

1) Ux 3nauenme ONpENENSETCsl YCIOBUSIMH, B KOTOPBIX HaXOAMTCA TPYNNa JIKL, MOMLIEXAIUX
M3Y4EeHHUIO, U MpPEXAE BCEro COLMANbHBIMU YCJIOBUSMH.
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lNpumep 4. B coBpeMeHHOW sinepHOM (U3UKe I U3MEPEHUS] WHTEH-
CUBHOCTM HMCTOYHMKA YaCTULlL MCMONBb3ylOTCs cyeTyuku Ieiirepa. Yactuua,
nonaslliasi B CYETYMK, BbI3BIBAET B HEM pa3psl, JUISLLUMIACA BpeEMs T, B NMPOTS-
XEHUE KOTOPOTrO CYETYMK HE PETUCTPUPYET YaCTULIbI, MONAAAIOLIME B CHETYHK.
HaiiTi BEpOATHOCTb TOrO, YTO CYETYMK COCUMTAET BCE YACTHUILIbI, MOMAaBLIME
B HEro 3a BpeMs t, eCiiy BLIMOJIHSIOTCS CEAYIOLIME YCIOBUS:

1) BEPOATHOCTB TOTO, YTO 3a MPOMEXYTOK BPEMEHM JUIUTENLHOCTH ¢ B CYET-
YUK MOMagyT k 4yacTuu, He 3aBUCHT OT TOrO, CKOJILKO YacTHIl Monajio
B CYETYMK IO Hayajia 3TOro MpPOMEXYTKa;

2) BEPOATHOCTb TOrO, YTO 32 MPOMEXYTOK BpeMeHM OT £ 110 £y + ¢ B CUETUMK
nonazet k yactuu, 3agaercs dopmyoii 9

k
(at)* exp (—at)
pilto,to+8) = ————,
e a — TOJNOXHTENbHAs NOCTOSHHAS;
3) T — MOCTOSIHHAsK BEJIMYMHA.

Pewenme. O603HauuM yepe3 A(t) — coGbITHE, COCTOSLIEE B TOM, YTO BCE
MoMaBLINe 32 BpeMA ¢ B CYETYHK YACTHLBI GbUTH COCYMTaHBI; yepe3 By(t) —
coOBbITHE, COCTOSAILIEE B TOM, YTO 32 BpeMs ¢ B CUETUMK NONANO k 4acTHll.

B cuny nepBoro ycnoBus 3amauv npu ¢ > 7

P{A(t+At)} = P{A(£)}P{Bo(At)} +P{A(t—7)}P{Bo()}P{B1(At)} +0o(At),
ampu 0t T
P{A(t + At)} = P{A(£)}P{Bo(At)} + P{Bo(£)} + P{B1(At)} + o(At).

O603HaunM ist kpatkocTy 3anuck m(t) = P{A(t)}; Torna Ha ocHoBaHUM
BTOPOTO M TPETBEro ycIoBuit 3anaumn npu 0 <t < 7

w(t + At) = w(t) exp (—aAt) + exp (—aAt) aAt exp (—at) + o(At)
nnput>Tt
w(t + At) = n(t) exp (—aAt) + w(t — 7) exp (—aAt) aAt exp (—at) + o(At).

IMyrem nepexona k npexaeny npu At — 0 HaxoauM, yto npu 0 <t < 7 umeer
MECTO pPaBEHCTBO

dzﬁt) = —an(t) + aexp(—at), 4)
anput>7T — paBeHCTBO
dn(t)
—5 = —a[n(t) — n(t — 7) exp (—a7)]. (5)

%) Mosnnee MbI BBIACHMM, MOYEMY B 3TOM MpPUMeEpPe M B NPUMepe 4 npeabuaywero naparpada
Mbl CYHTAIIH, YTO
(at)* exp(—at)

Px k!
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U3 ypaBHenus (4) Haxoaum, yto npu 0 <t <7
n(t) = exp (—at) (c + at).
U3 ycnosus
w(0) =1
onpejaenseM NocTosiHHylo ¢. OkoHyatenbHO npu 0 <EK T
n(t) = exp (—at) (1 + at). (6)
IMpu 7 < t < 27 BepoATHOCTH 7(t) onpenensieTcss U3 ypaBHEHUs

20)  —afr(t) — (¢ - ) exp (-ar)] =

—a[n(t) —exp(—a(t — 7)) (1 +a(t — 7)) exp (—a7)] =
—a[n(t) — exp (—a(t)) (1 + a(t — 7))].

PewieHue atoro YPaBHCHUS NACT HAM!

Il

n(t) = exp (—ar) (cl +at + 2—(2:i)i)

I[TocTosiHHOE ¢; MOXeT GbITh HaAEHO U3 TOTO, YTO cornacHo (6)
m(T) = exp (—ar)(l + a7).

TakuM obpasom, ¢y =1 nma 7 <t <271

n(t) = exp (—at) [ +at + u]

2!

MeTonoM MOJIHOM MHAYKLMM MOXHO J0Ka3aTh, YTO IS (n —)r <t nr
HMMEET MECTO paBEHCTBO

x(t) = exp (—at) Z _M

YnpaxHeHus

A, B, C — cnyuyaiiHble COObITHS.
1. KakoB cMbIC/T paBeHCTB

a) ABC = 4,
6) A+B+C=A?
2. YnpoCTUTb BbIpaXXeHHUS
a) (A+ B)(B+C);
6) (A+ B)(A+ B);
8) (A+ B)(A+ B)(4 + B).
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3. Jloka3aTtb paBeHCTBa
a) AB=A+B;
6) A+B = 4B;
B) A+ A, +.. . +A,=44,...4,;
D) A A=A 4+ A .+ A,

4. YeTtblpeXTOMHOE COYMHEHHE PACMONOXKEHO Ha MOJIKE B CIYy4ailHOM MOpSAKe.
Yemy paBHa BEpOSITHOCTb TOTO, YTO TOMA CTOSIT B JIOJDKHOM MOPSKE CHpaBa HaleBO
WM C/leBa Hanpaso?

5. Yucna 1, 2, 3, 4, S HanucaHbl Ha NMATH KapToukax. Haynauy nocenoBatesbHO
BBIHUMAIOTCS TPY KAapTOYKH, U BBIHYTble TaKUM 00pa3oM wLubpbl CTaBITCS CleBa
Hanpaso. YeMy paBHa BEPOSITHOCTb TOTO, YTO MOJIyYeHHOE TAKMM 00pa30M TPEX3HAYHOE
YUCJIO OKAXETCH YeTHbIM?

6. B maptuu, cocrosimeit u3 N usnenuit, umelotrcss M GpakoBaHHbIX. Haynauy
BbIGMPAIOTCS 1 M3aeHit U3 3Toit maptvu (n < N). YeMy paBHa BEPOSTHOCTb TOTO, YTO
cpeau HUX OKaxyTcst m GpakosaHHbIX (m < M)?

7. TexHU4YeCKU KOHTPOJb TMpOBEpSieT M3IE/NUsl B MapTHH, COCTOSALIEH M3 m
U3JIeNnii epBOro copra U n u3ienuit Broporo copra. Ilposepka nepsbix b u3nenuit,
BbIOPAaHHbIX W3 MAPTMU Haylady, [10Ka3aia, YyTo BCe OHHU BTOporo copta (b < n). Yemy
paBHa BEPOSITHOCTb TOTO, YTO CPEeAM CJIEAYIOIMX ABYX Haylady BbIOpaHHBIX M3 uyMciIa
HETPOBEPEHHBIX M3IE/IHIi 110 MEHbILEH Mepe OHO OKaXeTCsl TAKXe BTOPOro copra?

8. IMonb3ysAch TEOPETUKO-BEPOATHOCTHHIMU COOOPaXEHUAMM, JOKAa3aTh TOXIE-
CTBO

N-n (N-n)(N-n-1) (N-n)...2-1 N

N1 w-nw=2 Tt WoD.mrn 7w

1+

Yxasauve. U3 ypHbl, comepxauieit N 11apoB M cpeld HUX n OesbiX, Haynady
BBIHMMAIOTCS 1iapbl Ge3 Bo3BpauleHusi. HaiiTv BEpOSITHOCTb TOTrO, YTO PaHO WJIM
MO3AHO HATOJKHYTCS Ha OeJblii 1ap.

9. U3 simmka, conepxatero m GesbIX ¥ 1 YEpHbIX WAPOB (M > n), BHIHUMAIOT
Hayzauy OAMH Luap 3a ApyruM. YeMy paBHa BEPOSATHOCTb TOTO, YTO HACTYIIUT MOMEHT,
KOT/Ia YMCJIO BBIHYTHIX YEPHBIX LIAPOB GYAET PABHO YUCJTy BBIHYTHIX GesIbIx?

10. HexTo Hanucan n agpecatam NUCbMa, B KAXIblii KOHBEPT BJIOXMII 10 OHOMY
NUCbMY W 3aTeM Haynayy HamuMcal Ha KaXIOM KOHBEpPTe OAMH M3 n aapecoB. Uemy
paBHa BEPOSITHOCTb TOTO, YTO XOTS Gbl OMHO MUCHMO MOMNAIO M0 Ha3HAYeHUIO?

11. B ypHe uMeetcss n GuieToB ¢ HOMepamH OT | 10 n. bunerbl BBIHMMaIOTCS
Hayzauy no ogHomy (6e3 BospaiueHus). Uemy paBHa BEPOSTHOCTb TOTO, YTO XOT# Gbl 11py
OHOM BbIHUMaHUM HOMEpP BbIHYTOro GMJIETa COBMAamaeT ¢ HOMEPOM NMpPOM3BEAEHHOrO
ucnbiTauus?

12. U3 ypHbl, conepxaiueit n GebIX U 1 YEPHBIX LIAPOB, Hayla4yy BbIHUMAETCS
YETHOE YMCJIO 1ApoB (BCe pasiMyHbIE CMOCOObI BbIHYTb YETHOE YMC/IO LIAPOB, HE3a-
BHCHMO OT MX YMC/Ia, CYMTAIOTCS PaBHOBEPOATHbIMH). HailTh BEpOSTHOCTbL TOrO, YTO
CpeaM BBIHYTHIX LIAPOB OKAXETCs OAMHAKOBOE YMCJIO YEPHBIX U OENbIX.

13. 3apava kasanepa ge Mepe. Uto BeposiTHee: Npu GPOCAHMU YEThIPEX UIPATb-
HbIX KOCTei XOTs Obl Ha OHOM MoNy4YnThb | WK npu 24 6pocaHUsIX ABYX KOCTEH XOTS Gbl
pa3 MoJyYUTb ABE €AMHMLbI?
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14. Ha orpesok (0, a) Haymauy GpouseHbl Tpu TOYKM. HaiiTn BEpOATHOCTL TOTO,
YTO U3 OTPE3KOB, PABHBIX PACCTOSHUAM OT TOYKHM 0 10 TOUEK MaJeHHUS, MOXHO COCTABUTh
TPEyroJibHUK.

15. CrepxeHb IUIMHBI | pa3jioMaH B JBYX HayAady BbIOpaHHBIX TOYKax. YeMy paBHa
BEPOSTHOCTb TOTO, YTO U3 NOJYYEHHBIX OTPE3KOB MOXHO COCTABUTb TPEYrOJbHUK?
16. Ha orpe3ok AB miuHbI a Haynady 6pocaetcst Touka. Ha otpe3ok BC winHbl b
TakXe Haynauyy 6pocaercsi Touka. YeMy paBHa BEpPOSITHOCTb TOTO, YTO M3 OTPE3KOB:
1) or Touku A no nepBoii GPOILEHHOI TOYKH,
2) Mexny AByMsi GPOILEHHBIMM TOYKAMH,
3) ot BTOpO# GpOILEHHOI TOUYKH 40 TOYKH C MOXHO COCTABUTb TPEYTOJIbHUK?
17. B cdepe pamMyca R ciyyailHO M He3aBMCMMO IpYr OT Apyra pa3bpocaHo
N Touyek.

a) Yemy paBHa BEpOATHOCTb TOTO, YTO PACCTOSIHUE OT LEHTPa A0 GMxKaiiluel TOUKM
GyneT He MeHee 17

6) K uemy cTpemuTCcs BEpOSITHOCTb, HaiiieHHas B Bompoce a), ecii R — 00
U —5 = zwA?
R? 3
Mpumeyanue. 3anaya 3aMMCTBOBaHA M3 3BE3JHOM aCTPOHOMMM: B OKPECTHOCTH
Connua A = 0,0063, ecin R M3MepeHO B Mmapcekax.
18. Cobbitns A, 4,,..., A, He3aBucumsl; P(A;) = p,. HailTu BeposTHOCTD
a) MOSIBJIEHUS XOTS Gbl ONHOTO U3 STUX COGBITHH,
6) HenosIBJIEHUS BCEX 3TUX COOBITHIA,
B) MOABJEHMS TOYHO OAHOrO (6e3pa3NMYHO KAKOro) COOLITHS.

19. Jlokasatb, yTo eciu cobbitiss A u B Hecosmectumsl, P(4) > 0 u P(B) > 0,
TO cob6bITHA A U B 3aBUCUMBI.

20. Ilycts Ay, A,,..., A, — cayyaitHble cobbiTus. Jokasats opmyny
n n
P{Z A,} =3P - 3 P(4idy) +
i='l i=1 I<i<j<n
+ D PAAA) — .+ (—1)"'P(A14; ... Ay).
1<i<j<k<n

[Mocpenctsom 3Toi opmybl pewnts 3anauu 10 u 11.

21. BeposSITHOCTb TOTO, YTO MOJIEKYJIa, UCTbITABILAst B MOMEHT { = 0 CTOJIKHOBe-
HME C APYroit MOJIEKy/IoOi ¥ He UMeBLUIast APYruX CTOJKHOBEHUH 10 MOMEHTa ¢, uCIbl-
THIBAET CTOJIKHOBEHHE B TIPOMEXYTOK BpemeHu Mexny t u ¢+ At, pasHa AAL + o(At).
HaiiTi BEpOATHOCTb TOrO, YTO BpeMsi CBOGOAHOrO npobera (T.e. BpeMsl MeXIy ABYMs
COCEAHUMH CTOJIKHOBEHUsIMU) GyzneT Gonbiue £.

22. Cuurasi, 4TO NpH pasMHOXeHHH GakTepuil aeneHuem (Ha aBe GaxTepuu)
BEpOSAITHOCTb GAaKTEPUM PA3ENUTBCS 32 TIPOMEXYTOK BpeMeHU At paBHa aAt + o(At)
M HE 3aBMCHMT OT YMC/Ia MPEIIECTBYIOLMX JeJeHU, a TaKXKe OT YUC/Ia MMEIOLIMXCS
GakTepuii, HalTH BEPOSITHOCTb TOrO, YTO ecau B MOMeHT 0 Obuta | Gakrepus, TO
B MOMEHT ¢ OKaxeTcsi ¢ GakTepuii.
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NMocnepoBaTenbHOCTb
HEe3aBUCUMbIX UCNbITAHUW

§ 9. BeBogHbie 3ameuyaHus

TIpoBeneHue pa3jIMYHOro poia UCMBITAHUIA M IKCIIEPUMEHTOB SIBJISETCS
HENMpPEMEHHBbIM YCJIIOBUEM Pa3BUTUSI HayKH M Mporpecca NpUKIagHbiX obna-
cTeil gestenbHOCTU. Ilpexne 4eM BHECTH B PErMCTP HOBbIH COPT MILEHMULIbI,
HEOOXOOMMO MPOU3BECTH MHOTOYMUCJIEHHBbIE WCMBITAHHUS, KOTOPbIE AOJLKHBI
JaTh yOemMTENbHbIE JaHHbIE O TEX WIM MHBIX NMPEUMYLIECTBAX HOBOTIO COp-
Ta MO CPaBHEHMIO C MPEXHUMU: MOBLILIEHHAS] YPOXaiHHOCTb, YCTOMYMBOCTb
K TNOrOAHBbIM YCJIIOBUSIM, 60Jiee KOPOTKME CPOKHM BereTaluuu, yCTOMYMBOCTb
K 3aboneBaHusM u np. [lepen TeM Kak BBECTH B MAacCOBOE MPOM3BOACTBO
HOBbIIi THI TeJleBU30pa (BLIYUCIUTENBLHON MALLMHbI, CTAHKA, CAMOJIETA M T. 1.)
MPOU3BOAATCS NMpPEACTaBUTENbHBIE UCMBITAHUS HA ero 6€30TKa3HOCTh B paboTe,
MPOCTOTY HaJIaiKK, NMPUCNOCOOIIEHHOCTb K PEMOHTY, AOJIrOBEYHOCTb. HOBbIE
METOIbI NMPENOAABAHUSA U U3MEHEHHOE colepXKaHue OOy4YeHUs TaKxke TPeOyloT
IUIUTENIBHBIX M MPEICTaBUTEbHBIX HAOJIOAEHUI M 3KCMEPHMMEHTOB, KOTOPbIE
MOIJIX ObI MPOAEMOHCTPUPOBATh UX NMpenMyilecTBa. To XXe caMoe MOXHO CKa-
3aTb U O npobsieMax MeOULIMHBI, 3KOHOMUKH, OpPraHu3allM¥ NPOU3BOACTBA,
COLIMAJIBHBIX UCClieloBaHuii. Bce HOBOe, mpexie YeM cTaTh JOCTOSIHUEM MpaK-
TUKH, AOJDKHO OBITh MPEABAPUTENBHO TIIATEIBHO MPOBEPEHO U NMOATBEPXIAEHO
UCTBITAHUSIMU, IKCIEPUMEHTAMU U HAOMIOAEHUSAMMU.

IMpuxoauTCs cTankuBaThCcs U C JPYroi CUTyauuei, Koraa npousBOASITCH
cUcTEMAaTUYECKHE HAOMIONEHUS 3a SBICHUSIMU, MPOUCXOASIIMMHU HE3ABUCHMO
OT uccnenosarensi. Tak, IS npuMepa, METEOPOJIOrM MPOM3BOIAT Habmione-
HUS 33 YMCJIOM OOJIayHBIX NIHEH, TEMMepaTypoil BO3ayxa B OINpenesieHHbIE
4achl CYTOK, €ro BJIaXHOCTbIO M Mp. TOYHO TaK XE€ OpraHMU3aToOp MPOU3BOM-
CTBa HaOJMIONAET 32 MPOM3BOAMUTEILHOCTBIO TPYAA MpPHU pa3IMyHbIX opMax ero
OpraHM3aLuHu.

B HayyHOU M NMpaKTHUYECKOH AEATENbHOCTH MOCTOSHHO MPUXOAMTCS MPO-
BOIUTh MHOTNOKPAaTHO MOBTOPSIOLIMECS] UCMBITAHUSA B CXOAHBIX YCIOBUSX.
Kak mpaBuio, npu 3TOM pe3ynbsraThl MpPEALIECTBYIOLIMX MCMBITAHUA HHUKAK
He CKa3blBaloTCsl Ha mnocneayiownx. OyeHb BaXeH NMPOCTEHILMHA THM TaKUX
UCMBITAaHWii, KOraa B KaXIOM M3 MCMBbITAHWiII HeKoTopoe cobbite A Mo-
KET MOSBUTLCA C OOHOI M TOW Xe BEpPOATHOCTbIO P, U 3Ta BEPOSITHOCTDb
OCTaeTCsl ONHOW W TOH Xe, HE3aBUCHMMO OT pe3yJIkTaTOB MpPeAlIeCTBYIOLIMX
WIM NOCHEeNyIOIMNX UCNBITAHUWI. DTOT TUN MCNBITAHWH ObUT BNEPBbIE HUCCE-
J0BaH 3HaMEHWTHIM LIBEHLAPCKUM Yy4eHbIM SIko6oM Bepuymm (1654—1705)
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B npou3sBefeHUH «Ars conjectandi» (McKyccTBO NMpeNONOXEHMIA), U3NaHHOM
nocie cMepty aBropa B 1713 r., U MOTOMY MOAYYW HaUMEHOBAHHUE CXEMBbI
bepHynnu. INoapoGHoe ucciiegoBaHMe TaKMX MOCHENOBATEIbHOCTEN HCIbITA-
HUI 3aCJyXWBaeT BHMMaHHUS KaK B CHJIY MCKJIIOYMTENILBHOTO MX 3HAueHUs
B TEOpDHUM BEPOSITHOCTEH M B NPUJIOXKEHMUSIX, TaK U B CWJy BbISIBUBLLIEHCS
B MpOLIECCE Pa3BUTHSI TEOPUM BEPOSTHOCTEN BO3MOXHOCTHM OOOOLIEHUSI Tex
3aKOHOMEPHOCTEH, KOTOpbie BrepBble ObUIM OTKPLITHI MPH M3YYEHUU CXEMBI
NocJieNOBaTENbHbIX HE3aBUCUMBIX UCIIbITaHUI. MHOrHe akThbl, NOAMEYEHHbBIE
Ha cxeMe bepHynnu, BNOCIEACTBUM CIYXWIM MYTEBOAHOW HUTBHIO MPU U3yye-
HUH 6oJiee CIOXHBIX cxeM. ClieTaHHOe 3aMeuyaHHe OTHOCUTCS KakK K MPOLLIOMY,
TaK ¥ K COBpEMEHHOMY Pa3BUTHIO TEOPUU BEPOATHOCTEH. MBI ybenuMcs B 3TOM
Ha nMpUMepax 3aKoHa OoNbIIKMX YKucen U TeopeMbl MyaBpa—Jlannaca.

PaccMOTpuM Temnepsb Clieayioluit BOMpoc: YTo cleayeT NOHUMATh B CXEME
BepHynnu nmox aneMeHTapHbIM cobbiTHeM? OueBUAHO, YTO 3TO MOCNENOBa-
TENbHOCTh HACTYIJIEHWI M HEHACTYIUIEHWI WHTEPECYIOLIEr0 Hac cobbiThsl A
B MOC/IEN0BATEbHBIX UCNbITaHUAX. COMOCTaBUM HACTYIUIEHMIO COObITHS A
€IMHMLY, a HEHACTYIUIEHUIO — HYJb. Toraa sneMeHTapHbIM COOLITUEM IS N
UCNbITaHWIT OyIeT MOCNenoBaTeILHOCTh M3 T Hynei W enuHul. Hanpumep,
€cli m = 3, TO BCE BO3MOXHbIE 3JIEMEHTAapHbIE COOBITHS 3aNTUCHIBAIOTCS Clie-
AyIOLMMH TPoiikaMu Ha3BaHHbIX Hamu cumsonos: (0,0, 0), (0,0, 1), (0, 1,0),
(1,0,0), (0,1, 1), (1, 1,0), (1,0, 1), (1, 1, 1). CMBICI KaX10¥ U3 HAMUCAHHBIX
Tpoek umucen 0 u 1 sceH. IlepBasgs U3 mepeyUCNEHHBIX TPOEK O3HAYAET, YTO
BO BCEX TPeX MCMBITAHUAX cobbiTHE A He HacTynuio. Bropas Tpoiika o3Haya-
€T, YTO B MEPBbIX ABYX UCMBITAHUAX COObITHE A HE HACTYNMWIIO, a B TPEThEM —
npou3ouuto. JIErko MOHSATb, YTO MHOXECTBO BCEX 3JIEMEHTAPHBIX COOBLITHIA
NpPU T UCMBITAHUSAX COCTOUT U3 2" 371EMEHTOB.

Tenepb Mbl JOJXHBI BBECTH BEPOATHOCTHYIO MEPY Ha MHOXECTBE 3JIEMEH-
TapHbIX COOBITUH. DTO HenaeTcss OMHO3HA4HO. HeiCTBUTENBHO, BEPOSATHOCTh
HACTYIUIEHUS COObITMS A B MCNBITAHUM C HOMEpOM k paBHa p, a ero He-
HacTymieHuss — ¢ = | — p. Hactynnenue uwnu HeHactyruieHue coGbiTUs A
B UCMBITAHUSIX C Pa3IMYHBIMK HOMEPAMHU ISl cxeMbl BepHY/UIM HE3aBUCHMBI.
3Ha4YMuT, B CHJIy TEOPEMbl YMHOXEHHUSI BEPOSTHOCTEMN, BEPOSITHOCTb TOTO, YTO
coObiTHE A HacCTyNMT B ™M ONpeNeseHHbIX UCMbITAHUAX (HampuMep, B UCIbI-
TaHUSAX C HOMEPAMU S|, S2, ..., Spm), @ IPU OCTAIBHBIX T — M HE HACTYIHT,
paBHa p™q" ™. DTa BEpOSTHOCTh HE 3ABUCUT OT TOrO, KaK PacMOJIOXKEHBI
HOMepa Sy, 82, ..., Sm.-

IMpocTeiimas 3anaya, oTHOCAIIAsACA K cxeme BepHyinM, cCOCTOUT B Omnpe-
HeNeHUH BeposTHOCTH P,(m) Toro, 4to B 1 MCMbITaHUAX cobbiTHe A mpo-
usoiizer m pas (0 < m < n).

MBI TONIBKO YTO HAILIM, YTO BEPOSATHOCTD TOTO, YTO COObITHE A HACTYNUT
B MCMBITAHUAX C ONpPEENEHHBIMU 7 HOMEPAMH,.a B OCTAIbHBIX HE HACTYIUT,
paBHa p™¢"~™. Ilo TeopeMe CIOXEHMS UCKOMas BEPOSATHOCTb PaBHA CyM-
M€ TOJNBKO YTO BBIYMCJIEHHBIX BEPOSITHOCTEl IS BCEX PA3IMYHBIX CMOCOOOB
pasMEeLLEHUs1 M MOSIBIEHU COOBITUA A M T — T HENOSBJIECHUN cpeau n

ucnbiTaHuit. YUCNo TakuXx CHOCOGOB M3BECTHO M3 TEOPUU COYETAHMIl, OHO
n!
paBHO CJ' = ——— W, CJIeIOBaTEJILHO,
m!(n — m)!
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Py(m)=Cp'p"¢"™™ (m=0,1,2,...,n). (1)

IMonyyenHass dopMyna HOCUT HauMeHOBaHUe ghopmyavt Bepuyaau. Jlerko
3aMETHTb, YTO BEPOSTHOCTh P,(m) paBHa koadduuueHTy npu ™ B pasnioxe-
HUM 6uHOMa (g + pZ)" Mo cTeneHsM . B cuiy 9TOro CBOMCTBa COBOKYITHOCTD
BeposiTHOCTe# Py, (™) Ha3bIBAIOT GUHOMUAAbHLIM 3AKOHOM pacnpedeneHus BEpO-
SITHOCTEA.

JIviip HEMHOrO U3MEHUB NPOBEJEHHbIE PACCYXAEHMS, JIErKO 00001LUTh
MONYYeHHBbIH pe3ynbTaT. A UMEHHO, €CIM B KaXIOM MCIBITAHUM MOXET IpO-
M30MTH OIHO M TOJILKO OAHO M3 k cobbiTnit Ay, Ay,..., Aj, UCHBITAaHUS
HE3aBUCUMBI U B KaXIOM M3 HUX COObITUE Aj; IPOUCXOAMUT C BEPOSTHO-
CTBIO Py, TO BEPOSITHOCTb TOTO, YTO B 7 HE3aBUCUMBIX MCMbITAHUSIX MOSIBSITCS

m, coObiTuit A, m, coObITHIt A,, ..., m; coObITHIl A;, paBHa
n! m, m m
— 1 2 k !
P,.(ml,mz,...,mk)—ml!mz!mmk!pl J 2 (1)

Jlerko Takxe y0eIUTbCS B TOM, YTO 3Ta BEPOSATHOCTD SIBsiETCS KO3 DULIMEHTOM
a:;c"* B PavIOXEHUM TONUHOMA (P1T) + PaZa + ... + DpZy)®
110 CTENEHSM 1, Ty, ..., T. EcrecTBeHHO, yTO BepositHocTH (1') HasbiBaloTCS
noaunomuanviolm pacnpedeneruem. TTonMHOMUANbHBIE pacripeesieHUs] HaXOOAT
NPUMEHEHUS B €CTECTBO3HAHUHU, SKOHOMUYECKHUX 3ala4yaX, MHXEHEPHOM Jene.

Tak kaK Bce BO3MOXHbIE HECOBMECTMMbIE MeXy cO0Oi MCXOabl UCITbITA-
HHUI COCTOSIT B MosiBjieHUU cobbitusg A 0 pa3, | pa3, 2 pa3sa, ..., n pa3, TO
SICHO, YTO

i P,(m)=1.
m=0

DTO COOTHOLIEHHE MOXET ObITh BbIBEIEHO M 6€3 yyeTa TeOpeTHKO-BEpO-
STHOCTHBIX COOOpaXeHUit, MOCKOJbKY Mo dopmyne 6uHoMa HbioToHa

n
Y P(m)=(p+g"=1"=1
m=0
HmMes B BUILY TOCTAaHOBKY OOLIMX 33/1a4, OTHOCSILLIUXCS K CXEME HE3aBUCHU-

MbIX MCIBITAHWI, PaCCMOTPUM TeIepb YMCIOBbIE NMpUMeEpbl. BeTpevalowumecs
B HHUX pacy€Ttbl Mbl HE€ CTAHEM JOBOAUTh OO0 OKOHYATEJIBHOIO YUCIOBOro
pe3ysibraTta, INOCKOJbKY 3TH IMOJACYEThl Jy4ylll€e OCTaBUThb O TOrO MOMEHTa,
Koraa Gyll}"l‘ NMOATrOTOBJICHbI y1106Hble U JOCTATOYHO TOYHBIEC METOAbI I UX
OCYLUCCTBJICHUS.

lMpumep 1. BepoSTHOCTb M3MENUIO HEKOTOPOTO TMPOU3BOICTBA OKAa3aThCH
OpakoBaHHbIM paBHa 0,005. YeMy paBHa BepOsSTHOCTb TOro, uro u3 10000
Hay/Ja4y B3AThIX U3/IeNINii GPaKOBaHHBIX U3MIENINii OKaXeTCs
a) pasHo 40,
6) He Gonee 70?7
B nawem npumepe n = 10000, p = 0,005, nosromy mno ¢opmyne (1)
HaxonM:

a) Py0000(40) = C19 400 - 0,995%960 . 0,005%.
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BeposSTHOCTb TOrO, YTO YKC/IO OPaKOBAaHHBIX U3IEHNI OKaXeTCs He GOoJib-
M 70, paBHa CyMMe BEPOSITHOCTEM YMCly OpaKOBaHHBIX M3IEJIU 0Ka3aThCH
paBHbiM 0, 1,2, ..., 70. Takum obpa3om,

70 70
6) P{p<70} = > P,(m)= > CRooo - 0,995'0%0-m .0 005™,
m=0 m=0

Mpumep 2. melotcs nBa cocyna A u B, xaxaslii o6semom B 1 am3.
B KaxmoM M3 HHUX comepxurtcs mo 2,7 - 1022 Monekyn rasa. DTH cocymbl
TpUBEIEHBI B COPUKOCHOBEHHE TaK, YTO MEX/Y HUMM IPOUCXOIUT CBOGOTHbIIt
OOMEH MOJIEKyJaMM, HO HeT OOIEeHMsI C BHellHeil cpemoit. Yemy paBHa
BEPOSITHOCTB TOTO, YTO 110 MCTEYEHNU HEKOTOPOTO BPEMEHH B OTHOM U3 COCY/IOB
YMCIIO MOJIEKY GYNET OTIMYAThCS OT YMCIA MONEKYN B JAPYrOM 1O MEHbLIEN
Mepe Ha OJIHY JECATHMULTHAPAHYIO YacTh?

Jinst Kaxnoi MoJeKynbl BEPOSTHOCTb OKa3aThCs B ONpENENIEHHOM CO-
cyne paBHa nonoBuHe. Takum o6pa3oM, Kak Gbl mpousBomurcsi 5.4 - 1022
UCTIBITAaHU#, ISl KaXA0ro U3 KOTOPBIX BEPOSATHOCTh MONAacTh B cocyn A pas-
Ha 0,5. TIlycts g — 4ucIO MOJIEKYN, NMOMaBUIMX B cocyl A, M, ClefoBaTeIbHO
5,410 — o ectb yMcnO MoNeKyn, TonmaBuIMX B cocyl B. Ham HyxXHo
ONpeleNUTh BEPOSITHOCTb TOTO, YTO

54-102
1010

Unaue roBOpsi, HYXXHO HalTH BEPOSATHOCTDb

P=pP{|p-27-10?>2,7-10"}.

o= (54-10% - p)| > =54-10"

CornacHo Teopeme cnoxenus, P = Y P,(m), roe cymMMa pacnpocTpaHeHa

Ha Te 3HAYEHUs M, JUISl KOTOPBIX |m — 2,7 - 102 >2,7- 102
PaccMoTpeHHBble TpUMeEpBl NMOKa3bIBAIOT, YTO NpHU pEIIEeHUU peasibHBIX

3a4ay TMOCTOSSHHO BO3HMKAIOT 3aJayd, TpeOylouide NMpUOIMXEHHOrO BbIYMC-

- t
neHust cyMM > Pp(m) wist 3agaHHBIX $ M ¢ NPU JIOCTaTOYHO GOJNBUIKX 7.
m=s

ToyHO TaK Xe HeoOXOOMMBbI NMPUONUXKEHHbIE HOPMyJbI sl BBIYUCICHUS Be-
positHocTeit P,(m) npu GONbIIMX 3HAYEHUSAX T U T WK XK€ TPH MAIBIX M,
HO GoJNbIIMX m. DTH 3amauyu OynyT pelleHbl HaMHU B ONMXaifllIMX Maparpa-
(ax. Ceiiyac xe Mbl 0OpaTUMCS K YCTAHOBJIEHMIO HEKOTOPBIX 3JIEMEHTapHBIX
(dakTOB, OTHOCSILUMXCS K U3yyeHHIo noseneHust P,(m) xak dyHkumu m. dns
0 <m < n, Kak JIerko MojacYMTaTh,

P,(m+1) n-m p

Pn(m) m+ 1 ‘q'

Orclona cnenyer, Yto
P,(m + 1) > P,(m),

eciu (n — m)p > (m+ 1)q, T.e. ecnu m < np — q;
Py(m + 1) = P,(m),
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€clii m = np — q U, HaKOHell,
P,(m + 1) < Py(m)
ecnu m > np — q.

MBI BUAMM, YTO BEPOATHOCTh P, (M) C yBenMYeHMeM m CHayaja BO3pac-
TaeT, 3aTeM JOCTUraeT MaKCMMyMa U IpU JajibHeiiieM pocte m yobiBaet. I1pu
3TOM, €CJIK NP —q SBJISETCS LEIbIM YUCIOM, TO MAaKCUMaJIbHOE 3Ha4E€HHE BEPO-
sTHOCTb P, (™) npuHuMaet [Uis AByX 3Ha4€HUIt M, UMEHHO Wi My = np — ¢
U m{, =np—q+1=mnp+ p. Ecnu Xxe np — ¢ He ABNAETCS LENbIM YUCIIOM,
TO MaKCUMAaJIbHOTO 3HAY€HUs BeposSTHOCTh Pp(m) mocruraer mpu m = My,
pPaBHOM HaWMEHbILIEMY LIEJIOMY YUCIy, GosnbleMy my. Hucno Ty Ha3blBalOT
seposmHeiiuum 3HaqeHuem f1. Mbl BUIENH, YTO €CIIU NP — ¢ €CTb LIEJIOE YUCIIO,
TO {4 MMEET [Ba BEPOSITHENLLIMX 3HAYECHUS: Mo U My = Mg + 1.

OtMmeruM, yto ecnu np — ¢ < 0, TO

Py(0) > Py(1) > ... > Py(n),
aeciunp —q=0,T0
Py (0) = P,(1) > P,(2) > ... > Py(n).

B nmanbHeiilieM Mbl YBUIWM, YTO NPU OOJBLIMX 3HAYEHUSIX T BCE BEPO-
AtHocTH P, (M) craHOBATCS GIM3KMMM K HYJIO, HO TOJNBLKO JUIS 1, GIM3KMX
K BEPOATHEMLIEMY 3HAYEHHUIO Ty, BeposTHOCTH P,(m) ckombko-HUOYnb 3a-
METHO OTJIMYAIOTCS OT HyJsl. DTOT (aKT BIOCIEACTBUM OYyNET NOKa3aH HaMH,
a ceifyac NMpOWUTIOCTPUPYEM CKa3aHHOE YUCJIOBBIM IPUMEPOM.

Mpumep 3. Tlycrs n = 50, p = 1/3.

BeposiTHe1IMX 3HayeHUd nBa: my = np —q = 16 ¥ my + 1 = 17.
3HayeHus: BeposTHOCcTel Pp,(mMm) ¢ TOYHOCTBIO O YETBEPTOrO AECSATUYHOIO
3HaKa MpeAcTaBJieHbl B Tabu. 7.

Tabnuua 7
m P,(m) m P,(m) m P,(m) m P,(m)
<5 0,0000 11 0,0287 18 0,1080 25 0,0059
5 0,0001 12 0,0470 19 0,0910 26 0,0028
6 0,0004 13 0,0679 20 0,0704 27 0,0012
7 0,0012 14 0,0879 21 0,0503 28 0,0005
8 0,0033 15 0,1077 22 0,0332 29 0,0002
9 0,0077 16 0,1178 23 0,0202 30 0,0001
10 0,0157 17 0,1178 24 0,0113 >30 0,0000

§ 10. JlokanbHas npepenbHas Teopema

IIpu paccMOTPEHUH YMCIIOBLIX NPUMEPOB Npeablayliero naparpagda 6bi-
JIO 3aMEYEHO, YTO NP OONBLIMX 3HAYEHUSIX M U T BBIYUCIEHHE BEPOST-
Hocteit P,(m) npeBpawiaeTcs B TEXHUYECKM CIOXHYIO 3aiayy. DTo obcro-
ATENILCTBO ObUIO OTMEYEHO B psme paGor MmarematukoB Hayana XVIII se-
Ka, MOCBAILEHHBIX JemorpaguyeckuM npobdnaemMaM. BosHUKIa HEOGXOAUMOCTD
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b
B aCUMINTOTHYEKMX opMyiax Kak wisi Pp(m), Tak u s Y, Py(m). Orta
m=a
3ajaya GbUla UcyepmbIBalole peuieHa A6paxamom e Myaspom (1667-1754),
(hpaHLIy3CKMM MaTEMaTUKOM, XUBIIUM B AHruM. [To3aHee HEOMHOKPATHO jiBE
3aMevaTelibHblE €ro TeopeMbl, K (POPMYIMPOBKE M IOKA3aTENbCTBY KOTOPBIX
Mbl U TepeiaeM, HaXOAWIM NpPUMEHEHUs U IHUpokue ob6obweHus. Ilepsas
U3 HUX MOJIyYnJia HANMEHOBaHHE JIOKAJILHOM TpeJesIbHOM TEOpEMBI.

NokanbHas Teopema Myaepal). Ecau eeposmuocmv nacmynaenus Hexo-
mopozo coBbimus 8 M He3A8UCUMBIX UCHbIMAHUAX NOCMOAHHA U DABHA P
(0 < p < 1), mo eeposmuocms P,(m) mozo, 4mo 6 3mux ucnsimanu-
Ax cobvimue A Hacmynum posHo m pa3, ydoesemeopsem npu N — 00

COOMHOUEHUID
1 1
v/npq P,(m): W exp <—§:1:2> =1 (1)
DABHOMEPHO 015 6cex M, 048 KOMOPbIX
m—np
L= Tmp = W )

Haxodumcs 8 KakomM-aubo KoHe4HOM uHmepaane.

Aokasarenscrso. TlprBoauMoe HaMM JOKa3aTeNbCTBO ONMUPAETCs Ha U3-
BECTHYIO U3 Kypca MaTeMaTH4ecKoro aHanu3sa ¢opmyny CrupiuHra

8! = V2mwss® exp (—s) exp (6;) ,
B KOTOPOIi OCTaTOYHBIi MOKa3aTeNb f; yIOBIETBOPSIET HEPAaBEHCTBY
1
0| < —. 2
0 < — )
3aMeTuM, YTO paBeHCTBO (2) MOXeET GbITh 3aNMCAaHO B BUIE

m = np + T/npq.
Orcloza cnenyet, 4To
n—m =nq— T/npq.
IMocneaHue paBeHCTBa MOKa3blBAlOT, YTO €CJIM T OCTaeTCd B KaKOM-JK60
OrpaHM4Y€HHOM OTPE3KE, TO YUCIA M U N — M BO3PACTAIOT IO 6eCKOHEYHOCTH
BMecTe ¢ n. [locie 3TOro 3aMeyaHuss Mbl MOXEM MCIIONb30BaTh d)opMyny
Crupnuxra. Ee npuMeHeHue naet HaM

n!

Py(m) = m,(n—_m),qun_m =

- e () (=)

!) 31y Teopemy ceifuac MPUHATO Ha3bIBATH JNOKATBHOI Teopemoit Myaspa—Jlannaca, Ho
BOCCTaHaB/IMBas MCTOPUYECKYIO CIPaBeAIMBOCTD, HAa30BeM ee Teopemoit Myaspa (cM. c. 434).
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rae

1 /1 1 1
0=0,—-6p—-0,-n<—=|—+—+ .
2\m m n-m

OTclona Mbl BUIUM, YTO, KaKOB Obl HM ObLT OTpe30K a < < b, BenuyuHa 6
PaBHOMEPHO OTHOCHUTEJILHO T B 3TOM OTPE3Ke CTPEMUTCS K HYJIO TIpU 1 — 00.
CnegoBatenbHO, MHOXUTENb exp (—#) NpU TOM Xe YCJIOBMHM PaBHOMEDHO
CTPEMHUTCS K eIMHHULIE.

PaccMoTpuM Tenepb BETUYMHY

In 4, = In (%p)’"(nfmq>n—m _
= —(np + z/npq) In (1 +m\/nzp) - (ng — z/npq) In (1 —a:\/%)

[q p
B ycnoBusix TeopeMbl BEJIMYUHBI , [ — U , [ — TPH JOCTATOYHO GOJIb-
np nq

IIMX 7 MOTYT GbITh CHENaHbl KaK YrOAHO MaJibiIMH, MOTOMY MOXHO BOCIMOJIb-
30BaThCS Pa3ioXeHUEM JiorapudMa B cTeneHHOit psin. OrpaHUYMBLINCH ABYMS
nepBbIMU YIEHAMU, HAXOIUM

q qg 1gqz? 1
in(1+z,/= 2 - —_
n( e np) “\ np 2np+0(n3/2>’

P p 1pz? 1
n(1-z,/= ) =-2,/=--=+0(=5 ).
n( v nq) "\ ng 2nq+ (n3/2

2
T 1
HecnoxHble noacyeThl NOKa3bIBaIoOT, 4To In 4, = Y +0 < ) Y paB-

vn

HOMEPHO OTHOCHUTEJIbBHO 1 B JI060M KOHEYHOM OTPE3KE T

z?
A, exp (—7> =1 (n- ).

n
Hanee, ./npq - (—) — 1 paBHOMEPHO B KaXAOM KOHEYHOM
\/ m(n—m

OTpe3Ke Z.
IMpuBeneHHble MOACYETHI JOKA3bIBAIOT TEOPEMY.

ITo cylecTBy TeMH Xe MOACYETAMM MOXHO J10Ka3aTb aHaJOTMYHYIO JIO-
KaJIbHYIO TCOpPEMY U 1A NMOJNMHOMHUAJIIBHOIO pacnpeacjacHnus.

NokanbHas Teopema. Ecau eeposmuocmu Py, P, ..., Pk NOAGAEHUA CO-

.« S S S
omeemcmeenHo cobbimuii A(l ), Al ), .. ,Ai) 8 S$-M uCnbimaHuu He 3aeu-
cam om Homepa ucnoimanus u omaudnst om 0 u om 1 (0 < p; < 1,
i=1,2,...,k), mo eepoamuocme P,(m;, m,,...,m) mozo, 4mo npu

S .
T He3a8UCUMbIX UCNbIMAHUAX co0bimus Ag) (i=1,2,...,k), nossames
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m; paz (m; +my + ... + my = n), ydoeremeopsem cOOMHOUEHUIO

k
1
o (-3 3 0st)
. i=1
©(@m)ED2 iy Pk

\% n""P,,(ml, my, ..., mk)

=1 (n—-o00)

. m; — np;

pasromepio 0aa ecex m; (i = 1,2,...,k), daa komopeix T; = ———
VNPigi

HAX00AMCA 8 NPOU3BOAbHLIX KOHEeYHbIX UHmMepeanax a; <x; <bj,a ¢ = 1 —p;.

k k
V3 paBeHCTBa ), m; = n BHITEKAET COOTHOIUEHHE Y T;\/nP;q; = 0,
i=1 i=1
KOTOpPOE 1103BOJISIET OJHO M3 T; BBIPA3UTb Yepe3 OCTalbHble. 3aMETHM BIO-
k

6aBok, 4to Y, p; = 1. Ilpn k = 2 u3 310if TeopeMbl, KaK YacCTHbIii cilyyaii,
i=1
nonyyaercsi reopema MyaBpa.
lMpumep 1. B npuMepe | npeablayuiero naparpacga HaM HyXHO OblIO
onpenenuts Pp,(m) npu n = 10000, m = 40, p = 0,005. ITo TONABKO YTO
JIOKa3aHHOI TeopeMe UMeeM:

i en (1 (252))

Ins Halero npumepa

m—np
VAPq = /10000 - 0,005 - 0,995 = /49,75 = 7,05, ~ —1,42.
Vnpq
CnenoBaTelibHO,
1 1,422
Py(m) ~ ————exp | == .
n(m) 7,05v27 P ( 2 )
Dyukumus

p(z) = \/% exp (—%2)

TabyNMpoBaHa; KpaTkas Tabiula 3HaueHUit 3Toit GYHKLIMM NIPUBEJEHA B KOHLIE
KHUrH. 1o 3TOit TabNuLE HaxXOoUM, YTO
0,1456
~y

ToyHble nmoacyeThbl 6e3 UCMONIb30BaHUS Teopebe. MyaBpa Ja0T HAaM
Py(m) ~ 0,00197.

s wmocTpauuy Xapakrepa NpuOIvMXeHWit, naBaeMblx TeopeMoit My-
aBpa, a TaK Xe IS reOMETPUYECKOro MOsSICHEHUs TPOAENaHHbIX NMPU ee Jo-
Ka3aTeJIbCTBE aHAJIMTUYECKUX Mpeobpa3oBaHMii, Mbl PaCCMOTPUM UYMCIIEHHbII
npumMep.
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ITyctb BepositHOocTh p paBHa 0,2. B Tabn. 8—11 cobpaHbl 3HaueHuss m,

m —np .
T = 57 BepositHocteii P, (m), Bennunn /npgP,(m), a takxe GbyHKUMM
q
72
o(z) = \/—_ (———2—) C TOYHOCTBIO IO YETBEPTOrO HECATHYHOrO 3HaKa

COOTBETCTBEHHO IS yMciia ucnbiTaHuit n = 4, 25, 100, 400. Ha puc. 10a
OpIMHATBI M306paXaloT 3HauyeHus BeposTHocTeil P,(m) mpyu pa3nuyHbIX Le-
JIOYUCTIEHHBIX 3HaYeHUsX abcunccbl m. [1o pUCyHKY BUIHO, YTO C YBENUYEHHU-
eM n BenuuuHbl P,(m) paBHOMEpHO yGbiBaloT. [lisi TOro, 4roGbl Ha PUCYHKE
TouKkM [m, P,(m)] yXe i paccMaTpuBaeMbIX 3HaYEHHIi 1 HE CIIMIIUCH C OCBIO
abcuucc, Mbl BbIOEpeM pe3KOo palfiMyHble MaclUTabbl 110 OCSM KOOPAMHAT.
PaccMorpenne Bmecto abcuucc m u opauHar P,(m) abcunce T, =
m—n
N
KOOpIMHAT B TOYKy (np, 0), Haxoasuyiocs BGJIU3M OT MaKCUMaIbHON OpAMHA-
Tl P,(m), 2) yBenuueHHe eanMHULBI MacluTaba no ocu abeuuce B /Npq pas
(uHbIMM cnioBaMu, cxarue rpaduka no ocu abeuucc B N pas), 3) ymeHb-
IIEHWe eauHuLbl MaciuTtaba B ,/nmpq pas (MHBIMM CJIOBaMH, pacTsXXEeHHE
rpadMKa 110 OCH OpIAMHAT B /Tipq pa3).
Ha puc. 106, 6, 2 usobpaxensl Kpusasa y = @(z) u npeoGpa3oBaHHbIE
TOJILKO YTO OMUCAHHBIM CrIOco6oM Touku [m, P,(m )] T. €. TOYKHU [Zy, Yu(m)].
Mbl BUAMM, YTO yXe NMPU N = 25 TOYKH [Ty, yn(m)] ciuBalorcst Ha rpaduke

u opauHar y,(m) = /npgP,(m) o3xavaer 1) nepeHoc Hauana

Tabnuua 8
n=4
m 0 1 2 3 4
P,(m) 0,4096 0,4096 0,1536 0,0256 0,0016
T —1,00 0,2500 1,5000 2,7500 4,0000
VPGP, (m) 0,3277 0,3277 0,1229 0,0205 0,0013
p(z) 0,2420 0,3867 0,1295 0,0091 0,0001
Tabnuua 9
n=25
m| z | Py(m)|/npgPu(m)| ¢(z) | m | z |Pu(m)|/ApgPa(m) | p(z)

-2,510,0037 0,0075 0,0175{ 8 1,5 |0,0623 0,1247 0,1295
—-2,0(0,0236 0,0472 0,05401( 9 | 2,0 |0,0294 0,0589 0,0540
-1,510,0708 0,1417 0,1295| 10 | 2,5 |0,0118 0,0236 0,0175
-1,010,1358 0,2715 0,2420 | 11 | 3,0 |0,0040 0,0080 0,0044
-0,510,1867 0,3734 0,3521 (| 12 | 3,5 |0,0012 0,0023 0,0009
0,0 | 0,1960 0,3920 0,3989| 13 | 4,0 |0,0003 0,0006 0,0001
0,5/0,1633 0,3267 0,3521 (| 14 | 4,5 |0,0000 0,0000 0,0000
1,0]0,1108 0,2217 0,2420 || >14 | >4,5|0,0000 0,0000 0,0000

NV bAsWwWwND—O

6 3akas 1278
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Ta6bnuua 10
n = 100

m| z |Pu(m)|ApgPa(m)| ¢(z) || m| z | Pu(m)|/npgPa(m) | p(z)
8 | —3,00 | 0,0006 0,0023 0,0044 {| 21 | 0,25 | 0,0946 0,3783 0,3867
9 |-2,7510,0015 0,0059 0,0091 {| 22 { 0,50 | 0,0849 0,3396 0,3521
10 { —2,50 | 0,0034 0,0134 0,01751{ 230,75 0,0720 0,2879 0,3011
11|-2,2510,0069 0,0275 0,0317 {24 | 1,0 | 0,0577 0,2309 0,2420
121 -2,00]0,0127 0,0510 0,0540 || 25| 1,25 ] 0,0439 0,1755 0,1826
13| -1,7510,0216 0,0863 0,0862 {| 26 | 1,50 | 0,0316 0,1266 0,1295
14| —-1,50 | 0,0335 0,1341 0,1295 || 27 | 1,75 0,0217 0,0867 0,0862
15| —1,2510,0481 0,1923 0,1826 || 28 | 2,00 | 0,0141 0,0565 0,0540
16 | —1,00 | 0,0638 0,2553 0,2420 | 29 | 2,25 | 0,0088 0,0351 0,0317
17| -0,75 | 0,0788 0,3154 0,3011 (| 30 { 2,50 | 0,0052 0,0208 0,0175
18 | —0,50 | 0,0909 0,3636 0,3521 | 312,75 0,0029 0,0117 0,0091
19| —-0,25]0,0981 0,3923 0,3867 (| 32 | 3,00 | 0,0016 0,0063 0,0044
20 { —0,00 | 0,0993 0,3972 0,3989

Tabnuua 11

n = 400

m| o |Pum)|/ABgPum)| (@) | m | = |Pum)|/ABgPu(m) | p(z)
56 —3,00 | 0,0004 0,0034 0,0044 {| 81 10,125]0,0492 0,3956 0,3957
571-2,875]0,0006 0,0051 0,0064 || 82 |0,250]0,0478 0,3828 0,3867
581 -2,75010,0009 0,0076 0,0091 || 83 |0,375]0,0458 0,3666 0,3719
591-2,62510,0014 0,0104 0,0127 || 84 |0,500|0,0432 0,3459 0,3521
60| —2,500]0,0019 0,0156 0,0175() 85 |0,625]0,0402 0,3215 0,3282
61(-2,37510,0027 0,0218 0,0238 || 86 {0,750 0,0368 0,2944 0,3011
62| —2,25010,0037 0,0298 0,0317{ 87 10,875]0,0332 0,2656 0,2721
63| —2,12510,0050 0,0399 0,0417 {| 88 |1,000|0,0295 0,2362 0,2420
64| —2,000|0,0066 0,0525 0,0540 (| 89 |1,125]0,0259 0,2070 0,2119
65| —1,87510,0089 0,0679 0,0684 || 90 | 1,250]0,0223 0,1788 0,1826
66| —1,75010,0108 0,0862 0,0862 1 91 [1,375]10,0190 0,1523 0,1550
67]—1,625]0,0134 0,1075 0,10651 92 |1,500]0,0160 0,1279 0,1295
68 | —1,500]0,0164 0,1316 0,12951 93 |1,625|0,0132 0,1059 0,1065
69| —1,375]0,0198 0,1583 0,1550 | 94 |1,75010,0108 0,0865 0,0862
70| —1,25010,0234 0,1871 0,18271 95 |1,875]0,0087 0,0696 0,0684
711 -1,12510,0271 0,2175 0,2119{| 96 |2,000]|0,0069 0,0553 0,0540
72| -1,00010,0310 0,2483 0,2420 | 97 (2,125 0,0054 0,0433 0,0417
731-0,875]0,0349 0,2789 0,2721 | 98 |2,250|0,0042 0,0335 0,0317
741 -0,75010,0385 0,3081 0,3011 (| 99 |2,375|0,0032 0,0255 .0,0238
751 -0,62510,0419 0,3317 0,3282 (| 100 { 2,500 | 0,0024 0,0192 0,0175
76| —0,500 | 0,0447 0,3580 0,35211101{2,625|0,0018 0,0142 0,0127
771-0,37510,0471 0,3766 0,37191, 102 2,750 0,0013 0,0105 0,0091
781 -0,250 | 0,0487 0,3919 0,3867 (| 103 |2,875|0,0009 0,0075 0,0064
791 -0,125{0,0497 0,3973 0,3957 (| 104 | 3,000 | 0,0008 0,0054 0,0044
80| —0,000]0,0498 0,3985 0,3989
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C COOTBETCTBYIOIIMMHU TOYKAMU KPUBOH Y = (). DTO CoBNageHNE CTAHOBUT-
cs ellie Jiyyille npu OONbLIKUX YeM 25 3HaYEHUsIX 7.
YTo6bl MONYYUTh HAINSIAHOE MPEACTABIEHUE O TOM, B KaKOH Mepe MOX-
HO MOJIb30BAaTbCS ACUMNTOTUYECKOM hopMynoit MyaBpa npv KOHEYHBIX 7
T. €. 3aMEeHATh GMHOMMAIBHBINA 3aKOH NPU BBIYUCIIEHUHM BeposiTHocTeit P, (m
dyHkumeii y = @(z), npuseseM npumep. IS NPOCTOTbI PACCMOTPUM Cyyail
p = q = 1/2 1 BO3bMEM JIMIIL T€ 7, JUIA KOTOPHIX BO3MOXHO 3HauyeHHe
ZTpm = |; TAKUMU MOTYT ObITh, HanpuMep, n = 25, 100, 400, 1156. NUmeHHO
Ui HUX Ty = | ipu m = 15, 55, 210, 595.
w%m)
= Qn

1
\/2mnpq P ( 2

N
-~
~ -

<

[Monoxum s kpatkocti Py(m) = P, u

mpu p=q=1/2 u 2, = 1.

Tabnuua 12
n P, Qn P, —Qn P./Qs
25 0,09742 0,09679 0,00063 1,0065
100 0,04847 0,04839 0,00008 1,0030
400 0,024207 0,024194 0,000013 1,0004
1156 0,014236 0,014234 0,000002 1,0001

CornacHo JoKanbHO#t Teopeme MyaBpa—Jlamnaca, orHowenue P,/Qp
JIOJDKHO CTPEMMTBCS K eIMHMLIE, KOoraa n — 00. Pe3ynbraThl BHIYMCIEHUI NpU
Ha3BaHHbBIX BbIlUE 3HAYEHUSX T MPUBEIEHbI B Tabn. 12.

§ 11. UnterpanbHas npepenbHas reopemMa

TonbKO 4TO BBIBEAEHHYIO JIOKAJIBHYIO MPENENIbHYIO TEOPEMY Mbl UCIOJNb3Y-
€M [ BbIBOJA APYroro npeaesbHOro COOTHOLIEHUS! TEOPUU BEPOSITHOCTEH —
UHTErpajibHOM TmpenenbHON TeopeMbl. M3moXeHHe HayHEM C MPOCTEHLIero
YaCTHOTO cjlyyas 3TOif TeopeMbl — UHTErpajibHO# TeopeMbl MyaBpa—Jlannaca.

UnterpanbHas teopema Myaspa—Jlannaca. Ecau p ecmb 4ucno na-
cmynaenuii cobbimuii 8 1 He3a8UCUMbIX UCNLIMAHUSAX, 8 KAHCOOM U3 KOMOPbIX
8epoamHocms 3mo2o cobbimus pagna p, npuvem 0 < p < 1, mo pagnomepro
omnocumensno a u b (—oo < a < b< +00) npu n — 00 umeem mecmo
coomuouwenue

b
pL—np 1 / z’-)
Pla< b —_ —— ) dz.
{a\ g }—)\/ﬁ exp( 2) %
a

2) OyeHb TOUHBIE OLEHKM OCTATOYHOTO YieHa AAHbI B pa6ote C. H. BepuureiiHa «Bo3spar k Bo-
1pocy O TOYHOCTH npenenbHoit dopmyist Jlamnaca» (Co6paHue counnenuit C. H. Bepuureitna.
T.IV. M.: Hayka, 1964. C. 396—408).
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Jloka3zatenscTso. BBeneM U KpaTKOCTH MUCbMa 0G03HaYeHUe
- N
Pa(a, b) = P{a <BTP b}.
NG

Ora BEpOSITHOCTb, OYEBUAHO, paBHa cymMe Y, P,(m), pacnpocTpaHeHHOi
Ha Te 3HaYeHUs! M, JUis KOTOPBIX @ < Ty, < b, re no-npexHeMy 0603HaYEHO

m—np
Ty = ——.
" ympg
Onpenenum Teneps dynkumio y = I, (z) cnepyoumm obpasom:
0 < P
g z<Ty=——= H"
Vvnpq
1 l+n
y_—_—ﬂ,,(:z:)z 0 JUTSt $>zn+ — + q’

npq npq

VpgP,(m) mis T, <z < Tpmy (M=0,1,...,n).

OueBHIHO, YTO BEpOSITHOCTb Pp(M) paBHa muiowanu, orpaHuYeHHOM KPUBOii
y = I,(z), ocbio OX ¥ OpAMHATaMHU B TOYKAX T = Tyy U T = Tyyyq, T.€.

Po(m) = APGPa(m) (@1 — Tm) = / M, (z) dz.

Orcioma crnenyer, 4To uckoMas BeposiTHocTh Py(a, b) paBHa miowany,
3aKJII04eHHOM Mexay KpuBoil y = IMy(z), ocblo OX W OpAMHATaMHU B TOYKaX
T M Tip, TAE T U T ONPEJENAIOTCS MOCPEACTBOM HEPABEHCTB

1 1
<ZTp < , b<zm<b )
ATy <A+ \/ﬁp_q S T + \/n_q
Takum obpa3om,
Tm b ITm Tm
P,(a,b) = / ,(z) dz = / I, (z) dz + / M, (z) dz — / ,(z) dz.
Tm a b a

Tak Kak MaKCMMaJIbHOE 3HayeHue BeposTHOCTH P,(m) npuxoautcs
Ha 3HayeHue my = [(n + 1)p], To MakcumaibHoe 3Hayenue Il,(z) npu-
XOIMTCS HA MHTEPBA

mgy — np my+1—np 2
—<z< < .
Vnpq Vnpq Vnpq
B sTOM MHTEpBaie HeHCTBYeT JIOKaJlbHas TeopeMa MyaBpa, U Mbl MOXeM
MO3TOMY 3aKJIIOYUTh, YTO MPU BCEX NOCTATOYHO GOJIBIIMX 3HAYEHUSAX T

0<

() < 2 1 :1:2) 2
——maxexp [ —— ) =4/=.
max [T, (z = p(-3 -
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OTciofa MBI MPEX/E BCErO BHIBOAUM, YTO

Tm

/H,,(z)dz—/l'l,.(a:)d:n

a

2 2
<4/ =(-b+zm+zTn—a)<2
T = Tnpq

M 4TO, CJIE[IOBATEJNILHO,

lpal =

T Im
< / max I, (z)dz + / max I, (z)dz <
b [

lim p, =0.

n—00

Takum 06pasom, P, (a, b) Tonbko Ha BeMYHHY GECKOHEYHO MJIYIO OTIMYaeTCs
b

or [ My,(z) dz.
a

Mpbl NpeanonoXuM cHayaia, uto @ U b — KoHeuyHble yucna. IIpu sTOM
NPEANOJIOXEHUH COMIACHO JIOKAJIbHOM TeopeMe MpU a < Ty < b

2
Hn(zm) = \/%_W €xp (“sz) [l +an(mm)],

e a,(z,m) — 0 npu 7 — 00 PABHOMEPHO OTHOCHTENBHO Iy,. OYEBUIHO, YTO
1 TIpU TIPOMEXYTOYHBIX 3HAYEHUSAX apryMeHTa

$2
M(a) = = (—7)[1 + an(@)],

npudeM lim max ap(z) = 0. JeicTBUTENBHO, NPHU JIOGOM ™ B MHTEpBAIe
n—00 a<z<b

Tm ST < T4, MUMEEM!
2

M,(z) = Mp(zm) = \/——12=7r exp (—%) [1+an(z)],

rie 2
o, () = exp (zz_sz) [an(zm) + 1] - L.
Tak Kak 2 - g2, max (|al, |b])
—— <lal |z - o] < g

TO SICHO, 4TO

lim max a,(z) =0.
n—00 a<z<b

CobpaB BMecTe HalJeHHbIE OLEHKH, MOJNy4yaeM, 4TO

1 z?
Py(a,b) = — [ exp (—7) dz + R,
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rne

b
1 z?
R, = — -= d )
n \/2—,,/‘”“’( 2>an(w) T+ pn
a

Tak Kak

b
1 z?
IRn|<af23§b|an($)|'E exp |~ dz + py,
a

TO N3 CKa3aHHOIo SACHO, 4YTO
lim R, = 0.

n—00

B caenaHHOM HaMU Mo Xo1y 10Ka3aTeIbCTBA YaCTHOM MPENOoNIOXEeHUH TeopeMa
noka3aHa. Ham ocraeTcsi ocBOGOIUTLCS OT 3TOrO OrpaHUYEHMUsI.
C 3TOi1 LeNbIO NpeX/e BCEro 3aMETHM, YTO

! / ( 22) dz =1
—_— €X] _—— zZ = 1.
V2 P 2

[Toatomy st moGoro € > 0 MOXHO BbIGpaTh CTONBL GoJblIOE A, YTO

\/%/Aexp(—z—;)dz>l—%,
\/_/exp( )dz~m/exp(——)dz<§

BoiGepeM najiee, B COOTBETCTBUM C JIOKAa3aHHbIM, CTOJIb GOJIBILIOE 70, YTO MPH
—A<a<b< A o6yger:

b
1 22
Pn(a,b)—ﬁ exp Y dz
a

Torna oyeBUIHO, YTO
P,(-A,A) > 1-¢€/2, P(—o00,—A)+ P(A,+00) =1- P(-A, 4) <¢/2.
Tenepb mokaxeM, yto rnpu Jobbix a U b (—oo < a < b < +00) Gyzer:

1 n 22
Pn(a,b)—E/exp{—7) dz| <e

YeM, OYEBMIHO, ¥ 3aKOHYUTCS J0Ka3aTe/IbCTBO TeopeMbl MyaBpa—Jlamnaca.
st 3TOrO Hamo pa3obpaTh OTAENbHO Pa3IMYHBIE CIIy4yay PaCcMOIOXEHUs

Ha TpsAMOi TouyeK a U b orHocurenbHo uHrepsana (—A, A). Pasbepem,

Hanpumep, ciyvait a < —A4, b> A (ocTanbHble NpeacTaBUM qmaTemo)

<€
e
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B aToMm cnyuae
b

b -4 A
‘712?7?“/exp (—?) dz:\/%(a/+:{+/exp (—z;) dz),

Py(a,b) = Py(a, —A) + P,(—A, A) + Pa(4,b).

P,,(a,b)—\/—;——;/bexp (—%z)dz P,(a,—A)—— /exp (——)dz
+|Pa(—4,4)— ‘/_/exp(——)dz P,(A4,b)- \/_/exp<——)dz
<Pn(—oo,—A)+%]exp(—§) dz+

+|Pa(—4,4)- F/exp(—;)dz

—— d -
/exp( ) z<2+4+8+8 E.

M@l nepeiineM Tenepb K (pOpMyIMpOBKE UHTErpasbHOMN MpeaesbHOM Teo-
peMbI B OOLLIEM CTy4ae CXEMbI MOCJIEI0BATENbHOCTH HE3aBUCUMBbIX UCTIBITAHUM.
IMycts mo-npexuemy g; (¢ = 1,2,..., k) 03HayaeT YMCIO MOSIBIEHMIA COOBI-

THii Afs) (s=1,2,...,n) B n nocnenoBaTe/IbHbIX UCTILITAHUSAX. B 3aBUCHMO-

CTH OT CJIyyas f4; MOTYT NPUHUMATh MWL 3HayeHus 0, 1, 2, ..., n, npuyeM TaK
KaK B KaXIOM UCITbITAHUU BO3MOXHBI k
MCXOMIOB U 3TH MCXOIbl HECOBMECTUMEI,
TO JOJIXHO UMETh MECTO PaBEHCTBO

IToaromy

< +

+P,(A,+00)+

B+ g+ .+ =mn. (D

CraHeM Tenepb Ha BEJIMYUHBI [Ly, [4),
.., [tk CMOTDETb KaK Ha IMpPAMOYIOJib-
Hble KOOPIHWHATHI TOYKU B k-MEpHOM
€BKJIMIOBOM IPOCTPAaHCTRBE.
Ilpy 3TOM pe3ynsraThl 7t UCIBITA-
HUI M300pa3siTcs TOYKOW C LIEJIOYUC-
JICHHBIMU KOOpAMWHATaMH, HE MEHbILU-
Puc. 11 MM HYJIS UM He OonblUMMU n; OyneM
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B JJIbHEIIEM Ha3blBATh TAKKE TOYKH uenoyncienHsimy. Pasenctso (1) noka-
3bIBAET, YTO pe3yJibTaThl MCMbITAHUI M300pa3siTCs HE NMPOU3BOJIbHBIMU LIENO-
YMCJ/IEHHBIMU TOUKaMHM B runepkybe 0 pu; <n (i = 1,2, ..., k), a 11uib TeMu
M3 HMX, KOTOpble HaxoasTcsi B runepruiockoct (1). Ha puc. 11 usobpaxero
MOJIOXEHUE BO3MOXHbBIX PE3YJbTaTOB MCMbITAHUI B runepruiockoctu (1) mis
ciyyasi n =3, k = 3.
ITpousseneM npeobpa3oBaHUs KoopauHAT no dopmynam
pi —np;i .
Ti=——— (t=1,2,...,k ¢=1-p;).
VIPigi
YpaBHeHnue runepriockocti (1) B HOBBIX KOOpAMHATaX MepenuuieTcss B clie-
IyloLIeM BUIE:
k
E Ti\/npiq; = 0. (2)
i=1
Touku runepriockoct (2), B KOTOpble MEPEUUIH LETOYUCTEHHBIE TOYKH
runepiuiockocTu (1), ycr0BUMCS TakKe Ha3bIBaTh «LEI0YNCIIEHHBIMMY.
0Go3HauuM yepe3 P, (G) BepOSTHOCTB TOrO, YTO B pe3ysibraTe m MCIbITa-

Huit ynena p; (1= 1,2, ..., k) NOsBIEHUH KaXIOro U3 BO3MOXHBIX MCXOIOB
Hi — np;

OKaXyTCs TAKMMH, YTO TOYKA C KOOPAMHATAMU &; = ———— IMOMNaeT BHYTPb
V1Piqi

obnactu G.

Torna umeeT MecTo ciieayloLas

Teopema. Eciu 8 cxeme nocnedo8amensHOCMU He3ABUCUMBIX UCNbIMAHUU
8 Kaxcdom u3 ucnoimanuii 803moxcHbl k ucxodos, npuuem eeposmHocmy
Kaxc0020 u3 ucxo008 He 3agucum om Homepa ucnoimanus u omauyna om Q
uom 1, mo kakosa 6v! Hu Goura o6nracme G eunepnaockocmu (2), daa Komopoi
(k— 1)-mepHuiii 06sem ee epanuybt paset HyaI0, pagHomepro omuocumensto G
npu m — 00, UMeem mMecmo COOMHOUIeHUe

1
£ / exp(—izq,-mz) v,
(m)* =13 pigi G

i=1

Pn{G}—) qqu"'qk

20e dv o3navaem snemenm obsema obracmu G u unmezpan pacnpocmpans-
emca Ha obaacmb G.

JoKa3aTenbCTBO U MO UI€e U MO OCYLIECTBIEHMIO SIBISIETCS MOYTH MOJI-
HOIi KOMHeil paccyXaeHHuil, MPOBEJEHHBIX MPU N0KA3aTeIbCTBE UHTErPaTbHON
TeopeMbl MyaBpa—Jlannaca.

3ameyarne. Tonbko 4TO cHOPMYIMPOBAHHOM Teopeme Mbl Mpuanyu ¢op-
MY, B KOTOpOI#i BCe NMepeMeHHble Ty, L7, ..., T, UIPAIOT OXMHAKOBYIO POJIb.

B uHTerpasiibHOi TeopemMe MyaBpa—Jlannaca Mbl, OIHAKO, NPEANOWIH
MPOBOAMTbL PACcCyXIEHMs, HapyLIMB ONHOPOAHOCTb MEPEMEHHbIX I U I3,
TOJIBKO C MEpeMeHHbIMU & = Z,. [EOMETpHUYECKM 3TO O3HAYaJO, YTO MbI
paccMaTpMBaeM He CaMM pe3yJIbTaThl MCMBITAHMIA (LETOYHUCIEHHbIE TOYKH
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Ha npsMoit z; + Z; = 0), a ux npoekuun Ha ocb OX. IlogoGHBIM Xe
00pa3oM Mbl MOXEM, HapyILIMB OJHOPOIHOCTh U B O0OILIEM Clly4yae, pacCCMOTPETh
UHTErpupoBaHue He 1o obyactu G, a no ee npoekuun G' Ha Kakywo-nnu6o
KOOPAMHATHYIO TMNEPIJIOCKOCTb, CKaXeM Ha IUIOCKOCTh I = 0. DiaeMeHT
obbema dv’' B runepmiaockocty Tx = 0 cBfA3aH C 3N€MEHTOM o6bema dv
TUNEepIUIOCKOCTH (2) COOTHOLLEHNEM

dv' = dv cos p,

rae ¢ — yrojg Mexnay yKa3aHHbIMUA TUNEPIITIOCKOCTAMMU. Jlerko NOoACYHNUTATD,
4yTO

Prqk
V2o pigi
B koopaMHaTHOI rMNepIIOCKOCTH 3/ieMeHT obbema dv' = dz,dzx; ... dxE_,
NMO3TOMY MMEET MECTO PaBEHCTBO

(2:192 qu /e p(—%quf) dv =

N9 - G-t
(27r“ /exp ——qu dz; ...dzj-.

cosp =

B nonuHTrerpaibHON (DYHKUMHM MbI JOJIXHBI NMPOM3BECTH 3aMEHY I Ha ero
BbIpaXeHUE Yepe3 Ty, Ly, ..., Tp_|:

Ty =

W;mz

B pesynbrate 3T0I 3aMeHbI MBI UMEEM:

k k-1 2

y i Piqip;q;

ot =S a(1+2) e 5 oI
i=1 i=1 D 1<i<j<k-1 P

=Q(z1, 22, ..., Tk-1). 3)

WHrerpanbHas npenesibHas TeopeMa MOXET ObIThb, TAKUM 0Opa3om, chopMy-

JIMpOBaHA WHaye, a UMEHHO:
B ycnoBusix MHTErpajibHOI NpeebHOM TeopeMbl MPU 1. — 00

qgjr)k—x /XP (—" Q(z1, T2, - .o, T 1)) dz; .. dil?/:]

4)
TToHsATHO, YTO MHTerpanbHasi TeopeMa MyaBpa—Jlamnnaca siBisieTCS YacT-
HBIM CJIy4yaeM TOJIBKO YTO JOKa3aHHOM TEOpeMbl: OHAa JIErKO MOXET ObITb
nony4exa u3 dpopmynsi (4).
J1st 3TOro JOCTaTOYHO 3aMETUTh, YTO B cxeMe BepHynnu k=2, p = py,
q=p2=1-p.
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Mpu k = 3 dopmyna (4) npuHUMAET CEAYIOLIMNIA BUL:
/ 9q2
P(G) (2 )2 / <—EQ(1:|;$2)) dzldmL

p3=1-p —py,

Q(z1, 1) =q (1 + gl):cf +92(1 + 1’%) 3+ 2—1)1—;?&131‘1%2 =
3 3

3
111112( 24 2+2 /Plpzmlzz).
D3 019>

IIpocToii nmoxcyeT nokasbiBaeT, YToO

=1l—p—pr=qq—Dpip2,

1 [P1p1
Q(z),z2) = 1_—7’W (1'1 +$2 +2 ql—qz'ililzz)

0192

roe

NO3TOMY

§ 12. MNpumeHeHUs UHTErpanbHOW TEOPEMbI
Myaspa—Jlannaca

B kayecTBe NMepBOro NMPUIOXEHUs UHTErpaibHOIM TeopeMbl MyaBpa—Jla-
niaca Mbl OLIEHUM BEPOSITHOCTh HEPaBEHCTBA

.
’n P| <&

rae € > 0 — NMocTossHHOE.

Hmeem
u np n
<el = p{ n }
b=r{-eif <t <

{5

1, 3HAYUT, B CUJIy UHTErPAJILHON TEOPEMBI MyaBpa——JIarmaca
i 4

: p _ ! 2\,
’}Lr&P{n <€}—\/27/exp< 2)dz—l.

Hrak, KakoBo Obl HM ObUIO MOCTOSIHHOE € > 0, BEPOATHOCTb HEPAaBEHCTBa

B
—-p

< € CTPEMUTCS K EAUHULE.

u
el 4
n
OO6HapyXeHHbI# HamMM (akT BriepBble HaiaeH . BepHymnu; OH HOCUT
Ha3BaHUE 3aKOHa Goavuwiux 4ucen Unu meopemsl bepuyanu. Teopema bepHynnu
U €e MHOTOYMCJIEHHbIe 0000LIEHHUS SIBJSIIOTCS ONHUMM U3 BaXHEHILNX TeOpeM
TeOpUM BeposiTHOCTed. Yepe3 HUX MMEHHO TEOpHUSl CONpPHMKAcaeTcsl ¢ Ipak-
TUKOH, UMEHHO B HMUX 3aJI0XE€H (YHIAMEHT YCNeXOB NMPUMEHEHUS TEOpUU
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BEPOSTHOCTEM K Pa3IMYHBIM MpobaeMaM ecTeCTBO3HAHUSI U TeXHUKU. O6 3TOM
O6yner noapo6Hee CKa3aHO B IJlaBe, MOCBSILUEHHON 3aKOHY OONBLIMX YMCEN;
TaM Xe€ Mbl JaMM JOKa3aTeIbCTBO TeopeMbl BepHyiu 6onee npocTbiM MeTo-
IOM, OTJIMYHBIM KaK OT TOJIbKO YTO M3IOXKEHHOro, TaK U OT YnorpebjaeHHOro
5. BepHynau.

Mgl paccMOTpUM Tenepb TUINMYHbIE 3alayM, NPUBOLSLINE K TeopeMe
Myaspa—Jlamnaca.

[Tpou3sBoaMTCS m HE3aBUCUMBIX UCIBITAHWM, MPH KaXIOM M3 KOTOPbIX
BEPOSITHOCTb HACTYIUIEHUs COObITUSI A paBHa p.

I. CnpaumBaercsi, 4eMy paBHa BEpPOSITHOCTb TOrO, YTO YacCTOTa HACTYM-
JieHUst cobGbITHSL A OTKJIOHUTCSI OT BEPOSITHOCTH P He Gosee yeM Ha a? Ora
BEPOSITHOCTb paBHa

14 Il nP n
P|=-p|<ap=P —
{[5-rl<a}=r{-eym <t <oy/iu}

ay/n/pq ay/n/pq

1 / ( x2>d 2 / ( zZ)d

N — exp| —— | dr = — exp | —— ) dz.
V2r P 2 V21 P 2
—-ay/n/pg 0

II. Kakoe HauMeHbllee YUCIIO UCTIBITAHUN HYXXHO MPOM3BECTU JUIS TOTO,
4TOGBI C BEPOSTHOCTBIO, HE MEHbLIEH 3, YacTOTa OTKJIOHSJIACH OT BEPOSITHOCTH
He Gonblie YeM Ha a. HaM HyXHO omnpeienuTb n U3 HepaBEHCTBa

e}
n

BepositHOCTb, UrypHpyIOLLyl0 B JIEBOIl 4acTH HepaBEHCTBa, Mbl 3aMEHSIEM
npubnnxeHHo no teopeMe MyaBpa—Jlannaca uHTerpasioM. [ns onpenene-
HUS N B pe3y/bTaTe MOoJyyaeTcss HepaBeHCTBO

av/n/pq )
L / ex (_:z:_) dz >
Var P U2) %27

0
III. TIpn naHHO! BepoOSITHOCTM [ W 4YHUCIEe UCHBITAHUIT n Tpebyercs

.y
ONnpelesuTb TpaHULly BO3MOXHBIX M3MEHEHMIA |—- — p|. AHbIMU croBamy,
n
3Hast f ¥ N, HYXHO HAWTH @, IS KOTOPOro

P{”
n

——p‘<a}=ﬂ.

IMpuMeHeHHe MHTerpaNbHOM TeopeMbl MyaBpa—Jlaniaca naeT HaM JUISl onpe-
IeJIeHUs] & ypaBHEHUe
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YucneHHOe pellieHHe BCEX PACCMOTPEHHBIX HaMM 3aja4 TpeGyeT yMeHus
BBIYMCIATh 3HAYEHUS] HHTErpaia

T
o@) == [on (-5 ) 0
T)=—— [ exp| -= ) dz
2m J P 2
npu MOOGLIX 3HAYEHUSIX T M pellaTh OOpaTHYIO 3ajayy — MO BEJIMYUHE

uHTerpaia ®(Z) BLIYMCIATL COOTBETCTBYIOLUEE 3HAYeHME apryMenta . st
3THX PacyeToB TPeOYyIOTCS CreuraibHble TabNuLbl, TaK Kak uHTterpai (1) npu
0 < £ < 00 B KOHEYHOM BMJIE Yepe3 3jieMeHTapHble GYHKUMKM He BbIpaXKaeTcsl.
Takue Tabnuibl COCTaBNEHbI ¥ NMPUBOAATCH B KOHIIE HACTOSILEH KHUIH.

Puc. 12 paer narnsnHoe npeacrasienue o yHkunu ®(z). Ipu nomoun
TaGM1Lbl 3HaYeHNIt GyHKunn ®(z) MoxHO BblyMCHSTD MO dopmyne J(a, b) =
= ®(b) — ®(a) Takke 3HayeHME UHTErPAIA

b
1 2 =
J(a,b) = \/—Z—W/exp (—%) dz. ] WA
a

Tabnuua dyskuun () cocraeneHa ToNb-
KO JUISl MOJIOXMTENIbHBIX Z; Uil OTpHLA-

TeNbHBIX T GyHKuus P(z) onpenensiercs 0 _ 1

13 PaBEHCTBa y="
&(—z) = —P(z).

MbI Tenepb B COCTOSSHUYM JOBECTH 10 KOHLIA Puc. 12

peleHue npuMepa 2 §9.
lMpumep 1. B npumepe 2 § 9 HaM HYXHO ObUIO HAWTU BEPOSITHOCTH

P=3 Plp=m},

rae CcymMMa pacrnpoCTpaH€Ha Ha T€ 3HaAYCHUA M, i KOTOPbIX
|m —2,7-102| >2,7- 107,

TIpY YCTIOBUM, YTO OBILEE YUCIO UCTbiTaHuit n = 541022 u p = 1/2. Tak kak

_ 2.7 12 _
P:p{l” npl 2710 }zp{'i‘—"p'>2,33-10},

VPG T (/54102174 Vnpg
B cuny TeopeMbl MyaBpa—Jlaniaca
00
2 2
Pr — / exp (—-—) dz
2w
2,33-10

Tak Kak
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TO

< exp (—2,7- 100) < 107'%,
V27 - 105

O TOM, KaK MaJia 3Ta BEpOSITHOCTb, MOXHO CYIUTb IO CJIEAYIOIIEMY CPABHEHUIO.
[NpeanonoxuM, yTo wap paguyca 6000 KM HamoyiHeH GebIM MECKOM, B KOTO-
Dhlii onana ofHa yepHas mecuuHka. O6beM necynHKM paBeH 1 mm3. Haynauy
13 BCeil 31Ol Macchl eCUNHOK OepeTcsi OlHa; YeMYy paBHa BEPOATHOCTb TOrO,
4yTo OHa OyneT yepHoro LBeTa?

Jlerko nocyutarh, YyTo 06BEM Luapa paguyca 6000 KM HEMHOTMM MEHb-
we 103° mm3 M, cnenosarenbHO, BEPOATHOCTb M3BJNEYb YEPHYIO MECYUHKY
HeMHOTUM 6onbiie 10730,

lNpumep 2. B npuMepe 1 §9 HaM HyXHO ObLIO HAalWTH BEPOSTHOCTb TOTO,
4YTO YKUCJIO OpaKOBAaHHBIX U3AENUHA OKaxXeTcs He OoJiblle CEMMAECSATH, €ClU
BEPOSITHOCTb JUIS KaXnoro usnenusi ObiTh OpakoBaHHbIM paBHa p = 0,005
1 uucno usgenuit pasHo 10000. ITo Tonbko YTO HOKa3aHHOM Teopeme 3Ta
BEPOSITHOCTb paBHa

P{p <70} = P{—

50 . 20 }_
V49,75 mapq /49,75

2,84
pu—np 1 / ( z2)
=P -709 —— <284 ~ — exp| —— | dz =
{ S yapg } var ) P\™2

= B(2,84) — $(—7,09) = &(2,84) + $(7,09) = 0,9975.

3nauenns ¢ynkunmu ®(z) npu = 7,09 B Tabauuax HET, Mbl 3aMEHUIIM €ro
TNOJIOBUHOI, COBEPLINB NP1 3TOM OLIMGKY, MeHbluyo 10710,

EcrecTBeHHO, YTO B NMpUMeEpax HACTOSILEro M NpebIAyLIero naparpa-
¢oB, paBHO KaK M B JIIOObIX APYrMX 3aayax, OTHOCSILMXCS K OMPEAETECHUIO
BeposiTHOCTEN P, (M) NpH KaKMX-1160 KOHEYHbIX 3HAYEHHUSIX 17 U 7L 110 aCHMII-
ToTHYecKUM (opMynam Myaspa—Jlannaca TpeGyeTcs OlLEHKa COBEpIIAEMON
npy Takoi 3aMeHe OIIMOKK. B TeyeHUe OYeHb HOJrOro BPEMEHM TEOPEMbI
MyaBpa—Jlannaca NpUMEHSIIMCh K peElIeHHUI0 NogoOHOoro popa 3amay Oe3
CKOJIbKO-HUOYIb YIOBJIETBOPUTENLHOM OLIEHKU ocTaToyHoro uieHa. Cosma-
Jlacb YMCTO IMIUPHUYECKAss YBEPEHHOCTb, YTO NMpPHU 7 TOPSAAKA HECKOJbKUX
COTeH WM elle OonblieM, a TakXe MpU P, He CIMIUKOM Oau3kux K 0 wiu
1, ynorpebnenne TeopeM MyaBpa—Jlannaca NpUBOAMT K YIOBJIETBOPUTEID-
HbIM pe3ynbraTaM. B HacToslllee BpeMsi CYILECTBYIOT JOCTaTOYHO XOpOLUHe
OLIEHKM TMOTrpeLIHOCTEN, COBEpLIAEMbIX NPHU MOJIb30BAHUM aCMMIITOTUYECKOIA
dopmynoit Myaspa—Jlaraca?.

Mbl ocTaHOBUMCS elile Ha 0600LIeHUH TeOpEMbI BepHynnu Ha ciayyait 06-
wIei cxeMbl MOC/Ie0BaTeIbHOCTM HE3aBUCUMbIX UCTbITaHUi. TTycTh B KaXIoM
MCNbITAHMM BO3MOXHbI kK MCXOIOB, BEPOSTHOCTb KaXIOro M3 HUX COOTBET-
CTBEHHO paBHa Py, P, ..., Pk U 1, B2, - -+ , b — YUCIIA TOSABJIEHUI KaXI0ro

3) CM., HanpuMep, UMTUPOBaHHYIO Ha c. 84 paGory C. H. BepHuireitHa.
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Ucxona B IMOCNEAOBATENIBHOCTA 1 HE3ABUCUMBIX UCMBITAHUIA. OﬂpelleJIVIM BC-
POATHOCTb OJHOBPEMEHHOI'O OCYLUECTBJICHHUSA HEPABEHCTB

%—Pl

T. €. HCPABCHCTB

n n n
|(E1I<€1 _ |$2[<Ez —, e, [(L‘H(Ek —_—
Pq Pq PkAk

IMocnenHee M3 3TUX HePaBEHCTB, COGCTBEHHO, SIBISETCS CNENCTBUEM IIPE/bl-
RyWHX, TaK Kak cornacHo (2) § 11 mepsbie k — | u3 HepaBeHCTB (2) HaioT

OLIEHKY
SN LIE Ff ©

1

i1 V Pedk iy ¥ Prx

Cornacto (4) § 11 BeposiTHocTb NepBbix k— 1 HepaBeHcTs (2) (a cnenoparenbHo,
TaKXe HepaBeHCTBa (3)) MMeeT CBOMM Mpe/esioM Mpu n — oo MHTErpal

qg:r)k_?;;l/ /exp (——— (zi, ... :ck_l)) dz\dz; ... dzi_, = 1.

§ 13. Teopema lMyaccoHa

<el, <€x.nn, %—pk < €, (2)

K2
— P
n

lzx| =

Mbl BUAENM TpU J0Ka3aTeJbCTBE JIOKAIbHOW TeopeMbl MyaBpa, 4TO
aCHMIITOTMYECKOE MPEJCTaBIeHUe BeposTHOCTH Pp(m) mocpeactBoM ¢yHK-
2
z

unu exp -5 NeiCTBYeT TeM XyXe, YeM Gojbliie BEpOSATHOCTb P

1
V2r
OTJIMYAETCS OT MOJIOBUHBI, T.€. YEM MEHbLIUE 3HAYEHUS] P UIU ¢ TIPUXOXUTCS
paccMaTpuBaTh, U 3TO MpPENCTAaBJIEHUE OTKAa3blBaeTCsl CIYXUTb npu p = 0,
g =1, aTakke npu p = 1, ¢ = 0. OngHaKo 3HAYUTENbHBIA KPYr 3aiay CBSI3aH
C HEOGXOAMMOCTBIO BbIYUCIIEHHMS BEPOSTHOCTEN Pp(Mm) MMEHHO nMpy Majbix
3HAYEHUSAX p4). Ins Toro 4yto6bl B 3TOM cilyyae TeopeMa MyaBpa fajia pe3yiib-
TaT C HE3HAYMTENbHOW OWMNOKOI, HEOOXONMMO, YTOObI YUCIO 7T MCIbITAHUMHA
ObL10 OYeHb BeJMKO. Bo3HUKaeT, TakuM 00pa3oM, 3aaya pa3biCKaHUsl aCUMII-
TOTHYECKOI (OPMyJbl, CriELUaNbHO NMPUCIOCOOIEHHOM Ui ciyyast MajblX P.
Takas ¢opmyna 6bi1a HalineHa ITyaccoHoM.

PaccMoTpKM nocie10BaTebHOCTb CEPUit

Ey,
E,,, Ey,
E;\, Ej, Ej;,

9 Nnu taxke npy MabiX 3HAYCHHUAX ¢, HO OYEBUIHO, YTO 3aJa4YM PA3bICKAHUA aCUMINTOTHYE-
ckux dhopmyn pis Pp(m) npu ManbiX 3HAYEHUAX P WIM ¢ CBOASATCA OAHA K JPYroi.
n
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B KOTOpPO# COOBITUSA OIHOM CEpUM B3aMMHO HE3aBUCUMBI MeXy COO0ii U UMEIOT
KaX1oe BEpOATHOCTb Pp, 3aBUCSLIYIO TOIBKO OT HOMepa cepuu. Yepes p,
0603HayaeTcs YUCI0 HaKTUYECKH MOSBUBLIMXCS COOBITUI m-ii cepum.

Teopema Myaccoxa. Ecau p, — 0 npu n — 00, mo
am
P(ﬂ'n = m) - # €xp (_an) -0, (l)

2de a, = np,.
Jlokasarenscreo. O4eBUIHO, YTO

Py(m) =P{pa=m}=Cy"py (1 ~pn)"‘"':mnyi7)! (%) " (1— %)n_m:

_ﬂ(l_a_n)" (1"%) <1_%>"'<1_m7_1). )

T m! n

[Tycte m duxkcupoBaHo. BeibepeM npousBonbHO € > 0. Torna MOXHO
BbiGpaTh B = B(€) cronb GosbluKM, YTOGH 1IpU @ > B 6bl10

a™ 1 < €
— €X —=a S .
m P\ 72%) 53

PaccMoOTpUM cHayana Te HOMepa 7, JUIS KOTOpBIX a, > B. nsa atux n,

no HepaseHcTBY | — z < exp(-z), 0<z < I:
m

am n—m € a €
P,(m)< —exp| — a, | <= npu n>2m, — exp(—ay) < =.
m! n 2 m! : 2

IMoaToMy ISl yKa3aHHBIX T
m

a € €
P,(m) — 7—nn—' exp (—an)| < §+ - =¢.

2

PaccmMoTpuMm Tenepp Te HoMepa n, WIS KOTOPhIX a, < B. Tak Kak
n
. a
lim {(l - —") - exp(—an)} =0 npu a, < B ¥ npy NOCTOSSHHOM M
n

n—o0o

-~ 1 2 m— 1
- — l—=)... (1=
. n n n
lim W =1,
n—o00 l an

TO B cuity dopmyssl (2) npu n > ny(€)
an'
Py(m) — — exp (—ap)

<eE,

4YTO M TpeOOBAIOCH 1OKA3aTh.
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3ameruM, yto Teopema I[lyaccoHa MMeeT MECTO M B TOM cliyyae, KOria
BEPOSITHOCTb COOBITHS B B KaXIOM MCMBbITAaHUU paBHa Hymo. B atoM ciyyae
a, =

0603Ha4YuM
m

P(m) = gn_i exp (—a) .

TMonyyernHoe pacnpeaencHne BEpoSTHOCTCH HOCUT Ha3BaHue 3axkona Ilyac-
coHa.

Jlerko mnocyuTaTh, YTO BeNMYMHbI P(M) YIOBJCTBOPSIIOT DPAaBEHCTBY
S P(m) = 1. U3syunm nosenenve P(m) kak ¢yukuun m. C 970l uesbio
m
PacCMOTPHM OTHOLLEHHE

P(m) a
Pm-1) m’

Mbl BuauM, uto ecniu m > a, To P(m) < P(m — 1), ecnmu xe m < a, TO
P(m) > P(m — 1), ecnun, HakoHeu, m = a, To P(m) = P(m — 1). Orciona
Mbl BBIBOIMM, YTO BeqMyMHa P(m) Bo3pacracT npu yBennueHun m or 0
1o my = [a], u npu nanbHeiwem yBennyeHun m youisaer. Ecin @ — uenoe
yncno, To P(m) vMeeT 1Ba MaKCMMaJIbHbIX 3HAYEHUs: TPU My = @ U NPU
mgy = a — 1. TlpuBeneM npuMepsl.

Mpumep 1. BeposITHOCTH NMOMafaHus B LieJb MPU KaXI0M BbICTPEJIE paBHa
0,001. Haiitn BeposiTHOCTb MOMafaHUsl B LieJib AByMsi U OoJjiee MyjasiMU, €Cliu
YUCIIO BBICTPENOB paBHO 50003,

Cuurasi KaxnIblif BLICTPEN 33 MCHbITAHUE M MOMafaHKe B Lelb — 3a COo-
GbITHE, MBI MOXEM JUISl BBIYUCIICHHUSI BCPOSITHOCTH P(pp, > 2) BOCHOJIB30BAThCS
teopemoii Ilyaccona. B paccMarpuBaeMoM mpumepe

a, = np = 0,001 - 5000 = S.

HUckomas BEPOATHOCTb paBHA

P{/‘n ?2} = ipn(m) =1 _Pn(o)“Pn(l)‘

m=2
[To Teopeme ITyaccoHa
P,(0) = exp(-5), Pu(l)=S5exp(-5).

[Toatomy
P{u, =2} = 1 —6exp(-35) = 0,9596.

5) B Benukoit OteyecTBeHHOI BOiiHE peaibHOE OCYILECTBJACHUE YCJIOBUII Hawlci 3anauu
MMeEJIO MECTO NMpH OOCTPESUMBAHUM CaMoJieTa U3 11eXOTHOro opyxwust. [lyneit camosieT Moxer ObITh
NoAGUT JIMILb NPU NMOMAJaHUW B HEMHOrME YsI3BUMblE MeCTa — JIETYMK, MOTOp, OcH306ak U np.
BeposiTHOCTb nomnagaHusi B 3TH YS3BUMbIC MCCTA OTAE/bHLIM BBICTPEJIOM BECbMa Maia, HO, Kak
NpaBuIo, MO CaMOJIETY BEJO OrOHb LEJOE IOApa3jc/ieHne, U obLIeC KOJIMYECTBO BbICTPEJIOB,
BbIMYLIEHHBIX 10 CAMOJIETY, ObLIO 3HAYUTENbHBIM. B pe3ynbsrate BeposTHOCTb nonaaaHus xors 6ol
OHOW WM JBYMs NY/JISMM MMeJia 3aMETHYIO BEJIMYMHY. DTO OOCTOATE/ILCTBO GbUIO 1OAMEUEHO
W YUCTO NPAKTUYCCKHU.

7 3axa3 1278
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MakcuManbHoe 3HauYeHWe BEPOSATHOCTb Pn(m) mnpuHumaer npu m = 4
M m=135. DT BEPOSITHOCTM paBHbl C TOYHOCTbIO OO YETBCPTOrO NECATUY-
HOro 3Haka

P(4) = P(5) ~ 0,1751.

BbluMcIieHHsI O TOYHOI (OpMyJe AaloT C TOYHOCTBIO O YETBEPTOro 3HaKa
Ps00(0) = 0,0071, Psggo(1) = 0,0354 u, cneposatensHo,

P{n > 2} = 0,9575.

OunbKa OT UCNOJIL30BAHMS ACUMIITOTHYECKOI (opMyisl Metiblie 0,25 %
BBIYKCJIIEMON BEJIMYMHBI,

lpumep 2. Ha npsiaunbHoit dhabpuke paboTHMLa OOCIYXHUBAaeT MO He-
CKOJIbKO COTEH BEPCTCH, KaXA0C U3 KOTOPLIX MPSIACT CBOIt MOTOK npsixu. [1pu
BpallleHH BepeTeHa MpsiXa M3-3a HEPaBHOMEPHOCTH HaTSIXEHUs, HEPOBHOTbI
W ApYrux NMPUYMH B MOMEHTbI BpEMEHM, 3aBUCSLLME OT ciydyasi, pBercsi. s
NPOU3BOACTBA BaXXHO 3HATh, KaK 4YaCTO MOTYT NMPOMCXOAUTb OOPBIBBI MPHU TEX
WM MHBIX YCIIOBUSIX PaGoThl (COPT MpPSIXH, CKOPOCTb BEPETEH U T.11.).

Cumuras, yro paboTHrLa o6cnyxyBaeT 800 BepeTeH 1 BepOSITHOCTh O6pbIBa
NPSKM HAa KaXIOM M3 BepeTeH B TeYeHHe HEKOTOPOro MPOMEXYTKA BPEMEHU T
paBHa 0,005, HaliTi HauboJee BEpOSITHOE YHUCJIO OOPLIBOB U BEPOSITHOCTD TOTO,
4TO B TEYEHHE MPOMEXYTKAa BpeMEHHU T INpousoitneT He 6onee 10 0OpLIBOB.

Tak kak

a, =np = 0,005- 800 = 4,

TO Haubosee BEPOSITHBIX YMCEN OOPBLIBOB 32 NPOMEXYTOK BpeMEHU 7 Oynmer
nsa: 3 u 4. Ux BeposiTHOCTH

Pyoo(3) = Pyoo(4) = Cio - 0,005* - 0,995™°.

[To dopmyne IlyaccoHa umeeM:

43 32
P300(3) = P300(4) ~ ; exp (—4) = '? + €Xp (—4) = 0,]954

TouHoe 3Hauenune Pyo(3) = Pyoo(4) = 0,1945. BeposiTHOCTb TOTO, YTO YHCIIO
0OpbIBOB 32 NMPOMEXYTOK BpeMeHM T OymeT He Gosee 10, paBHa

10 00
P{un <10} =D Pyoo(m) = 1= Y Pyoo(m).
m=0 m=11
B cuny Teopemsl ITyaccoHa

m

4 .
Pyyo(m) = po exp(—=4) (m=0,1,2,...),

MO3TOMY
00 4m
Plun <10} =1- 3 —exp(-4).

m=11 """
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Ho
e 4m 411 412 413 42,14
”;l po exp(—4) > (m + o + E) exp(—4) = 1139 exp(—4) =0,00276.
C npyroit CTOpOHBI,
0 m 41 41
Z o exp (-4) < I &*P (-4) + o1 XP (-4) +

m=11

413 4 4\?2 412.24
+exp(—4) — |1+ m + m +... exp (—4) = 0,00284.

13! ~ .35

Takum o6pa3om,
0,99716 < P{p, < 10} < 0,99724.

ITonc61o TOMy, KaK M MpHU UCMOJIb30BAHUM JIOKAJILHOK TeopeMbl Myaspa,
BO3HMKAET BOMpPOC 00 OLEHKe COBepllaeMoif OlIMOKU NpU 3aMeHe TOYHOI
cdopmynbl st BeruuciieHust Pp(m) Ha acuMnroruycckyio ¢opmyny Ilyac-
cona®.

U3 paBeHcTBa

rae
21 an k
Rn =1—-exp (—n kizz E (;) ),

Mbl JIETKO MOXEM HaiTH 3Ty oucHKy st cayyass m = 0. B camoMm mene, Tak
KaK npu J060oM nonoxutessioM £ 0 < 1 —exp (—z) < Z, TO KakoBbl Gbl
HU ObUIH @, U T,

k=2
Tak Kak
i“: 1 (a,.>*< a2 L] 1(a,,)‘L
“(2) <=+ (&) _
k=2k n 2n 3k=3k n
_a} 4 al _a; 3n-a, al
2n? 3n3(1-2) 6n? n-—a, 2n(n-ap)

% Bra 3anaua noapo6bHo uccaenosaHa B cratbe 0. B. [IpoxopoBa «ACHMMIITOTHYECKOE MOBEE-
Hue 6GuHOMManbHOrO pacnpeaenenus» (YMH. 1953. T. 8. C. 135-142).

7*
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TO

ay
2(n—ay,)

M3 rtoro, yro R, HeoTpuLATENbHO, Mbl 3aKii04aeM, 4to npu 3amete P,(0)
Ha exp (—@,) Mbl HECKOJIbKO yBEJINYMBACM BEPOSTHOCTb Fy(0).

0< R, <

§ 14. UnnmocTpauus cxembl HE3aBUCUMbIX UCTbITAHUIA

B kauyecTBe MIITIOCTPAUMM UCTIONB30BAHUS MPEIbIAYILIMX PE3yNbTaTOB JUIS
uesiei ecTecTBO3HaHUSl Mbl PACCMOTPUM BECbMa CXCMaTUYECKHU MpobieMy ciy-
YailHbIX OJy>XIaHUA 4YaCTMUbI HAa MPSIMOM JIMHMM. DTa 3amaya MOXET pac-
CMaTpUBAaThCsl KaK NMpoobpa3 peanbHbIX hU3ndecKux 3anay teopun auddysumu,

O6pOYHOBCKOrO ABMXEHMS U TIp.

’ [MpencraBuM cebGe, 4TO B OMNpenesieHHbIE MOMEHTbI BPEMEHM YacTula,
HaxoAsIasicsl B HayaibHblii MOMEHT B MOJIOXeHUM T = 0, UCOBITBIBAET CIly-
YaiiHble TOJMYKH, B pPe3y/bTaTe KOTOPbIX OHA MMOJIy4YaeT CMELIEHWE BIPABO WIN
BJIEBO Ha cAMHMLY MacwTaba. TakuM o6pa3oM, B Kaxablid U3 3TUX MOMEHTOB
YacTHLIA C BEPOSATHOCTBIO 1/2 cMellaeTcs Ha eIMHUILY BIPABO MJIM C TAKOIi Xe
BEPOSITHOCTbIO — Ha €IMHULY BIE€BO. B pe3ynbraTte m TOMYKOB yacTHLA Me-
PEMECTUTCS HAa pacCTOsiHME . SICHO, YTO B 3TOI 3ajaye Mbl MUMEEM HENO0
co cxeMoit bepHymnu B uncroM Buae. OTciona CleayeT, YTO NPU KaXAbIX 7
U M Mbl MOXEM BbIYMCJUTL BEPOSITHOCTb TOrO, YTO [t = T ; 2 UMEHHO

l n
cim+m/2 (5) , ecmm —n<m<n,
P{p=m} =
0, ecim |m| > n.

Tpu GONBLINX 3HAYEHUSAX T, KAK ITO CJIEAYeT U3 JIOKaJIbHOI TeopeMbl Myaspa,

1 m?
P{u:m}z\/TTriexp (——27) (1)

t1a nmonyyeiHyio ¢opMyJy Mbl CMOXEM CMOTPETH clieyloinM obpasoM. ITyctb
B HaYaJIbHbIf MOMEHT UMEJIOCh OOJIbLIOE YUCIIO YACTHLL, MMEIOLIMX KOOPAUHATY
z = 0. Bce aTv YacTuibl HE3ABUCUMO JIPYT OT JIpyra HaYMHAIOT NepeMeLaThcs
0 NpSIMOit NOJ BAUSHUEM CJlydaiiHbIX TOMYKOB. Torna nocjie n TOMYKOB JOJS
YacTHlL, NEPEMECTUBILMXCA Ha PacCTOsHUE m, faetcst popmynoii (1).

[TOHATHO, YTO Mbl PacCMAaTPUBAEM MAEA/IN3NPOBAHHLIE YCIIOBUS IBUXE-
HUSI YacTHLL M peaJibHble MOJIEKY/bl OBUXYTCS NMpPU ropasno Gosee CIOXHBIX
YCJIOBUSIX, OJHAKO TMOJIyYEHHbIl pe3yJbTaT JaeT NPaBWILHYIO KaYeCTBEHHYIO
KapTHHY SIBIEHUSI.

B du3mke npuxoaurtcs paccMaTpuBarth 60iee CIOXHbIE IPUMEPDI CTydaii-
HBIX G1yXIaHUi. MBI OrpaHUYMMCS CTOJIb XK€ CXeMaTHYeCKUM PaCCMOTPEHUEM
BAUsHMS 1) OTpaxalowieil CTeHKH, 2) MOMIOLIAIOLIEeH YaCTHLIBI CTEHKH.

[MpencraBuM cebe, YTO HA PACCTOSSHUU § €IMHULL BIIPaBO OT TOYKU T = 0
MMeeTCsl OTpaXkalollasi CTeHKa, TaK YTO 4aCTHULA, MOmMaBlias B KaKOH-1M60
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MOMEHT BpEMEHHU Ha 3Ty CTEHKY, NPU CJENYIOLIEM TOJYKE C BCPOSATHOCTHIO
eqVMHULA BbIOMBAETCS B TOM Xe HalpaBJIeHUU, OTKYAa OHa TpUILIA.

Jnst HarnsiAHOCTM CTaHeM M3006paXxaTb MOJIOXKEHUE YACTHULbI HA TMJIOCKO-
ctu (z,t). TMyTs yacTUUBI W306pa3nTCA MPU 3TOM B BUIE JIOMAHON NHHUM.
[Tpu KaXa0oM TOJIYKE YacTULa NepeBUraeTcs

Ha €IMHMIlYy «BBEPX» M Ha €IUHMULY BIpaBO th A A
win Breso (Kaxablil pa3, korna = < 8, ¢ Be- 7 it 7
posiTHoCThIO MonoBuHa). Ecnn xe ¢ = s, 10 N N2

NpU OYEPCIHOM TOJIYKE YacCTHLA CIBUIAETCS V4724

Ha eIMHHULLY BJIEBO. I

s noxcyera BepositHoctu P{y = m}
MOCTYIUM CJIEAYIOIMM O6Pa3oM: MBIC/IEH-
HO OTKMHEM CTEHKY M Pa3pelliiM YacTHLIE

Il

JIBUraTbCsi CBOOOAHO, KaK ecnu Obl He ObUIO >

creHku. Ha puc. 13 nokasaHbl Takue uaeanm- >
3MpOBaHHbIE MyTH, NMPUBOISLINE B TOYKM A 0 m s T
n A', CHUMMETPUYHO PACMOJIOXKEHHbIE OTHO- Puc. 13

CHTEJIBHO CTEHKH. SICHO, 4TO JUIsi TOTO, YTOGbI

peanbHasi YaCTHLA, JIBUTasACh C OTPAXEHUAMH, IOCTUINIA TOYKH A, HEO6XOAUMO
M I0CTaTOYHO, YTOObI YaCTHL@A, ABUIAKOLIAsl B MAEAIM3MPOBAHHON 0B6CTaHOBKeE
(6e3 oTpaxarowweil cTeHku), nocTura nu6o Touku A, nubo touku A'. Ho Be-
POSITHOCTb NONACTh B TOYKY A B MAEAIM3MPOBAHHON OGCTaHOBKE, OYEBUIHO,
paBHa

P{p=m}= (m;")r,l'(n—zm)'G)n

ToyHo Tak Xe BepOSTHOCTDb nomacts B Touky A’ pasHa (abcumcca touku A’
paBHa 25 — m)

2 2

n! "
P =28 — = - .
{n =25 —m} n—m n+m (2)
s+ ! -5 !
MickoMasi BEpOATHOCTD, CJIEIOBATENBHO, PaBHA

Pa(m; 8) = P{p = m} +P{p =2s —m}.

Ecnu BOCHoNb30BaThCS JIOKAIBHOM MpenenbHoi TeopeMoit MyaBpa, To Haxo-
UM, 4TO

i o () on (520)}

D10 u3BecTHas ¢GopMyia U3 TeopuM GPOyHOBCKOro aBHxXeHUs. OHa npuobpe-
TaeT Gosnee CUMMETPUYHBIN B, €CIIM HAaYal0 KOOPAMHAT MOMECTHUTb B TOYKE
T = S M, Cle0BaTeNIbHO, NMEPEeMTH K HOBOM KoopauHaTte z mno Gopmyie
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z = — S. B pe3ynbrare 3T0if 3aMeHbI MONYYHUM, YTO

Py(z=k)=P{k+s;s} = \/%{exp (—W) + exp (%) }

MpbI nepeiiaeM Tenepb K pacCMOTPEHHMIO TPEThE CXEMaTUYECKOM 3alayu,
KOrJa Ha MyTH YaCTHLLbI I0CTABJICHA B TOYKE T = § MOMIOLLAIOLIAs eperopoi-
Ka. Yacrtuua, nonapiuasi Ha NMEperopoaky, B AajbHEHLIEM ABUXEHHH Y4acTHs
yxe He npuHumact. OUCBMHO, YTO B 3TOM IpHUMepPE BEPOSITHOCTH IOMNACThb
B TOYKy £ = m (m < §) 110cjie T TONYKOB OyleT Mmenblue, yeM P,(m) (T.c.
MeHbllIe BEPOSTHOCTH MONajanus B 3Ty TOYKy 6e3 Noriouamouieil creHku);

0003HaYNM HCKOMYIO BEPOSITHOCTb CUMBOJIOM Py (m; s).

Jlns noncyeta BeposTHOCTH Ppr(m; s) cloBa MbICIenHO y6epeM MOro-
LIQIOLLYIO CTCHKY W TMPEAOCTaBUM TCM CaMbIM YacTULEC CBOOOMHO JIBUIATHCSH
no npsiMoii. Yactuua, nmonasiuas B HEKOTOPbIi MOMEHT BPCMEHM B IIOJIOXEHHE
T = S, OKa3blBaeTCH B MOCJICAYIOIIME MOMEHTbI BPEMEHM CIIpaBa M ceBa
OT NMpSIMOW T = § C ONHOI M TOI Xe BepoSATHOCTbIO. TOYHO TaK Xe mnocle
1IOIalaHUs Ha MPAMYI0 T = § YacTULa C OJHOW M TOW Xe BEPOATHOCTHIO
MOXET MOMNAcTb Kak B TouKy A(m, n), TaKk u B TOY-
ky A’ (2s —m, n). Ho B Touky A’ yactiua Moxer
A Al nomactb, TOJNLKO MOMaB NpPEABAPUTESLHO B MOJIO-

. ’ XEHUe T = §, MO3TOMY JUISl BCAKOIO MyTH, Bely-

. , wero B Touky A’, uMeercs nyTb, CUMMETPUYHBI

|, OTHOCHUTEJILHO NPSAMON T = § M BeAyUIMid B TOY-

Ky A; TOYHO TaK Xe JUls BCSKOIO 3anpelieHHoro
B JIEHACTBUTEJILHOM IBHUXEHUU MYTH, NPUBOASILEM

S B TOYKY A, CYILECTBYET CUMMETPUYHBIA OTHOCH-
TeJbHO NPSAMOIl T = § MYTh, NPUBOLSAILMI B TOUKY
Puc. 14 A’ (puc. 14). Tlpu sTOM 3aMeTHM, YTO MBI pac-

CMaTpuBaeM CUMMETPUIO MyTel, TOMbKO HauyWHas
C MOMEHTa NnonajaaHus Ha npaMyio £ = s. [IpoBefeHHbIE pacCyXIeHUs MO-
Ka3bIBalOT HaM, YTO M3 MyTeil, MPUBOASILMX B TOYKY A B HAeaIM3UPOBAaHHOM
JBUXEHUHU, Mbl JIOJXKHBI OTOPOCUTH MPM MOJCYETE YKUcia 6JIaronpusaTCTBYIO-
ILMX CJIy4aeB B PEaJIbHOM IBUXEHUU POBHO CTOJIKO, CKOJIBKO ITyTE€H BeleT
B TouKy A’. OTciona, OYEBUIHO, CIEMAYET, YTO

Pp(m;s) = P{p = m} - P{u = 2s — m}.

B cuny nokanbHoit TeopeMbl MyaBpa—Jlamniaca uMeeM:

YnpaxHeHus

1. Pabouuit ob6cnyxuBaer 12 OZHOTUIHBIX CTAHKOB. BeposiTHOCTH TOrO, YTO CTa-
HOK noTpebyeT Kk cebe BHMMaHUs paboyero B TeHEHHE NMPOMEXYTKA BPEMEHH JUIUTENb-
HocTH T paBHa 1/3. Yemy paBHa BEPOATHOCTb TOrO, YTO
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a) 3a Bpems T 4 craHka moTpebyloT K cebe BHUMaHUS paGouero;

6) umcio TpeGoBaHMIt K paBoueMy cO CTOPOHbBI CTAHKOB 3a BpeMsi T GyaeT Mexiy 3
u 6 (BKJIIOYast rpaHuLb)?

2. B HekoropoM cemeitictBe umeetcst 10 nercit. Cuurasi BEpOSTHOCTH POXIEHHUS
MaJIbyMKa W JI€BOYKM PaBHbIMHU 1/2, HaiiTH BEpOATHOCTb TOrO, YTO B CEMENCTBE
a) 5 MaJbYMKOB U 5 1EBOYEK;
6) uYMCJI0 MATBYMKOB 3aKJIloYacTcs Mexay 3 u 8.

3. B ofuiectBe, cocTosleM M3 4 4YeJOBEK, OHM DPOXICHHUS TpEX NPUXOUATCS
Ha OIMH MeCsll, a YeTBEPTOr0o — HAa OAMH M3 OCTAIbHbIX OAMHHaauatd. Cuuras
BEPOSITHOCTb POXIACHUS B TEYCHME KAXIOrO M3 MECALCB Ul KaXJOro JiMua paBHOM
1/12, HaWTH BEPOATHOCTDb TOTO, YTO

a) YKa3aHHbIC TpH JIMLIA POAUIIUCH B SSHBApPE, a YCTBEPTOE JINLIO B 0KT${6DC;

6) TPHU ML POAUIUCH B KAKOM-TO OAHOM MECHLIC, 2 YCTBCPTOC B KAKOM-TO M3 OCTAJIb-
HbIX OIMHHAAUATH.

4. Tlpu 14400 6pocanusx MOHCTbl repd Bbinan 7428 pa3. Kak BeposiTHO cTOJb
Gonbuioe MM OOJblLCE YKJIOHEHUC YMCa BblMaseHuit repba OT mp, ecau MOHeTa
CHMMETpUYHA (T. €. BEPOATHOCTb BbIMAACHUS repba B KaXIOM MCIIbITAHWM paBHa 1/2)?

5. K 3/1eKTpOCeTH MOAKIIOUEHO 12 NPUOOPOB, KaXIblii MOUIHOCTHIO @ KWJIOBATT
M noTpebssieT B NaHHbII MOMEHT 3HEpPruio ¢ BeposiTHocTbio p. Haiit BeposiTHOCTBL
TOro, 4YTo notpe6sieMasi B JaHHbI MOMEHT MOLLHOCTb
a) OKaXeTcsi MEHbILEe YeM nap;
6) npes3oiizet rnap (r > 0) npu yciOBUM, YTO NP BENUKO.

6. B onHoMm u3 yyeGHbIX 3aBeicHMIt obyuatorcs 730 crynenToB. BepositHocTh TOTO,
4TO JEHb POXICHMS Hayaayy B3SITOrO MO CIMCKY CTYACHTA NMPUXOAMUTCS Ha ONpeeseH-
HbI 1eHb roaa, pasHa 1/365 wist kaxnoro u3 365 aueit. Haiitu

a) HauboJiee BEpOATHOE YUC/IO CTYACHTOB, POAUBILMXCS | siHBaps.

6) BEPOATHOCTb TOrO, YTO HAMLYTCH TPU CTYACHTA, MMEIOLIME OAMH M TOT X IeHb
POXIEHHS.

7. W3BeCTHO, YTO BEPOSITHOCTD BHIMYCKA CBEPJia MOBBILIEHHOM XpynkocTH (6pak)
paBHa 0,02. Csepaa ykianbiBaiotess B Kopooku no 100 wryk. Yemy paBHa BEpOSTHOCTb
TOTO, YTO

a) B KOpOGKE HE OKaXeTCsi GpakOBAHHbIX CBEPIT;
6) umci0 GpaKkOBaHHBIX CBEp/I OKaxXeTcs He Gosee 3;

B) CKOJIbKO HYXHO KJIACTb B KOPOOKY CBepJ1, Y4TOGbI C BEPOATHOCTBIO, HE MEHbLLEH
0,9, B Heit 6bL10 He MeHee 100 ucnpaBHbIX?

Ykasanne. Bocnonb3oBarbes pacrnipeneicHueM Ilyaccona.

8. B crtpaxosom o6uiectse 3actpaxoBaHo 10000 nuu onHOro Bo3pacta M OIHOM
COUMAJIbHOM rpynnbl. BeposTHOCTb CMepTH B TeyeHMe roja Mls KaxIoro JMua paBHa
0,006. Kaxnbtit 3actpaxoBaHHbId BHOCHT | siHBaps 12 py6. CTpaxoBblX M B ciyuae
CMEpTH €ro poACTBEHHMKHU MosyyaloT ot obuwectsa 1000 py6. UeMy paBHa BepOSITHOCTb
TOrO, YTO

a) 06LIECTBO MOTEPNUT YObITKY;
6) nosmy4uT npubsiib, He MeHbluyio 40 000, 60 000, 80 000 py6.?
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9. Jlokasatb TeopeMy: ecnii P u P' — BepoATHOCTM HauGosee BEpOSTHOrO
4MC/a MOSBNCHUI COObITHS A B n M n + | HE3aBUCUMBIX UCTBITAHMAX (B KaXIOM
u3 ucnbitauuit P(A) = p), o P’ < P. PaBeHcTBO McKlioyaetcst, eciu (n+ 1)p — He
11e/10€e YUCIIO.

10. B cxeme Bepuynnu p = 1/2. Jloka3zats, 4To:

| 1
—= < L 7=
a) N Py (n) Vonl
. P)n(ﬂ + h)
6) r!l—brgo I)zn(n)

ecin z =h/yn (0< 2 < +00).
11. Jlokasats, yTo npu npq = 25

=exp (-2?),

1 Z (¢-p)( - 32)}
Po(m) = — S Y e RS T LA
1(m) =~ e [+ 2,
rae
m—np 0,15+ 0,25|p — ¢ 3
2=——, |A|< —————z|exp| —=vnpq ] .
g (npg)’ 2V

12. Tlpou3sscaeHo n HE3aBUCUMbBIX MCTbITAHUN. BeposaTHOCTb NosiBIEHUst COObI-
™M A B 1-M HcnbiTaHuM paBHa p;; Pp,(m) — BCPOATHOCTb M-KPATHOTO MOAB/IEHHS
cobbiTvsi A B n ucnpitaHusX. JlokaszaTb, 4To
a) Pn(])>Pn(2)>.> Pn("’) .

P,,(O)/P,,(l)/ /Pn(n_l)’

6) P,(m) cnauana Bo3pactacr, a 3atem yGbiaet (cciu Tobko P, (0) unu Py(n) camu
HE SABJISIIOTCS MaKCUMAIBHbBIMMU).

0 ZZ
13. Jloka3atb, uyto npu = > 0 dyHkuusg f exp (—7) dz ynoBneTBOpsiCT Hepa-

z

00
T 1, 1, 1 1,
mexp(—-z—z)s/exp(——z-z)dzg ;exp —5:1: .
T

14. 3apaya banaxa. Hekuit mMaTeMaTMK HOCHUT C COOOi J1Beé KOPOOKH CIHMYEK.
Kaxnbiit pa3, korza oH Xo4eT JOCTaThb CMUYKY, OH BbIOMPAET Hayraj OfiHy U3 KOPOOOK.
HaiiTu BeposSTHOCTH TOro, 4YTO KOrza MaTeMaTHK BbIHET MyCTY0 KOpOOKY, B Apyroii
KopoOke okaxercs r cnuuek (r = 0,1,2,...,m; n — yMCIO CrUYeK, ObIBLIMX
TNEepBOHAYATLHO B KAXIOH U3 KOPOBOK).

BEHCTBAM

15. K nuHum anexrponepenayy MoAKJIIOYEHO N MeXaHM3MOB. BepositHocTb TO-
ro, 4TO MEXaHU3M, NOTPEeONAIOWMii 3HEPrUI0 B MOMEHT BpeMeHM ¢, MpeKpaTuT ee
norpe6aeHune 10 momenta t + At, paBHa aAt + o(At). Ecan B MOMeHT ¢ MexaHU3M
He MOTPeBIAET IHEPrMHU, TO BEPOSATHOCTD TOTO, YTO OH CTAHET €€ NOTPE6ATL 10 MOMEH-
Ta t + At paBua SAt + o(At) He3aBucHMO OT paboTbl ApyrHx MexaHu3MoB. COCTaBUTh
auddepeHUMaIbHbIE YPABHEHUS, KOTOPbIM YAOBAETBOPAIOT BepositTHocti P, (t) Toro,
4TO B MOMEHT ¢ 3HEPruio MoTPedNsOT 7 MEXaHM3MOB.

lMpumeyanme. Jlerko ykasaTb KOHKPETHbIE OCYILECTBJIEHUS YCIIOBHI 3TOi 3anauu:
JIBUXEHUE TPAMBaEB, 3/ICKTPOCBApKa, NMOTpebieHe IHEPrur CTAHKaMU C aBTOMAaTHye-
CKHMM BBIKJIIOUEHUEM M TIP.
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16. OnuH paGounii 06CTYXHBAET 1L ONHOTUITHBIX CTAHKOB-aBTOMAaTOB. ECc/in B MO-
MCHT { CTaHOK paboTact, TO BEPOATHOCTb TOrO, YTO OH NOTPEOyeT O6C/IyXUBaHUS
no momenTa t + At, paBHa aAt + o(At). Ecau B momenT ¢ paGounit obenyxusa-
€T KakoW-HUOyIb CTaHOK, TO BEPOSITHOCTb TOrO, YTO OH 3aKOHYUT OOCIyXHBaHUE
1o MomeHTa t + At, paBia AL + o(At). Coctasuts anbdepeHuuaibHbie ypaBHEHUS,
KOTOPBIM YIOB/IETBOPSIOT BEposATHOCTH Py(t) Toro, uto B MOMEHT ¢ paGoTaloT n — 1
CTaHKOB, OIMH 0BCIyxXuBaeTcs ¥ T — 1 oXunaiot oyepeau Ha obenyxusanue (Py(t) —
BEPOSITHOCTD TOTO, YTO BCC CTAHKMU PaboTaioT).

Mpumeyanne. HeTpynHO aHaIOrMYHBLIM NYTCM COCTaBUTL JiMdeperumnaibhibic
ypaBHeHus U1st 6onee coxHOM 3anaun, korna N craHkoB obcnyxuBaer Gpurana u3 k
pabouux. 1isi nmpakTH4eCKUX Leseil BAXHO CpaBHUTb 3KOHOMUYHOCTb TOW M ApYroi
cucteMbl opranu3aumu Tpyaa. C 3Toil 11e/1bI0 ceayeT U3YyUUTb YCTAHOBUBLIMHCS PEXUM,
T.e. paccMoTpeTsb BepositHoctn Pp(t) npu £ — o0o.

OkasbiBactcsi, pabora Opurambl, o0ciyxuBaloweid kn CTaHKOB BbIrogHee Kak
B CMbICJIE JIY4LLEro UCNOb30BaHUsl paboyero BpeMEHH CTaHKa, Tak U paboucro BpeMeHU
pabouero, uem obcayXMBaHUE ONHUM pabOvYMM T CTAHKOB.



Mmasa 3

Llenn Mapkosa

§ 15. Onpepenenne uenun MapkoBa

HenocpencreeHHbIM 0000111eHUEM CXCMBI HE3aBUCHMBIX UCMBITAHUI SIB-
JISeTCSl CXeMa TaK Ha3blBaeMbIX uyernedi Mapkosa, BriepBble CUCTEMATUYCCKU
M3y4yCHHast U3BECTHbIM PYCCKMM MaTeMaTUKOM A. A. MapkoBbIM. Ml orpaHu-
YUMCS U3TOXEHHUEM 3JIEMEHTOB €ro TEOPUHU.

[MpencraBum cebe, 4TO MPOU3BOAUTCS MOCJENOBATENILHOCTb UCTBITAHUM,
B KaXJIOM M3 KOTOPbIX MOXET OCYILECTBUTLCH OIHO U TOJHKO OOHO U3 k He-

COBMECTUMBbIX COOBITHI A(,s), Ags), cees A,(:) (BepxHHMIt HHIEKC, KAK U B MPEIbI-
Ayleii r1aBe, 03HayaeT HOMEP UCMbITaHUsI). MBI CKaXeM, YTO MOCJe0BaTeb-
HOCTb UCMbITAHWI O6pasyeT uens Mapkosa, TouHee, npocmyio yeno Mapkosa,
ecnu ycaosnas eepoamiocms 6 (s + 1)-m ucnoimanuu (s = 1,2,3,...) ocywe-

cmeumbsca cobbimuio AEH') (i=1,2,...,k) 3asucum moavko om moeo, Kaxoe
cobbimue npou3OWIN0 NPU S-M UCNLIMANUU U He u3MeHsemcss om 000a8O4HbIX
cgedenuii 0 mom, kaxue cobbimus npoucxoduau 8 6onee pawHux UCHbIMAHUAX.
YacTo npu MU3JIOKEHUH TEOPUM Lierneit MapKoBa NMpUAEPXUBAIOTCS UHOIA
TEPMHUHOJIOTMM U TOBOPAT O HEKOTOpOil cucteMe S, KoTopas B KaXIblii

MOMEHT BPEMEHM MOXET HAXOAMThCH B OOHOM M3 COCTOSIHMI Aj, A,, ..., A
M MEHSIET CBOE COCTOSIHUE TOJNLKO B MOMCHTHI iy, ts,...,L,, ... Hnsa uenei
MapkoBa BepOSITHOCTb NepeiTH B Kakoe-nnbo coctostine 4; (i =1,2,...,k)

B MOMCHT t; 3aBHMCHMT TOJNBKO OT A; M TOro, B KAaKOM COCTOSIHUM CHUCTEMa
Haxoaunack B MOMeHT ¢ (ts—; < ¢t < t5), MU He H3MEHSETCA OT TOro, YTO
CTaHOBSTCSI U3BCCTHBIMU €€ COCTOSIHUSI B 60ee paHHHUE MOMEHTHBI.

Jlnst unmocTauMy pacCMOTPUM JIBa CXEMATUUYECKUX NMpUMepa.

MNpumep 1. TlpencraBuM cebe, YTO YacTUla, HaxonsLIAsICs Ha NPSMOMH,
JIBUXKETCS MO 3TOH NPSIMOIA OJ1 BAUSIHUEM CJTy4aiHbIX TONYKOB, TPOUCXOASLLIMX
B MOMEHTHI ty,t5,t3,... HacTMa MOXET HaxXONMTbCS B TOYKaxX C LIEJIOYMUC-
JIEHHBIMU KoopiuMHatamMM a,a + 1,a + 2,...,b; B Toukax a ¥ b HaxomaTcs
oTpaxaiowne creHku. Kaxablii TONMYOK nepemelllaeT 4yacTvily BIPaBO C Be-
POSITHOCTBIO P M BJIEBO C BEPOSITHOCTBIO ¢ = | — P, €CNIU TOJNbLKO YacTULA
HE HaxoouTcsl y cTeHKU. Ecny Xe yacTHlla HaxoauTcs y CTEHKM, TO JI00Oi
TOJNYOK MEepeBOAMT €€ Ha eIMHMLY BHYTPb ITPOMEXYTKa MEXIY CTEHKaMHU.
Mbl BUIMM, YTO TNpPUBEAEHHBbIA MpUMep OJNyXIaHUS YACTHULbl NPEACTABASET
co6oit TUNMYHYI0 Lenb MapkoBa. TOYHO Tak e MOXHO ObL1O Obl PACCMOTPETh
cJlyyaii, KOraa 4yacTvla NpPUJIMIMAET K OAHOM U3 CTEHOK MJIM K OGEUM U3 HUX.

lMpumep 2. B monenu Bopa atoMa Bogoponaa 37eKTPOH MOXET HaXOAUTLCA
Ha OIHOM U3 JonyCTUMbIX Op6UT. O603HaUMM yepe3 A; cCOOBITHE, COCTOsIIIEE
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B TOM, YTO 3JIEKTPOH HaxXOOUTCS Ha i-it opbute. [Tpeanonoxum aaice, 4yTo u3-
MEHCHHUE COCTOSIHMS aTOMa MOXET HACTYMaTh TOJNILKO B MOMEHTHI &y, £y, t3, ...
(B DeHCTBUTENBLHOCTH, 3TM MOMEHTHI TIPEACTABSIOT cO0Oi ChyyaiiHble BeaU-
4uHbI). BeposiTHOCTL mepexofia ¢ i-it OpOUTHI Ha j-10 B MOMEHT iy 3aBUCHT
TOJILKO OT ¢ 1 § (Pa3HOCTb j — i 3aBUCHT OT KOJIMYECTBA DHCPIUM, HA KOTOPYIO
M3MEHUIICS 3apsifl aTOMa B MOMEHT &) M HE 3aBHUCHUT OT TOTO, Ha KaKMX OpGUTax
HaxOIMJICS 3NIEKTPOH B IPOLIIOM.

[Tocnenuunii npumep npeacrapisieT coboii enb MapkoBa ¢ 6eCKOHEUHbIM
(npaBma, TONMBKO B MPHHIIMIIE) YUCIIOM COCTOSIHMH; 3TOT npuMep Gbui Obl
HCCPaBHEHHO OJiMxe K peajibHOi oOcTtaHOBKe, eciv Obl MOMEHTbI Mepexona
Hallei cucTeMbl B HOBOE COCTOSIHME MOTJIM MEHSAThCS HEIPCPbIBHO.

§ 16. Marpuua nepexoaa

Mbl orpaHH4YMMCs Jajiec M3JOXEHHUCM MpocTeiiinX GakroB wis odno-
poonbix yeneli Mapkosa, B KOTOPbIX YCJIOBHAsl BEPOSTHOCTD IOSIBJIEHUSI COObI-

s+1
TUSA A§-+) B (s + 1)-M MCHbITaHUM 0PU YCJIOBMHM, YTO B S-M HCIHBITAHUU

OCYLLECTBUJIOCH COObITHE Aﬁs), He 3aBUCHUT OT HOMEpa UCNbITaHUSl. Mbl Ha30-
BEM 3Ty BEPOSATHOCTb 8€pOAMHOCMbIO nepexoda v 0603HaYuM OYKBOH p;;j; B 9TOM
0003HaueHUM TNepBblil MHAEKC Bceraa Oymer o603HayaThb pe3yjabTar NpeaLle-
CTBYIOLIETO MCIbITAHUS, @ BTOPOM MHACKC YKa3blBAaE€T, B KAaKOE COCTOSIHUE
neperieT cucreMa B MOCJICAYIOLMIA MOMEHT BPEMCHH.

ITonHas BeposiTHOCTHAs KApTMHA BO3MOXHBIX U3MEHEHUI1, OCYLIECTBISAIO-
LMXCS TIPU TNICPEXOE OT OAHOrO UCIbITAHUS HEMOCPEACTBCHHO K CJIEAYIOLIEMY,
3aaeTCs MaTpULIEH

Pu P2 Pk
™ = P P22 - P ’
Pk1 Pr2 - -« Prk

COCTaBJIECHHOM M3 BEPOSTHOCTCH Iepexoma, KOTOpPYIO Mbl OylaeM Ha3biBaTh
mampuyeil nepexooa.

OTMETUM, KaKUM YCJIIOBUSIM HOJIXHBLI YIOBJICTBOPSATb 3JICMEHThI 3TOM
Marpuubl. [Tpexne Bcero, oHM, KaK BEPOSITHOCTH, JOJXHbI ObITh HEOTpULIA-
TEJIbHBIMU YUCJIAMM, T. €. NIPY BCEX ¢ U j

0<p; <L

o s
Hanee us TOro, 4To NnpM nepexonc M3 COCTOAHHHU As) B §-M HUCIIBITAHUU

o s+1
cucTeMa 00513aTe/IbHO NEPEXOAUT B OJIHO U TOJILKO B ONHO M3 COCTOSIHU I Ag )

B (S + 1)-M HCMBITaHNH, BbITCKAET PaBCHCTBO

k
Zp,‘jZI (i:l,2,...,k).
j=1
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Takum o6Gpa3oM, cymMMa 3JIEMEHTOB B KaXI0il CTPOKE MaTpHLibl Nepexojia paBHa
eMHULE.
Hawa nepsasi 3anaya B Teopuu uerneit MapkoBa COCTOUT B OMNpelieieHUH

S
BEPOSITHOCTU MEPEeXofa M3 COCTOSIHUS AE ) B S-M UCTIBITAHMM B COCTOS-
S$+n o
Hue A; +n) yepes n ucnbiTaHni. O603HAYNM 3Ty BEPOSTHOCTh 3HaKoM Pij(n).
PaccMoTpuM  Kakoe-HUOYIb IIPOMEXYTOYHOC MCIIBITAHME C HOMEPOM
§ +m. B 3TOM MCNbITaHKK OCYLIECTBUTCS KaKOE-TO OJHO M3 BO3MOXHBIX CO-

o s+m
ObITHIA A£ +m) (1< r < k). BepossTHOCTB TaKOro Nepexosia, COraacHo ¢ TOJbKO
YTO BBELEHHBIMU 0603HaueHMsIMHU, paBHa P.(m). BeposiTHoCcTh Xe mnepexona

S$+m $+n
U3 COCTOSIHUSA A£ M) 5 cocTostHme Ag )

NMONMHOM BEPOATHOCTH

paBHa P,j(n —m). ITo dopmyne

k

Pz](n) =2Pir(m)'Prj(n_m)- (1)

O603HaYnM yepes m, MaTPULLy Mepexosia Yepe3 N UCbITaHHi
Py(n) Py(n) ... Py(n)

Pk,(n) sz(n) oo Pkk(n)

Cornacho (1) Mexay MaTpMuaMu g C Pa3iMyYHBIMM MHAEKCAMM CYLIECTBYET
COOTHOILEHHE

Tp =T Tp-m (0 <M < n).
B yacTHOCTH, NpU m = 2 HAXOAMUM, 4TO
2,
Ty =T T =T,
npun=3

[

3.

M3=M Ty ="M T =Ty,

1 BooO1LE npH J0060M N
: Ty = ).

OTMeTM YacTHbIR cnydait dopmyast (1): mpu m = 1

k
P,’j(ﬂ) = Zpirprj(n - 1).
=1

B kauecTBe ympaXHeHMsl NpELIaraeTcsl YUTATeJI0 HamucaTb MaTpuily
nepexoza Jyisl MepBOro NpuMepa Irpeablayliero naparpada.

§ 17. Teopema o npenenbHbIX BEPOATHOCTAX

Teopema. Ecau npu nexomopom s > 0 8ce anemernmor Mampuybi nepexooa m
noaoxcumensiisl, mo cyuecmeyiom makue nocmosnnsie wucaa p; (j = 1,2,

.., k), umo nesagucumo om undexca i umerom mecmo pagerncmea

lim Pyj(n) = p;.
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Jokasarenscrso. Wnes n0Ka3aTesibCTB 3TOM TEOPEMbl BEChbMA NPOCTA: CHa-
yana ycTaHaBIMBAETCs, YTO HauGoNbluasi U3 BepositHocTelt Pjj(n) ¢ pocrom n
HE MOXCT BO3pacTaTh, a HAUMEHbLIAs HEe MOXET YObIBATh; JaJice 1OKAa3bIBaCT-
csl, 4To MakcuMyM pasHoctu Pjj(n) — Pj(n) (3,1 = 1,2,..., k) crpemurscst
K HYJIO, KOTHa 7 — 00. DTUM [OKa3aTeJIbCTBO TEOPEMbI, OYEBUIHO, 3aBEP-
waerca. JeicTBUTENBHO, B CUITy M3BECTHOI TEOPEMBI O MpEAEe MOHOTOHHOM
MOCJIENOBATENBHOCTY Mbl 3aKJIIOYAaEM M3 MEPBLIX JABYX YKa3aHHBIX CBOMCTB
BepositHocTell Pjj(n), 4To cymecTsyior

Jim_ min, Pis(n) = 7,

lim max Pij(n) = pj.
n—oo 1<i<k ']( ) P;

A TaK Kak B CHJIy TPETbErO U3 yKa3aHHBIX CBOHCTB
lim max |Pij(n) — Pj(n)| =0,

n—00 1<¢,I<k
TO _
pj =Dj =p;.
MBI TepeiiieM Tenepb K OCYILECTBICHMIO HAMEYCHHOTO UIaHa. 3aMeTHM
Mpexe BCEro, YTo MpH 1 > | MMEET MEcTO HepaBeHCTBO
K k
Pij(n) = E puPj(n—1)> min Pj(n—-1) _S_ pa = min Pj(n—1).
o I<i<k — I<I<k
9T0 HEPAaBCHCTBO MMEET MECTO INPU KaAXIOM i, B YaCTHOCTHU TIpHU TOM, IIpH

KOTOpPOM
Pij(n) = min Pyj(n).

Takum o6pasom,
min Fyj(n) > min Pyj(n—1).

[TonoOHbIM Xe MyTeM JIErko O6HapYXHUTb, YTO
max P;;(n) < max Pjj(n—1).
ax "()\lgisk u( )

1\ <
MBI MOXEM CYMTATh, YTO m > §, M MO3TOMY MMCEM MpaBoO 3anucatb no ¢op-
myze (1) § 16, uro

k
P;j(n) = Z Pi(s) - Prj(n - s).
r=I1

PaccMoTpuM pa3HOCTb

k k
Pij(n) - Plj(n) = Z Pir(s) . Prj(n - 3) - Z P[r(S) . P,j(n - s) =
r=1 r=1

k
= [Pr(s) = Pr(3)] Prj(n — 5). (1)

r=I
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r
06031aYuM TONOXUTENbHBIE pasHocTH P;.(s) — Pir(s) cuMBonom ,B,(,), a He-

/!
MOJIOXKUTENIbHbIE PA3HOCTH — ﬂifr). Tak KaK

k k
Z Pir(s) = Z Plr(s) =1,
r=1 r=|

TO

M:-

[Pir(s) = Pu(s Zﬂ"’ > B0 =o. b))

N3 aroro PaBEHCTBA 3aKJllo4aeM, 4YToO

ha = B0 = > B
(r) (r)
Tak kak rmo npeaioxenuto npu seex ¢ u r (i,7 =1,2,3,...,k) Py(s) > 0,

TO .
S8 < 3 Pule) = 1.
r) r=1

r=1

Takum obpasom,
0<hy <l

[Tyctb

h = max hy.
1<4, 1<k

Tak Kak 4YMCJIO BO3MOXHbBIX HCXONOB KOHEYHO, TO HapAaay ¢ BEIUYUWHAMU h,’[
BeMYMHA h YAOBJIETBOPAECT HEPABECHCTBAM

0<h< 1. (3)
U3 (1) Haxomum, urto npu mobsix ¢ u l (i,1=1,2,...,k)

S BB (n-s5) =3 B Prjn— )| <

) (r)

|Pj(n) - Pij(n)| =

(P
< [max, Pj(n—s Zﬁ,l —Ignn Prj(n—s) (Z):,B
T
<h| lrgnragka,j( —s)—I?m P,] —s)|<hl<mz}§k|P,J —8) = Pj(n—s)|

U, CJIEAOBATEJ/IbHO, TAKXE
. < - (n — 8) = P.(n - s)l.
max [Pij(n) - Pj(n)| <h max |Py(n—s)=Pn-s)|

n
np]AMCHMB 3TO HEPABEHCTBO [—] pa3, HauaeM, 41O
S

(o 21) o 2]

()| < in/s!
22, | Py(n) = Py(m)] <A max,
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Tak Kak Bceraa |P,-j(m) - Plj(m)| < 1, To scHO, yTO

Pij(n) — Pj(n)| < A",
max | Pj(n) - Pyi(n)| <

n
[pn n — 0o Takxe [—] — 00, no3aToMy B cuiy (3) orcioua ciciyer, 4To
s

3 . . > —
A, 3%, |Palm) = )] =0

W3 110ka3aHHOro 3aKj104acM TaKXe, YTo

JleiicTBUTENBHO,

k k
lej = ,};ngoZ,Pu(n) = lim 1 =1.
J= J=

Takum 06p330M, Ha BCJIMYMHBI P; MOXHO CMOTPCTb KaK Ha BCPOSITHOCTH

NosIBJIEHUS] KCXoMa Ag-") NpHU N-M UCNBITAHUU, KOTAA N BEJIMKO.

Du3nyecknit CMbICN JOKa3aHHOI TCOPCMBI SICEH: BEPOSITHOCTb CUCTCME
HaXONMTbCS B COCTOSSHWM A;j NPaKTU4ECKM HE 3aBUCHT OT TOTO, B KaKOM
COCTOSIHMM OHa HAXOIMJIaCh B JAJIEKOM IPOILJIOM.

Tonbko yro oGHapyXeHHasi TeopeMa Oblia BepBble 10Ka3aHa TBOPLIOM
TEOPUM LIEMHbIX 3aBUCUMOCTEN A. A. MapKOBbIM; OHA SIBUJIaCh NEPBbIM CTPOTrO
JIOKa3aHHBbIM pE3yJIbTATOM CpeaM TaK Ha3blBAEMbIX 3ProAMYCCKUX TEOPEM,
UIPaIOLIMX BaXHYIO POJIb B COBPEMEHHOI DU3NKE U UHXEHEPHOM JIeJie.

YnpaxHeHus

1. BeposTHOCTH Nepexosa JaloTcs MaTpuLeit

1/2 1/3 1/6
m=|1/2 1/3 1/6
1/2 1/3 1/6

Yemy paBHo umcno cocrosiiuit? Hailt BEposiTHOCTH nepexoza U3 COCTOSIHUSI B COCTO-
sIHME 3a J1Ba luara.

2. DNIEKTPOH MOXET HAXOAMTLCS HA OJHON M3 CYETHOTO MHOXECTBA OPOUT B 3a-
BUCHUMOCTH OT HAIMYHOIA 3Hepruu. [Tepexos ¢ i-it OpOUTHI Ha j 10 TPOMCXOIUT 32 OJIHY
CCKYH/ly C BEPOSTHOCTBIO ¢; exp (—ali — j|). Haiitu:

a) BEPOATHOCTM MEPEXOAa 3a ABE CEKyH/IbI,
6) NOCTOsSIHHBIE C;.
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3. BeposTHOoCTH nepexona nailoTcs MaTpuuei

0 1/2 1/2
m=[12 0 1/2
1/2 1/2 0

[TpuMmerHrMa 1 B AaHHOM cilyyac aproauyeckas teopeMa Mapkosa? Ecnu na, To Haittu
MPCAC/IbHBIC BEPOSITHOCTH.



Mmasa 4

CnyyaliHble BENYMHDI
N GYHKUMKU pacnpeneneHuns

§ 18. OcHoBHble CBOCTBA YHKUUIA pacnpeaeneHus

OmHMM M3 OCHOBHBIX MOHSITHII TEOPUU BEPOSITHOCTCH SIBJISIETCS] MOHS-
THE clyyaiiHOi BenuuuHbl. [Ipexne yeM nepexoauTb K (GHOpPMaJIbLHOMY €ro
OnpeeseHn10, Mbl OCTAHOBUMCSI HAa paCCMOTPEHUU MPHUMEPOB.

Yucno KOCMUYECKMX YacTHL, NMOMAJAIOUIMX HA ONpENeNeHHbIH Y4acToK
3eMHOJ MIOBEPXHOCTH B T€YEHHUE NMPOMEXYTKA BPCMEHM ONpelesIeHHON JUIMHBbI,
NOABEPXEHO 3HAYMTEJIbHBIM KOJICOAHUSIM B 3aBUCMMOCTU OT MHOTMX Cllyyai-
HbIX OOCTOSITEILCTB.

Yucno BbI30BOB, MOCTYMUBILIUX OT aOOHEHTOB Ha TesehOHHYIO CTAHLIMIO
B TEYEHHWE OMNpeleIeHHOrO MPOMEXYTKa BpeMeHM, HE OCTACTCS 110CTOSIHHBIM,
a MOABEPXEHO 3HAYMUTEJIbHBIM CJIyYaitHbIM KoJieGaHUsAM.

Pa3Mep yKJIOHEHUS] TOYKM MafieHUsl CHapsiia OT LICHTPa LiCJIM onpelcisi-
eTcsl OONBLIMM KOJIMYECTBOM Pa3HOOOpPa3HbIX MPUYUH, HOCSLIMX CIydaiHblii
xapakTep. B pe3ynsraTe B TeOpUH CTPeabObl BBIHYXIEHbI CUMTATLCS C SIBJICHU-
€M paccerMBaHMsl CHAPSIOB OKOJIO LIEHTPA LIeJIM KaK CO Cly4yaiHbIM SiBJIEHUEM
M paccMaTpuBaTh YKa3aHHbIE YKJIOHEHUS KaK Clly4aiiHble BEJIMUMHBI.

CKOpOCTb MOJIEKYJIbI Ta3a He OCTaeTcsi HEM3MEHHOM, a MeHseTcsl B 3a-
BUCHMMOCTU OT CTOJIKHOBEHMSI C OPYTMMU MOJIEKyJaMU. DTUX CTOJIKHOBEHUH
OuYeHb MHOTO J1aXe B TEYCHHE KOPOTKOIO MPOMEXYTKa BpeMeHU. 3Hasi CKOPOCTh
MOJIEKYJIbI B NAHHbI MOMEHT, HeJib3sl C MOJIHOWM OrNpenesIeHHOCTbIO YKa3aTb
ee 3HayeHue, ckaxeM, yepe3 0,01 wnm 0,001 cexyHabl. Mi3mMeHeHMe CKOpOCTH
MOJIEKY/Ibl HOCUT CJIy4YaiiHbIi Xapakrep.

TIpuBeneHHblE NPUMEPbBI MOKA3bIBAIOT C AOCTATOYHOMN OMNpeaeseHHOCTbIO,
4TO CO CJIy4YailHbIMM BEJIMYMHAMHU TNPUXOAUTCS MMETb JIEJIO B CaMbIX Pa3HO-
0o0pa3HbIX 06NacTAX HayKM WM TeXHUKU. BO3HMKAET ecTecTBEHHast U MPUTOM
BECbMa BaXkHasl 3a7aya CO3[aHMUSI METOAOB M3YUYEHHUs CNy4YalHbIX BCJIMYUH.

HecMoTpst Ha BCl0 pa3HOPOAHOCTb KOHKPETHOIO CONCPXAaHHUsl MPUBE/EH-
HbIX HaMM NPUMEPOB, BCE OHU C TOYKM 3PEHUS] MATEMaTUKHU NPEACTABISIOT
OIHY U Ty Xe KapTHMHY. A UMEHHO, B KaX/IOM NPUMEPE Mbl UMECM JIENI0 C Be-
JIMYMHOM, TaK WIM MHAuyC XapakTepusylolleil uccnenyemoe siBieHue. Kaxnas
U3 3THUX BEJIMYMH NOJ BIMSIHUEM CIIy4aiiHbIX OOCTOSITENBCTB COCOOHA NMPUHU-
MaTb pa3lnyHble 3HaYeHHUs. 3apaHee NnpeacKas3aTh, KAKOE 3Ha4eHUe NMPUMET 3Ta
BEJINYMHA, HEJIb3sl, TAK KaK OHO MEHSIETCS CJly4aiiHbIM 00pPa3oM OT UCHbITAHUS
K UCIBITAHUIO.

83axas 1278
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TakuM 00Opa3oM, st TOro 4ToObl 3HAThb CAyYyalHYIO BEJIMYMHY, Mpexie
BCEro HeoOXOAMMO 3HATh T€ 3HAYEHMSI, KOTOpble OHA MOXET NMpuHUMaTth. On-
HaKO OJHOro MepeyHsl 3HauYeHWil ClyyailHOI BEJIMYMHBI ellle HEeJOCTAaTOYHO,
4TOObl MO HUM MOXHO ObLJIO HeNaTh KaKHue-JU0O CYlLEeCTBEHHbIE BbIBOJIBI.
JeACTBUTENBHO, €CIM B TPETHEM MPUMEPE PACCMOTPETH ra3 MPH Pa3HbIX TEM-
neparypax, TO BO3MOXHbIE 3HAYEHHUsI CKOPOCTEit MOJIEKYJ OCTAHYTCS TEMH XeE
CaMbIMM, TOra KaK COCTOSIHMSI rasa Oynyr pa3nuyHbl. TakuM obGpasoMm, mis
3alaHUsl CIy4allHOM BENMYMHBI HEOOXONMMO 3HATh HE TOJIbKO, KaKHhe 3Hauye-
HUS MOXET OHAa MPUHKMATh, HO M KaK Y4acTo, T.€. C KaKOil BEpOSITHOCTbIO OHA
NMPUHMUMAET 3TH 3HAYEHHUS.

Pa3HooOpa3ue ciyyaiftibix BeJIMYMH BeCbMa BeJIMKO. YMCIIo MpUHUMaeMbIX
MMHU 3HAYEHUHA MOXET ObITb KOHEYHBIM, CYETHBIM WJIM HECUYETHLIM; 3HAYEHUS
MOIyT ObITb pacIONOXeHbl AUCKPETHO WM 3aMOJIHATh MHTEPBajibl CIUIOLIb
WIN X€ He 3anoJIHATb MHTEpPBaJbl, HO pacroJyiaraThCsl BClOAy IIOTHO. JUist
TOro 4yroObl 3a4aBaThb BEPOSATHOCTU 3HAYEHUH CNy4yaiHbIX BEJIMYUH, CTOJIb
pPa3snuYHbIX 1O CBOEl mpupome, U NMPUTOM 3aJaBaTh WX OAHHUM U TEM Xe
crnocoboM, B TEOPUM BEPOSTHOCTEI BBOUAT MOHATHE PYHKUMU pacripeneneHns
CJ1yHaviHON BEIMYNHBI.

ITycts € — cnyvaiiHasi BeIMYMHA MU & — TNPOU3BOJILHOE NEHCTBUTEb-
Hoe 4ucio. BeposiTHOCTh TOro, yto € mMpUMET 3HAaYeHUE, MEHbllee, 4eM I,
Ha3blBaeTCs @yHkyuell pacnpedenenusn eepoamuocmeii CIydaiiHOM BEJMYUHBI !

F(z) = P{¢ < z}.

YcnoBuMcst B JanbHeiileM, Kak TNpaBWIo, CllydaiiHble BEJIMYMHBI 000-
3HavaTh rpeyeckumu GyKBaMH, a MPUHUMAEMble UMM 3HAYEHUS — CTPOYHLIMU
JNIATUHCKUMA.

PesloMupyeM cKa3aHHOe: cay4aiiHod eauqunoii Ha3blBaeTCs BEJUYMHA,
3Ha4e€HMs! KOTOPOIi 3aBUCAT OT cliyyasi M JUIS KOTOPOi onpeneneHa GpyHKUHUS
pacripeneneHus BepositHocreii ).

PaccMoTpuM npumepsl PyHKUMIA pacnipeneneHus.

Mpumep 1. OGO3HAYMM Yepe3 y YUCIIO NOsIBIEHMIi cobObITUs A B mocneno-
BaTeJIbHOCTH T HE3aBUCHUMbIX UCMBITAHUMA, B KaXIOM M3 KOTOPbIX BEPOSITHOCTD
€ro MnosiBIEHUs! MOCTOSIHHAa M paBHa p. B 3aBUCHMOCTM OT ciyyast [t MOXET
NPUHUMATh BCE LeJIOYMCTIEHHbIe 3HaYeHUs oT 0 10 n BKitounTenbHo. CornacHo
pe3yJbTaTaM raBbl 2

Py(m) =P{p=m}=Cyp"¢" ™™

Camo coboit pasymeeTcs, YTO 3TUMHU CJIOBAMHM Mbl HE Haji MaTeMarTu-
YeCKOro onpejie/ieHHss HOBOMY MOHSATUIO, a TOJILKO ONMUCaNU TO obliuee npe-
CTaBJIeHUEe, KOTOPOE CKJIaIbIBAaeTCs y YeJIOBEKa, 3HAaKOMSIILETOCH C pealbHbIMU
npuMepaMu Ciy4aiitHbIX BEJTMUMH.

D Ha c. 116 naHo ¢dopManu3oBaHHOe onpenesieHUe Cly4ailHON BEJIMYMHBI.
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DyHKUMS pacripesieSIeHUs] BEJIMUMHBI [t ONpenessieTcsi CeAYyIOIUM CIo-
coboMm:

0 wma <0,
F(z) = Z Py(k) mis 0<z<n,
k<z
1 s T > n.

DyHKUUs pacnipelesieHns NPEICTaBIseT COO0M CTYNeHYaTyIO0 JIMHUIO CO CKay-
Kamu B Toukax £ =0, 1,2,...,n; cka4ok B Touke & = k paseH P,(k).

lpumep 2. Tlyctb cnyvaiinas BenuuuHa £ npuHuMact 3Havenus 0, 1, 2, ...

C BEPOSITHOCTSMH
A" exp (—A)

Po=P{{=n}=——— (n=0,12,...),
rae A > 0 — nocrosHHas. DyHKuMs pacripenefieH!st Belu4nHbl € MpeJCTaB-
JisieT cob0M Kak Obl JIECTHUILY C 6ECKOHEYHbIM YHCJIOM CTYHEHEK, CO CKaukKaMu
BO BCEX HEOTPULIATEJIbHBIX LIEJIOYMCIIEHHBIX TOYKaX. BesnynMHa ckayka B TOY-
Ke T =n paBHa p,; npu = < 0 umeem F(z) = 0. I1po cnyyaiiHyio BenuyuHy,
PacCMOTPEHHYIO B HACTOSILIEM IpUMMepe, TOBOPSIT, YTO OHAa pacrpenesieHa

no 3akoxy Ilyaccona.

lMpumep 3. Mbl cKaxeM, YTO clyyaifHasi BeJIMMUHA HOpMAAbHO pacnpede-
nena, eciv ee GYHKUM:A pacrpesesieH!sl UMeeT BULL

d(z) =C ‘/z exp (_gzz—a—;z)z) dz,

rne C > 0, 0 > 0, a — nocrostHHble. BrocneacTsum Mbl yCTAHOBUM CBA3b
MEXIY MOCTOSSHHBIMU 0 U C M BBISICHUM TEOPETHUKO-BEPOSATHOCTHBIM CMBIC]I
napametTpoB a 4 o. HopmanbHO pacrnipenefieHHble Cly4ailHble BENUYMHbI
UTpaloT 0cO00 BaXHYIO POJib B TEOPHUU BEPOSATHOCTENH M €€ NPUIIOKEHMUSX,
B JaJibHeIEM Y Hac OyIeT MHOTO MOBOAOB YOEAUTLCH B 3TOM.

3aMeTHM, 4TO €CiM B JBYX NEPBHIX PACCMOTPEHHBLIX HaMM MpPUMEpPax
cy4aifHble BEJIMYMHBI MOIJIM MPUHUMATD TOJILKO KOHEYHOE UJIM CYETHOE MHO-
XECTBO 3HaueHUM (OuckpemHbie BEIMYNHBI), TO CIydaiiHble BEIMYMHBI, pacnpe-
JIeNIeHHbIe 10 HOPMAJIbHOMY 3aKOHY, MOTYT MPUHKUMATh 3HaYeHUS U3 J1I060ro
vHTepBaia. [eiicTBUTENbHO, KaK Mbl YBUIUM HMUXE, BEPOATHOCTh HOPMaJIbHO
pacrnpejieJIeHHOM Ciy4aiiHOI BeJMYMHE NPUHATH 3HAYEHMUE, 3aKIIOYAIOILEECs
B uHTepBaNie ) < € < T, paBHa

&(z;) - ®(z))=C 7exp (—g—%;)—z-) dz

W, CJIelOBaTeJIbHO, MPY JIIOOBIX T U Ty (Z; # £;) TMOJOXHUTENbHA.

[Tocne caenaHHbIX HAMU 3aMeYaHUil MHTYMTUBHOIO XapaKTepa MOXHO ne-
PENRTHU U K UIIOXKEHUIO NMPUHSATOrO Ternepb CTPoro GopMajibHOrO onpeaesieHUst
CJlyyaiiHOW BEJIMYMHBI.

8*
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B cooTBeTcTBMM C OOLIMM aKCHOMATUYECKUM MOHSATHEM CIyYaifHOro co-
ObITHSI, Mbl OyIEM MCXOIMTb U3 MHOXECTBA 3JIeMCHTApHbIX coObITHil . Kax-
JIOMY 3JIEMEHTAPHOMY COOBITHIO W MOCTABUM B COOTBETCTBHE HEKOTOPOE YUCIIO

§=f(w).

MbI ckaxeMm, 4To € ecTs Cryyarinas sennumna, ecnm pyrkumns f(w) namepu-
Ma OTHOCHTEJIbHO BBELAEHHOV B paccMaTpuBaeMoM MHoxecTse §) BepOSTHOCTY.
Muaye rosopsi, Mbl TpeOyeM, 4TOOBI Juis Kaxaoro uaMepumoro no bopenio
MHOXecTBa A; 3HaueHuit £ MHOXecTBO A, Tex w, wist Kotopbix f(w) C A
NpUHaIeXano MHOXecTBY F ciydaifHbIX COOBITHH M, CJIENOBATENIbHO, NS
Hero Gbuta Obl OnpeiesieHa BEPOSATHOCTD

P{¢ C A} =P{AL}.

B yactHocTH, ecnm MHOXecTBO A coBnajgaer ¢ nonynpsmoit § < T, TO
BepositHocTh P{A4,} ectb dyHKUMS NEpeMEHHOro

P{{ <z} =P{A,} = F(z),
KOTOpPYIO Mbl Ha3Bai YHKUMEH pacrpenesieHus CiyyaifHON BeJMUMHBI §.

llpumep 4. PaccMOTpUM MOCNENOBAaTENLHOCTb T HE3aBUCUMBIX UCIIbITA-
HUM, B KaXIOM U3 KOTOPBIX BEPOSITHOCTb MOSABJIEHUS! COOBITUS A TMOCTOsSIHHA
v paBHa p. B aToM npuMepe aneMeHTapHble COOLITUS COCTOAT U3 MOC/ENO0Ba-
TeJIbHOCTEH NOsABIEeHU U HenosBieHU cobbiTuss A B n ucnbiTaHuax. Tak,
OHUM M3 3JIEMEHTAPHBIX COOBITUI OyneT mnosiBieHue COOBITUSI A B KaXIOM
M3 MCNbITaHUii. Bcero, kak HeTpymHO MOACYMTATh, OymeT 2" 3JIeMEHTAapHbIX
COObITHIA.

Onpenenum dyHkumio g = f(w) OT a€MEHTapHOTO COOLITHS W TaK: OHa
paBHa YUCIy MOSBIEHUS COObITUS A B 3eMeHTapHOM coObiTUM w. CorylacHo
pe3ysibTaTaM IyiaBbl 2

P{p =k} = Py(k) = Cap"¢" "

Namepumoctb dyHkumn g = f(w) B moJjie BEPOSITHOCTE HEMOCPEACTBEHHO
oyeBuaHa. OTClola, COrNacHO OrnpelesieHnIo, 3aKII04aeM, YTO i €CThb Ciyyaii-
Hasi BeJIMYMHA.

lpumep 5. TlpousseneHbl TP HAGMIONEHUS 32 MOJIOXKEHUEM MOJIEKYJIbI,
IBUTraolleics no npsiMOi JIMHUU. MHOXECTBO 3JIeMEHTapHbIX COOBITUIA CO-
CTOMUT U3 TOYEK TPEXMEPHOro €BKJIMIOBOro npoctpaHcTBa R3. MHOXeCTBO
cnyyalHbIX COOBbITHIT F COCTOUT M3 BCEBO3MOXHBLIX OOpENeBCKMX MHOXECTB
npoctpaHcTBa Rj. '

Iins Kaxmoro ciyyaiiHoro coGeitMsi A onpenenum BepositHocth P{A}
MOCpeICTBOM PaBEHCTBA

P{4}=

///CXD<_ 5 [(21-0) +(22-0)" +(22-0) ])da:ldmzd:n;.
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PaccmoTpyuM Teneps dyHkumio ¢ = f(w) anemMeHTapHOro cobbiTHs, onpe-
IeNEHHYIO MOCPEACTBOM PaBEHCTBA

1
(= E(zl + ) +(IJ3).

Dra GyHKUMS M3MEpHMMa OTHOCUTENBHO BBENECHHON HaMW BEpOSITHOCTH, MO-
aTomy & siBsieTcsl cay4aiiHoil BenuunHou. Uist Hee dyHKUMS pacrnipeneneHust
paBHa

F(z)=P{¢ <z} =

:(a\/ﬁ /// exp(——%iwk—a))dz,dzzdm—

z+2,+23<3z

3(z - a)?
—_——2—0-'2——) dz.

|
Nl—
~—=
I
>
o
|

C TOJIbKO YTO pa3BUTOM TOYKU 3PCHUS HEHCTBHUS Hal CIy4aiiHbIMMW BEJH-
YUHAMM CBOMATCH K MU3BECTHBIM onepauusimu Haa pyHkuusmu. Tak, ecnu €
u & SBNAIOTCS CNy4aifHBIMM BEJIMYMHAMH, T.€. U3MEPUMBIMM OTHOCHUTENILHO
BBEJIEHHON BEPOATHOCTH DYHKLUSIMU

: &L= fiw), &= h),
TO M06as GopesneBckas GYHKUMUS OT HUX TaKXe SIBJISETCS Cy4ailHOM BeUUu-
HoOM. [Insi npuMepa
(=& +&

U3MepuMa OTHOCHUTEIbBHO BBENEHHOI BEPOSTHOCTH M NMOTOMY SIBJISIETCS CIy-
YallHOM BEJIMYUHOM.

[To3nHee Mbl Pa30BbEM TOJILKO YTO CHIENIAHHOE 3aMeYyaHue U1 MOJY4YUM psif
BaXXHbIX JUISl MPUMEHEHMI pe3yabraToB. B yacTHOCTH, Mbl BbiBEAEM (DOPMYJibl
Ui GYHKUMKU pacrpeiesieHusi CYMMbl M YaCTHOTO IBYX CIy4yalHbIX BEJIMUMH
MO pacrnpeneyeHnIo cllaraéMblx.

[Mpy noMowy GyHKUMM PacTipeie/ieHUs1 CTyYaiHOM BeMYMHbI € MOXHO
OnpeleNuTh BEPOSITHOCTb HepaBeHCTBA ) < & < & NpM JIOObIX T; U Z;.
B camom Jene, ecnn yepes A 0603HaYUTbL COOBITUE, COCTOSIILIEE B TOM, 4YTO &
NpuMeT 3HayeHHWe, MeHblIee YeM I, uepe3 B — coObiTHe, COCTOSILLEE B TOM,
yro € < x;, U, HakoHell, yepes C — cobbiTe ) < € < T3, TO, OYEBUIHO,
MMEET MECTO CJIElyIoLLEEe PaBEHCTBO:

A=B+C.
Tak Kak cobeitiss B u C HECOBMECTUMBI, TO
P(A) = P(B) + P(C).

H
° P(4) = F(z;), P(B)=F(z), P(C)=P{z, <¢ <z},



118 Mmasa 4. Cny4aviHblie Be/MYUHbI U PYHKUMN pacrnpeneneHns

[03TOMyY
P{z) <€ < 21} = F() — F(z)). (1

Tak KakK, rno ornpenejeHnio, BCpoATHOCTb €CTh HEOTPULATEJIBHOC YUCIIO,
10 U3 pascHcTBa (1) ceayer, YTo Npw JMOGLIX T) U Ty (T3 > T)) UMeCT MECTO
HEPaBCHCTBO
F(zz) > F(zl);

T. C. UTO hyHKyus pacnpedeneius 110604 cay4ainoi eeauquiivl ecmos Heybvieaouas
hynkyus.

Ouesuano, nanee, yto GyHxkuus pacnpegeneunss F(z) npu mobom z
YIOBJIETBOPSIET HEPABEHCTBY

0< F(z) < 1. (2

Mbl ckaxeM, uTto (yHkumus pacnpenenennss F(z) umeer mpu € =
CKa40K, ecnyu

F($0+0)~F(2}0“0):Co>0.

Pynkyua pacnpedenenus mMoxcem umems e 60nee HeM cuemioe MHOHCECMB0
ckaukos. B caMoM Jejie, CKauyKoB pa3mepa, 6onbuiero 1/2, dpynukunsa pacnpene-
JIEHUSI MOXET MMETb He 6oJjiee OJIHOro; CKauKoB pa3Mepa OT OIHOM YETBEPTOI
1o nonosuHsl (1/4 < Cy < 1/2) — He 6onee Tpex. Boobiue ckaykoB pazMepom
or 1/2" no 1/2""! moxer 6uiTh He Gonee yem 2" — 1. COBEpIIEHHO SICHO,
4YTO Mbl MOXEM MpPOHYMEpPOBaTb BCE CKAayKH, PACMOJIOXMB MX MO BEJIMYUHE,
HayuHas ¢ GONbLIMX 3HAYEHWH W TOBTOPSISs paBHble 3HAY&HHUSI CTONBKO pa3,
CKOJIbKO CKaYKOB 3TOM BeNM4MHbI umeet byHkuus F(z).

YcTaHOBUM €lile HECKOJIbKO OOLIMX CBOMCTB (hyHKUMIT pacrnpemesieHHUs.
Onpenennm F(—o00) u F(+00) paBeHcTBaMy

F(-00) = lim F(-n), F(+00)= lim F(+n)
n-»+400 n—00
U IOKaXeM, YTO
: F(-00) =0, F(4+00)=1.

JeiicTBUTENBHO, TaK KaK HEPaBeHCTBO { < 400 NOCTOBEPHO, TO
P{¢ < +oo} = 1.

O6o3HaunM uyepe3 @ cobbiTHe, cocrosiiiee B ToM, uto k — | < € < k. Tak
Kak coObiTHe § < 400 3KBUBAJIEHTHO CyMMe COObITHH @), TO Ha OCHOBaHUU
paclIMpeHHON aKCUOMBI CJIOXEHUS

00

P{¢ <400} = D P{Qu}.

k=-00
CnenoBateyibHO, MPU 1L — 00

n

ST P{Q}= D [F(k)— F(k—1)] = F(n) - F(-n) > 1.

k=1-n k=l-n
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Orciona, NMpMHMMass BO BHUMaHMe HepaBeHCTBa (2), 3aKJIOYaeM, YTO NPH
n— 00
F(-n) >0, F(+n)- 1.

Dynkyus pacnpedeseHus 1enpepviBHA cAesa.

BribepeM Kakylo-HHOYIb BO3PACTAIONIYIO MOCI/IEA0BATENILHOCTb Ly < T <
<Ty<...< Ty < ..., CXOOAILYIOCH K T.

O6o3HaunM yepes A, cobeitve {T, < ¢ < z}. Toraa sicho, yto A; C A;
npu i > j, ¥ NMpou3BeAeHUe Bcex COObITHII A, €CTb HEBO3MOXHOC COObITHE.
[To akcnoMe HEMPepbIBHOCTH JOIKHO ObITh

lim P(4y) = lim {F(z) - F(za)} = F(z) - lim F(,)=F(z) - F(z-0)=0,

YTO U TpeOOBAIOCH AOKA3aTh.
ToyHO TaK Xe MOXHO [0Ka3aTh, YTO

P{¢ <z} = F(z +0).

Mbl yBUAMM, TaKMM 00pa3oM, YTO Kkaxcdas (ynkuus pacnpedenenus
A6aaemca  Heybvlearowell, Henpepbi8HOU cneéa u ydosaemeopsaroueil yca08UIM
F(-00) = 0 u F(+00) = | hynkyueii. BepHo u obpatHoe: kaxcdas ¢ynk-
yus, y0oenemeopAowas nepevucaenisviM YCA08UAM, MOMCem paccmMampueéamscs
KaK gyHKyus pacnpedenenus HeKkOmopoi cay4aiinoil eeaudunsl.

3aMeTUM, YTO B TO BpeMsi KaK Kaxjaas ciyyaiiHasi BeJIMYMHA ONHO3HAY-
HO onpenessieT CBOK (GYHKLMUIO pacrnpelesieHus!, CYILECTBYET CKOJILKO YrOAHO
Pa3NIMYHbIX CIYYyalHbIX BEJMYMH, UMEIOIIMX OLHY U Ty Xe (YyHKIIMIO pac-
npepenenusi. Tak, ecnn & npuHuMaer aBa 3HadeHus —1 u +1, kaxuaoe
C BeposITHOCTbIO 1/2 M 7 = —£, TO fIcHO, yTO Bceraa £ OTIMYHO OT 7). TeM
He MeHee obe 3TU ciy4yalHbIC BETMYMHBI MMEIOT OIHY M Ty Xe (yHKUMIO
pacrnipefienieHus

0 npu < -1,
Fz)=4¢1/2 npu —-1<z<],
1 npu z> 1.

§ 19. HenpepbiBHbie U AUCKPETHbIE pacnpepneneHus

WNHorna noseneHue Ciy4aitHOM BEJIMYMHbBI XapaKTePU3YIOT HE 3aJaHUEM
ee yHKUMM pacnpelesieHusl, a KaKUM-JIMOO MHbIM criocoOoM. Beskas takas
XapaKTepuUCTHKa HOCUT Ha3BaHMe 3aKona pacnpedenelus Cly4yaitHON BeIMYMHbI,
€CJIM TOJIBKO IO OMNpeesIeHHbIM NMpaBUIaM MOXHO MONYy4YuTh U3 Hee (yHK-
uuio pacrnipeaenetus. Tak, 3aKOHOM pacnipeeneHust oynet GyHKlMs UHTepBa-
na P{z,, z,}, npencrasnsiouiast co6oii BeposSTHOCTb HepaBeHcTsa &) <€ < T7.
LeitctButensHo, 3Has P{x,, ;}, Mbl MOXEM HaUTH QYHKLIMIO pacIipeicieHust
no ¢gopmyne

F(z) = P{-00, z}.

Mbl yxe 3HaeM, 4To ¥ no F(x) MOxHO HaiiTu st OGbIX T U Ty GyHK-
uuio P{z, z,}: P{z,, 22} = F(z,) — F(z)).



120 Inasa 4. Cry4ariHbie Bem4nHbl U QYHKLNN PaCrpeneneHms

Yacro B KayecTBe 3aKOHA pacrpeesieHUs noue3Ho 6paTh GyHKLMIO MHO-
xectBa P{E}, onpeneneHHnyio 1S Bcex 60pesieBCKMX MHOXECTB U MPEACTaBJIs-
10111y10 060t BEpOSITHOCTb TOTO, YTO CIyyaiiHasi BEMIMYMHA € NPUMET 3Ha4YeHue,
npuHamiexaiiee MHOXecTBy F. BepostHocts P{E}, B cuiy pacluypeHHOI
aKCUOMbBI CJIOXEHHUsI, eCTb BIMOJIHE AaJAUTHBHAs (YHKLHUS MHOXECTBA, T. €.
Juist 11060ro MHOXecTBa F, NpeacTaBisioliero coboi cyMMy KOHEYHOrO WU
CYETHOTO YHCJIa HelepeceKalomnXess MHOXECTB Fy:

P{E}=)_ P{E}.

M3 BCeBO3MOXHBIX ClyyaiHbIX BCJIMYMH Mbl BbIIEJUM NpPEXAe BCEro Tc,
KOTOpbI€ MOTYT MPUHUMATbh TOJILKO KOHCYHOE WJIM CYCTHOE MHOXECTBO 3Ha-
yeHui. Takue BeNMYMHBI Mbl OyaeM Ha3blBaThb duckpemibimu. Jns MONHOM
BCPOSITHOCTHOM XapaKTePUCTUKHU NUCKPCTHON ClyyailHOI BennuMHBbI €, NpU-
HUMaIOWEH C MOJIOXUTEbHBIMU BCPOSITHOCTSAMU 3Ha4yeHus &, T3, L3, ..., AO-
CTaTOYHO 3HATh BEPOATHOCTH Py, = P{{ = x;} 2). OYeBMIHO, YTO MO COBOKYII-
HOCTH BCPOSITHOCTEi P MOXHO ompefenutb GpyHKUMIO pacnpepeneHus F(z)
MOCPEeACTBOM paBEHCTBA

F(z) = Z Dk

B KOTOPOM CYMMHpPOBaH}e paClpOCTPaHAETCs Ha BCE Te MHAEKCHI, IS KOTOPbIX
T <.

DyHKIMS pacnpeneneHus 1000 TMCKPETHOM BeTMYMHBI pa3pbiBHA, BO3-
pacTaeT CKaykaMM MpH TeX 3HAYEHUSIX T, KOTOpbIE SIBJSIOTCS BO3MOXHBIMU
3HayeHusMM ¢. BennuuHa ckaykoB ¢yHkuumu F(z) B TOYKe T, KaKk Mbl
BBISICHWIN paHee, paBHa pasHoctu F(z + 0) — F(z).

Ecnu nBa BO3MOXHBIX 3HauYeHUs BEJMUMHBI § pa3fesiecHbl WHTEPBAJIOM,
B KOTOPOM JIPyTMX BO3MOXHbBIX 3HA4EHHUIi £ HET, TO B 3TOM MHTEpBajie PyHKLHUSA
pacnpeneneins F(z) nocrosinna. EciM BO3MOXHbIX 3HaYeHHMI € KOHEYHOE
YuCsIO0, HanpuMep n, To GpyHKUMs pacnpenenenns F(z) npexcrasnser co6oi
CTYNEeHYaTyI0 KPUBYIO C 1.+ | MHTEpBaJIOM NOCTOSIHTCBA. ECin e BO3MOXHbIX
3Ha4YeHMit § MMeeTcs CYETHOE MHOXCCTBO, TO 3TO MOCJeoHEee MOXET ObITh
W BCIOAY MAOTHBIM, TaK YTO MHTEPBAJIOB MOCTOSIHCTBA Y GYHKLMM pacrpenene-
HUS IUCKPETHOM CJIy4aifHOI BeIMYMHBI MOXET U He ObiTb. [TycTb 11 MpuMepa
BO3MOXHbBIMU 3HaYeHUsIMU £ OynyT Bce palMOHAJIbHbIE YMCIA U TOJBKO OHH.
[TycTb 3TM uMcha 3aHYMepOBaHbl KaKUM-HMOyIOb criocoboM: 7y,T7,... M Be-
posTtHocTH P{¢ = r;} = pi onpeneneHbl MOCPEACTBOM paBeHcTBa py = 1/2F.
B Hawem npuMepe Bce pauMOHajibHble TOYKM SIBJISIOTCS TOYKAMM pa3pbiBa
¢yHKUMU pacnipeesieHus.

B kauyecTBe APYroro BaXHOTO KJjlacca CJy4yaifHbIX BEJIMYMH Mbl Bblle-
JIUM T€ U3 HHUX, Uil KOTOPbIX CYLIECTBYET HeoTpuuaTeabHast dhyHkuus p(z),
YIOBJIETBOPSIIOLLAs PH JIIOObIX T PaBEHCTBY

T

F(z) = /p(z) dz. |

—00

D DTU M TONLKO ITH 3HAUCHMS Tp Mbl HAIOBCM GOIMONCHGIMU 3SHGHEHUSMU IACKDETHOM
ciyyaitHo#M BeSMuuHBI §.
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CnyyaiiHble BEJTMYUHBI, 00J1aJal0ILME STUM CBOWCTBOM, Ha3bIBAIOTCS Henpepole-
nomu; GyHKuMs p(T) Ha3bIBAETCS MAOMHOCMbIO pacnpedenenus 6eposmiocmeil.

OTMETHM, YTO IJIOTHOCTb pacnpeesicHusl BEPOSATHOCTE obnamaer cieny-
IOLLIMMU CBOICTBAMHU:

1. p(z) >0.
2. Tlpu ni06BIX T ¥ T; YIOBIETBOPSET PaBCHCTBY
I
Plz) <€ <1} = /P(w) de.
I

B uvacthoctH, ecnu p(z) HenpepbiBHa B TOYKE Z, TO C TOYHOCTBIO
10 6eCKOHEYHO MalibiX Beicuinx nopsiakos P{z < ¢ < z + dz} = p(z) dz.

3. [p(z)dz=1.
BenMuMHbI, pacripenenentble MO HOPMaJIbHOMY MIM PaBHOMCPHOMY 3a-
KOHY?), IaI0T HaM MIPUMEPBI HETPEPBIBHBIX CIYYAHBIX BETUYHH,

lMpumep. PaccMoTpuM OiMXe HOpPMaibHBII 3aKOH pacnpeneneHus. s
HEro IJIOTHOCTb pacrpeiesieH!sl BEpOsTHOCTEl paBHa

p(z) = C-exp (_M)

20?2

[MocrosinHas C ornpenensieTcs, ucxons u3 cBoiictba 3. JIeiCTBUTENBHO,

(z-a)
C/exp (_T dz = 1.
T—a

= Z 39TO PABEHCTBO NMPUBOAUTCA K BULY

o
2
Ca/exp (—%) dz=1.

MuTterpan, crosiumii B JIeBOI 4acTH 3TOrO paBEHCTBA, U3BECTEH MOI MMEHEM
uHrerpana [lyaccoHa, npuueM

exp —2—2 dz = V2.
[eol5

TakuM o6pa3oM, HAXOAUM, YTO

3aMeHO MepeMeHHbIX

1
oV2w
Y, 3HAYUT, [UIS HOPMaJILHOTO pacrpeieieHus

1 (z — a)?
p(z) = oo exp <_T>'

%) Tak a3biBacTcst 3aKoH ¢ dbyHkuMeit pacnpeaencHus, JMHEHHO u3McHstolelicsa ot 0 no 1
B HEKoTOpoM uHTepBaie (@, b) u paBHOI HyIIO JieBee TOYKM @ U efuHuLe npasee b.
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p(z) A
0,8

Puc. 15

®OyHkuMs p(T) LOCTUraeT MAKCMMyMa NPH T = @, UMEET TOYKM nepernba
npu T = a % 0; ocb aBCLMCC CIYXUT JUIsl HEe aCUMNTOTOH npu £ — £o00. ns
WUTIOCTPaUMM BIAUSIHUSL napaMeTpa o Ha ¢opMy rpaduka MIOTHOCTH HOp-
MaJIbHOTO pacnpefeNeHust Mbl MPUBOAUM Ha puc. 15 rpaduku p(z) npu a =0
nl) o> =1/4,2) 02 =1,3) 02 =4. Mbl BUINM, YTO YEM MEHbLUE 3HaYe-
HUe o, TeM KpuBasi p(z) uMeeT Gosibliee 3HaYEHHE MAKCMMYMa U MalaeT Kpyye.
9TO 03HAYaeT, B YaCTHOCTH, YTO BEPOATHOCTH IIOMAcCTh B MHTEPBaI (—a, @)
6onbluie AN TOM Cly4aifHOI BeJIMUYMHbBI, pacnpeleieHHOH MO HOPMaJbHOMY
3akoHy (c mapamerpom a = (), WIS KOTOPOii BelMYMHA & MeHblue. M,
cJIefoBaTeNbHO, MOXET CYUTAThb 0 XapaKTepHUCTUKON pa3bpOCaHHOCTH 3Haye-
nuit BenuyuHel €. Ilpn a # 0 KpuBble MIOTHOCTEN MMEIOT Ty Xe (opmy,
HO caBuHYTHl BripaBo (a > 0) uin BneBo (a < 0) B 3aBUCMMOCTH OT 3HaKa
napamMerpa a.

TTOMKMMO OMCKPETHBIX ¥ HEMPEPBbIBHbIX CYYaiiHBIX BEJIMYUH, CYLLIECTBYIOT,
pasyMmeeTcs, U Apyrue ciydyaiiHble BeJMurHbl. KpoMe BeJIMYMH, KOTOpbIe BEAYT
cebsl B OfIHMX MHTEpBaJlaX KaK HeNpepbiBHblE, @ B APYrMX KaK OUCKDETHbIE,
MMEIOTCSl BEJIMYMHbI, HE SIBNSIIOUIMECSs HM B OOHOM WHTEpPBaJE HU IUCKpET-
HbIMM, HU HenpepbiBHbIMU. K TakMM ciyyailHbIM BeIUMYMHAM OTHOCSITCH,
HarnpuMep, Bce Te, GYHKUUU pacnpefeseHnsl KOTOPbiX HEMpPEepPbIBHbI, HO MPH
3TOM BO3pACTAalOT TOJILKO HAa MHOXECTBe JieOeroBCcKOif Mepbl Hynb. B Kaue-
CTBC MPUMEpPA TAKOK CNy4yalHOW BENMYMHBI MPUBEUEM BEIUYUHY, UMCIOLLYIO
dbyHkuueit pacnpeaenetnst u3BecTHyo KpuByio Kanropa. HanomHuM nocrpo-
eHue 3TOi KpuBOiil. BennunHa  NpMHUMAET TOJNIBKO 3HAYEHUSI MEXIY HYJIEM
u ennuuuei. CrnepoBarenbHO, ee (YHKIUMS pacHpeneseHUs YIOBIETBOPSET
paBeHCTBaM .

F(r)=0 nmpu <0, F(z)=1 npu = > 1.

Buytpu untepsana (0,1) ¢ npuHMMaer 3HaY€HMS TOJILKO B MEPBOi
1 MOCJIEHEN €T TPETAX, B KaX10ii ¢ BeposaTHOCTbIO 1/2. Taknm oGpa3om,

F(z) =1/2 npu 1/3<z<2/3.
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B untepsanax (0,1/3) u (2/3,1) & cHoBa MOXeT MPUHNMATb 3HAYEHHS TOJILKO
B MEPBOI U NOCJIEaHEN TPETH KAaXIOr0 U3 HUX, B KaXI10# ¢ BeposTHOCTbIO 1/4.
DTUM onpeensiorcs 3Hayenus F(z) elue B ABYX MHTepBaiax:

F(z)=1/4 nmpu 1/9<z<2/9,
F(z)=3/4 npn 7/9< z<8/9.

Janee B KaXIOM M3 OCTaBLINXCS MHTCPBAJIOB NMOBTOPSICTCS TO Xe€ MOCTPOC-
HHE M 3TOT NpoLecc NMpoxoIkKaercs N0 GeckoHeyHocTH. B pesynbrate dyHK-
uns F(z) oka3sblBaeTcsl ONMpeNeNCHHON Ha CYETHOM MHOXECTBE WHTEpBAJIOB,
SIBJISIIOLIMXCSl MHTEPBAIAMM CMEXHOCTH HEKOTOPOro HUIAE He IUIOTHOrO CO-
BEpILEHHOTO MHOXECTBAa Mepbl Hynab. Ha 3TOM MHOXeCTBe noomnpenesnseM
¢yHkunio F(z) no HenpepbiBHOCTH. Bennuuna ¢ ¢ TakuMm o6pa3om ompe-
HeneHHOW GyHKuMell pacnpelefieHnsl He IMCKpeTHA, TaK Kak ee GyHKuus
pacnpefie/icHusl HEMPEpPbIBHA, HO B TO XC BpeMsi & He HenpepbiBHA, TaK Kak cc
GYHKUMS pacTipeic/ICHUS He SIBJISIETCSl MHTErPaioM OT CBOCH MPOM3BOLHOIA.

Bce BBencHHbIC HAMHU ONpe/IC/EHNS NIEPEHOCSTCS JICTKO Ha Cilyvail YCJIoB-
HbIX BeposTHOCcTeil. Tak, Hanpumep, dyukuuio F(z|B) = P{¢ < z|B} Mbl
OyleM Ha3blBaTb yCA06HOU (ynKuuell pacnpedenenus ClydaifHoil BenMunHbL &
npu ycnosun B. OuesupHo, uto F(z|B) obnanaer BceMu CBOHCTBaMH OGbIY-
HOM (YHKLIMM pacrpefeieHus.

§ 20. MHoromepHbie PyHKUUU pacnpeneneHus

s pajnbHERlIero HaM HeoOXOOMMO HE TOJbKO MOHSITHE ClydaiiHoii
BEJIMYMHDBI, HO W TMOHSTHE CJYYalHOTO BEKTOpA MJIM, KaK 4YacCTO TOBOPST,
MHOTOMEPHOIA cllyyaiiHON BEJTMUYUHBI.

PaccMOTpUM BEpOSITHOCTHOE MPOCTPAHCTBO {Q, 3, P} , Hla KOTOpOM onpe-
HeJIeHbl T CITydalHbIX BENUYMH '

£l :fl(w)’ £2=f2((.0), () £n:fn(w)
(bynxunn f;(w) usamepumsi). Bekrop (&y,&s,...,E&,) Ha3biBaeTcs cayuail-
HblM 8eKMOPOM WIN M-mephoil cay4ainoil eeauyunoi. Tlycts (€1, &, ..., &) —
cnyyaitHelit BekTop. OGo3naunmm uvepes {& < zy, & < X3, ..., & < Ty}

MHOXECTBO TE€X J3JIEMCHTAPHbIX coObITHIA w, g KOTOpbIX OAHOBPEMEHHO
BBIITOJHAIOTCA BCE HEPABCHCTBA

fl(w)<$|’ fZ(w)<$21 ey fn(w)<$n

[TockonbKy 3TO cOObITHE SIBJSIETCS NMPOM3BEACHUEM COOBITHIA {fk(w) < zk}
(1 <k <n), OHO NPUHAIEXUT MHOXECTBY T, T. €.

{6i<z, &<z, ..., & <R} ET.
Takum obpa3zoMm, npu noboM HabGope yucen x,,I,..., T, Onpeiciec-
Ha BepOATHOCTb F(Z), T3, ...,%,) = P{& < @1, & < T3, ..., & < Zp}.

Ora GYyHKUMS N aprYMEHTOB Ha3bIBACTCSI M-MepHoil gyHkyuell pacnpedesenus
cayuaiinozo eexkmopa (€1,&2, ..., &n).



124 Inasa 4. Ciiy4ariHbie Be/m4nHbl U QYHKUMK pacrnpeneneHns

B nanbHeiueM Mbl npuberieM K reoMeTpUUYECKO| WILTIOCTPALIMM U CTaHEM
paccMaTpuBath BelUYUHBI &), &y, ..., &x KAK KOOPIMHATBI TOYEK 7-MEPHOIO
€BKJIMI0BOTO NMpoCcTpaHcTBa. OYCBUAHO, YTO NoJoXeHUe ToUKHU (€1, &, ... , &)
3aBUCHUT OT cilyyast M yto ¢GyHkuust F(z),Z3,...,Z,) NPU Takoit HMHTEp-
NpeTauny AaeT BeposiTHOCTb nonamaHus touku (€1, &y, ..., &) B n-MepHbli
napaenenunen € <y, & < %, ..., & < Tp ¢ pedOpaMu, Mapauie/ibHbIMUA
OCSIMM KOODIMHAT.

C noMolublo GyHKUMM pacnpefiesieHUs] JIETKO BbIYMCIUTb BEPOSITHOCTD
Toro, 4yto Touka (&1, &, ..., &) OKaXeTcs BHYTpM Mapajuiesienurnena

a; <& < b; (i= 1,2,...,n),
rae a; M b; — npou3BonbHbIC MocTOsIHHbIE. HeTpynHo nmoac4yuTarh, YTo
P{a1 <& <b,a,<E<hy, . an < < by} =

n

=F(bl,bz,...,b,,)—Zp,«+Zp¢j:F...+(—l)"F(al,az,...,a,.), (l)

i=1 i<j

rie yepe3 pjj...r Obo3HaueHo 3HaueHuce dyHkumn F(cy, ¢, ...,Cq) TpH
Ci = a;, Cj = aj, ..., C; = G Vi TP OCTANIBHBIX C; PaBHbIX bs. MBI IpenocTas-
JIieM J10Ka3aTeJIbCTBO 3TON (hopmysibl ynuTatenio. 3aMETUM, B YaCTHOCTH, YTO
F(zy,..., %1, +00, Tpy1,.-.,Tn) HAET HAM BEPOSTHOCTb TOTrO, YTO GymeT
BBINOJIHCHA CJIEAYyIollasl CUCTEMa HEPaBEHCTB:

&<z, £<Ty, oy &t <Thor, k1 < Tgr, oovs €n < Ty

Tak Kak 1o paclIMPEHHOI aKCHOME CIIOXEHHsl BEPOSITHOCTEH
o Pl&i<zr, .., &1 <Thot, b1 <Thg1, oo, En <Tp} =
= Z P{&i<zi, ., &em1 <Tpo1, <K& <+ L, &yt <Tpyr- -, €n <Tp} =

$=-00
:F(zl" .o ,zk_],+00,$k+|,. .. )zn)y

10 F(zy,..., Tk, +00, T4y, ..., Ty) ABIAETCS DYHKLMEH pacnpeneneHus
(n — 1)-mepHoit cnyvaiiHoit Benuuunbl (€, ..., Ek—1, ki1, ..., &n). TIpomon-
XHUB 3TOT NpoUECC Jajiee, Mbl MOXEM OMNpeae/inTh k-MepHble QYHKLMHU pac-
npeneneHus noboit rpynnel U3 k sennuuH &, &, - .. , &, 10 dopmyne

Fi(mi,, Ty, .., i) = P{&, < i, ..., &, <z} =F(c, ..., Cn),

rie ¢; = &5, ecnn s = i, (1<r<k) ¥ ¢s = +00 B HHBIX clyyasx. B yactHocTH,
(yHKUHMS pacnpeneneHus ciny4yaitHoO BeJMYMHbI &) paBHA

Fk(x) =F(Cl,02,---,cn),

rae sce ¢; (i # k) paBHbl +00, a ¢ = .

[Mono6HO TOMY KakK NMoBeeHIE OMHOMEPHOI CITyyaii HOM BETMYMHBI MOXHO
XapaKTePU30BaTh HE TOJILKO NOCPEACTBOM GYHKUMHU pachpeieneHus, HO U Opy-
TMMH croco6aMu, MHOTOMEPHBIE CJIyYaifHble BEJIMYMHBI MOTYT GBITH OMpesee-
HbI, CKaXeM, MOCPEACTBOM HEOTPULATENLHON BIOJIHE AJAMTUBHON DYHKLMU
mHoxectBa P{E}, onpeneneHHoi Ui GOPENEBCKMX MHOXECTB 7i-MEPHOIO
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ApOCTPAHCTBA. DTy (PYHKLMIO MbI ONpENENUM KaK BEpOSITHOCTb MONaJaHus

To4kn (&i,...,&) Ha MHOXectBO E. DTOT Croco6 BeposTHOCTHON Xapak-

TEPUCTUKU T-MEPHOW CJyyallHOW BENMYMHBI ciefyeT Npu3HaTh Haubosee

€CTECTBEHHbIM M C TOYKM 3PEHUSI TEOPETUUECKOI Haubosee yaauyHbIM.
PaccMOTpUM npUMeEpBI.

Mpumep 1. Cnydaiiubiit Bektop (£, ..., &) Ha3bIBAETCS pasiomepro pac-
npedenenHsim B napaienenunene a; < & < b; (1 < i< n), ecnu BeposTHOCTD
nonanauus Toukun (€1, & ..., &) B M0O6YI0 BHYTPEHHIOW 06/IACTh YKAa3aHHOTO
napaJuiesienumneaa npornopuMoHanbHa ee 06beMy U BEPOSITHOCTh NOIaJaHus
BHYTpb MapaijieJienuIeaa sABasieTcsi JOCTOBEPHBIM COOBITUEM.

(D)’HKI.IMSI pacrnipeeyeHUs: UICKOMOW BETMYMHBI UMEET BUI

0, ecnu T; < a; XOTsl Obl PU OHOM 1,
— n
F(z),...,z,) = ¢ — a; z;, ecnn a; <z; < b,
TS5, e -
b; — a; b;, ecnu z; > b;.

Mpumep 2. JIByMepHas ciydaitHas BeauunHa (€, &) pacnpelesneHa Hop-
Manvio, eciy Ut Hee DYHKUMS pacrpeleseHnsl paBHa

1

F(z), z;) = C/ /exp(—Q(:z:, y)) dz dy,

—00 —00

rie Q(z,y) — MOJOXMUTENILHO ONpejieNieHHas KBaapaTuiHas Gpopma.

W 3BecTHO, YTO MONIOXUTENBHO ONpeneseHHasi KBaapaTuuHas ¢opMa ot
M Y MOXeT ObITh 3aMMcaHa B BUIC

_a)? —a)y — — )2
Al N . R I L

rie A ¥ B — monoxurenbHble YuCNa, @ 7, @ U b — BellleCTBEeHHbIE YKCIa,
npuYeM 7 MogyuHsieTcs ycnosuio —1 < r < +1.

Jlerko BujeThb, yTo npu 2 # | Kaxaas M3 CAydaiHbIX BETMYUH & U &
NOoJYMHEHA OHOMEPHOMY 3aKOHY. JleiCTBUTENBHO,

Fi(z1) =P{& <$1}=F($1,+oo)=C//exp(~Q(x,y))dzdy=

=C_/I‘l exp (—(-giz—_;i?—)z(l —7'2)) /exp (—% [yTZb— 1(—:0/;—(12] 2) dydz.

Tak Kak \
1[y-b r(z-a) _
/CXP (—2 [ B 1 ] ) dy = BV 2,
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Fi(z)) = BC\/?}/Il exp (—%(l - 1'2)) dz. (2)

[TocrositiHass C' MoxeT GbITh BblpaxeHa yepe3 A, B u r. DTy 3aBUCUMOCTb
MOXHO HaiiTh u3 yciosus Fi(+00) = 1. Umeem:

1= BC\/E;/exp (—(~:-E2—:1;)—2—(1 —rz)) dz =

_ ABCVar z2) iy — 2ABCT
STVioe (‘7 SRV T
Orciona
VI-1?
~ 2mAB’

Ecnu 72 # 1, TO MbI MONOXUM

A=0V1-r2, B=oV1-r

B 3TXx HOBBIX 0003HAYEHMSIX NBYMEPHbIA HOPMaJIbHbIH 3aKOH TMPHUHUMAET
TaKOi BUL:

I, I
RPN S iy o QU
R Y ) 2(1-12)

(;cm—_:))2 (z-a)(y-b) (y-b)’
X [ = - 0102 + a% ]) dz dy.

3 2r

TeopeTMKO-BEPOSITHOCTHBIH CMBbIC/T BXOASILUIMX B 3Ty (GOpMYJy MapamMeTpoB
OyneT BBISICHEH B ClIEAyIOLIEH IJaBe.

[Tono6HO TOMY KakK 3TO ObLJIO CHEelaHO B OJHOMEpPHOM Ccllyyae, IS
MHOroMepHbIX (YHKLMI pacripefieIeHUss MOXHO YCTaHOBUTb Psil CBOMCTB.
Mbi npuBeaeM ux ¢GOpMYyJIMPOBKH, NMPEAOCTABUB YUTATENIO UX 1OKA3ATENbCTBA.
Dynkuus pacripeneneHus

1) ecrtb HeyGbiBaoLIasi GYHKLMS MO KAaXIOMY apryMEHTY,
2) HemnpepbIBHA CJiEBa 10 KaXIOMY apryMeHTY,
3) yHOBJIETBOPSIET COOTHOLUEHUSAM

F(4o00, +00,...,+00) =1, lim F(zy,z3,...,2,) =0 (1<k<n)
ZTp——00

NMPpU NMPOU3BOJIbHbIX 3HAYEHUAX OCTAJIbHbIX ApryMEHTOB.

B ogHOMepHOM cityyae Mbl BUOMM, YTO NepeYrC/ieHHbIE CBOCTBA HEOOXO-
AMMBI U JOCTAaTOYHbI, YTOGK! byHKUMst F(z) Gbuta dhyHKUMel pacnpeneneHust
HEKOTOpOIi ciyyaifHOI BeJIMYMHbI. B MHOTOMEPHOM Cilyyae, OKa3bIBaeTCs, ITUX
CBOIACTB yXe HemoctaToyHo. s Toro yto6sl dyHkuus F(zy,...,T,) Gblia
dbyHKumMeit pacnpeneneHusi, NTOMUMO MEPEYUCTIEHHBIX TPEX CBOMCTB, HYXHO
J106aBUTb elle ClleayioLlee:
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4) npu mobbix a; u b; (1 =1,2,...,n) Beipaxeune (1) He oTpuUATENBHO.

Yro 310 TpeGoBaHME MOXET ObITh HE BBITOJTHEHO, HECMOTPS Ha HAJIMYUC
y oyukumu F(zy, ..., z,) cBoiicTB 1)—3), nmokasblBacT ClEAyIOLUIMIA 1IPUMEP.
[TycTb

0, ecmz<0, wmmz+y<l, wmmy<o0,

F(z,y) =
( ’ 1 B OCTajIbHOI YaCTH IIOCKOCTH.

Ora dyHKUMs yroBieTBopsiet TpeGoBatusM 1)—3), Ho s Hee
F(1,1) = F(1,1/2) = F(1/2,1) + F(1/2,1/2) = 1, ()

W, CJIENOBATENbHO, YETBEPTOE TpeGOBaHMe He BbIMOIHEHO.

®yukuns F(z,y) He Moxer 6bITb (GyHKUMEH pacnpeieneHus, Tak Kak
pasHocTh (3) cormacHo cootHowenuio (1) paBHa BepOSTHOCTH IOMajaHust
ToukH (&, &) B npamoyronbHuk 1/2< € <1, 1/2<6 < 1.

Ecnu cywecrsyer Takas ¢yukuus p(zi, T, ...,T,), YTO NpH JIOGBIX
z,,Z,...,T, UMEET MECTO PAaBEHCTBO
I, I I,
F(a:,,a:z,...,:z:,.)=//.../p(z,,zz,.‘.,z,,)dz,,...dzzdzl,
—00 —00 —00

TO 3Ta QYHKLMS Ha3bIBAETCSl NAOMHOCMbIO pacnpedenenus eeposmuocmeil Cly-
yaitHoro Bektopa (&, &y, ..., &,). JIerko BUieTh, YTO MIOTHOCTb pachpeesne-
HUS 06J1afaeT cieaylolMMHB CBOICTBAMM:

) p(zy,z3,...,2,) 0.
2) BepositHocTh nomaganust Touku (€1, &2, ...,&;) B Kakylo-HUOYmb 06-

nactb G paBHa
/.../p(:z:l,mz,...,:z:,.)d:c,,...da:l,
G

B uactHocTH, ecnu dyHkuus (T, T, ..., T,) HCNPEPbIBHA B TOYKE
(zy,...,Z,), TO BepOATHOCTb mNonagauus Todku (&1, &, ..., &) B mapai-
nenenunen zy < € <  +dx (k=1,2,...,n) C TOYHOCTbIO 10 GECKOHEYHO
MaJibIX BBICILMX MOPSAKOB PaBHA

p(zy, T3, ..., Ty) dz) d2y . . . dT.

lpumep 3. B kauecTBe npuMepa n-MepHON ClIy4aitHOI BETMYUHbBI, UMEIO-
1ed MIOTHOCTb, MPUBENEM BEJIMYMHY, PABHOMEPHO PacrpeieIeHHYIO B 7t-Mep-
Hoit obnacti G. Ecnu yepe3 V 0603HayuM n-MepHbiii 00beM obnacth G, TO
TUIOTHOCTb pacrnpeseneHust oynetr paBHa

0, ecmm (z1,%,...,%5) ¢ G,

P@1, 2, Tn) = 1/V, ecm (zy,2),...,2,) €G.
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lpumep 4. TINOTHOCTb NBYMEPHOTO HOPMAJILHOIO 3aKOHA aeTcst popmy-
JIOH
1

Pz, Y) = ———F—= X
’ 27!'010’2 1 — 7‘2
2
! (z—a) (z-a)y-b)  (y-b)
xexp | — 5 — —2r + 3 .
2(1 —r?) o 0102 o5
3aMeTHM, YTO MIOTHOCTb HOPMAJIBHOIO paclipelesieHUs] COXpaHseT Mo-
CTOSIHHOE 3HaYeHMe Ha AJUIUICAX

(z-a) _ (z-a)y-b) (y-b’

; or + o=\ (4)
oy 0109 o5
rme A — TMOCTOSHHas; Ha 3TOM OCHOBaHMM JIMMCH (4) HOCAT HasBaHue

3AAUNCOB PABHbIX 8epossmiOCmedl.
Haiinem BepositHoCTb nonagaHusi touku (&), &) BHyTpb annunca (4).
[To onpepeneHnIo MIOTHOCTH

P()) = / / p(z.y) de dy, 5)
G\

rae uepe3 G(A) oGo3naucna obnactb, orpannyenHas aniuncom (4). s
BBIYMCIIEHNSI 9TOTO MHTErpajia BBEACM IONISIPHbIE KOOPAMHATDI:

z—a=pcosh, y—b=psinb.
Unrterpa (5) npu 9TOM NpHHUMaET BUA

mA/s VIsr?
1

2ro03V 1 — 12 0/

TZIe JUISl KPaTKOCTH 0603HaYeHO
' ) 1 [cos?8 L fsind sin’@
S =12 2 )

WHTerpupoBaHue no p aaer:

A2
— —_— 2
! ‘”‘p( 2(1—7'2)) - de
27!'0’102\/1—7'2 ., st

WHTerpupoBaHye no 6 MOXHO BBbIMONHUTH MO MpPaBUIaM MHTErPUPOBAHUS
TPUTOHOMETPUYECKUX (YHKUMIA, HO B 3TOM HET HEOOXOOMMOCTH, TaK KaK OHO
aBTOMAaTHYECKM TTPOU3BOAMTCS C TOMOILbLIO BEPOSTHOCTHBIX COODpaXeHHIA.
JleicTBUTENBHO,

2
P()\) = exp —-I—;—szp dp dé,

P(\) =

2
P(+00) = 1 : /da
o) = T e—— —
2rooyV 1 —r? ) s?
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Orclona
2 o
/ i 2no03V 1 — 72
0

U, CTaO ObITb,

P(A)=1—exp (—2(1,\—_27‘2))

Hopmanbenoe pacnpenejieHue WrpaetT MCKIIOUYUTEILHO OGOJIbILYIO pOJb
B Pa3/IMYHBIX MPUKIagHBIX Bompocax. PacnpeacsicHUe MHOTMX IPAKTHYCCKU
BaXHBIX CJIyyaiiHbIX BEJIMUMH OKa3blBacTCsl MOTYMHEHHBIM HOPMaJIbHOMY 3a-
KOHY pacnpencieHus. Tak, HanpuMep, OrpOMHasl INPaKTHKa apTUIUICPUHCKUX
cTpeib0, MpOU3BENeHHAs B Pa3jIMYHbIX YCJIOBHUSX, 1M0Ka3ala, YTO paccenBalue
CHapSIOB Ha TUIOCKOCTH TpU CTpesibOe U3 OIHOrO OpPYAMsl Ha OMpeneIeHHOM
ripuLesie NOAYUHAETCS HOPMAJIbHOMY 3aKOHY. B rnaBe 8 Mbl yBUAMM, 4TO 3Ta
«YHUBEPCAILHOCTb» HOPMAJILHOTO 3aKOHa OOBSICHSCTCS TEM, YTO BCSIKasi Ciy-
yaiiHasl BeJIMUMHA, SABJIAIOLIASCSA CYMMOM O4eHb GOJIbILIOTO YMCIIa HE3aBUCHMbIX
CJly4yaifHBIX BEJIMYMH, KaXlash U3 KOTOPbIX OKa3bIBaeT JIMIIb HE3HAYUTEIbHOE
BJIMSIHME HAa CYMMY, pacipcaciicHa MoYTH 110 HOPMaJIbHOMY 3aKOHY.

BaxHeiiluee NOHATHE TEOPUM BEPOATHOCTEM — HE3aBUCUMOCTb COObI-
TUH — COXpaHsET CBOE 3HaYCHME U Ul CyYyaliHbIX BEJIMYMH. B coOTBEeTCTBUH
C onpejesieHNEM HE3aBUCUMOCTH COOBITHIT Mbl CKaXeM, YTO cay4aiitbie 8eau-

wunst €1, &, .. . , & He3asucumsl, ecnn st moboit rpynnet &, &y, .. ., &, 9THX
BEJIMYUH MMEET MECTO PaBEHCTBO

P{&, <=, &, <Ziy, ..., &, <Zi} =P{&, <z }P{&, <zi,}...P{&, <z}
MpHU MPOU3IBONBHBIX T, Ti,, ..., Tj, W J060OM Kk (1 < k< n). B yacrhocry,
JUISL IPOU3BOJIbHBIX Ty, L3, ..., Ly BbIMOJHAETCS PaBEHCTBO

P{€1 <z, L <Ty, ..., & < .’l:n} = P{€1 < $1}P{£2 < :Ez} e P{ﬁn < fl:n}

WM B TepMUHAX QYHKLMHK pacripeie/ieHust
F(zy, x,...,T,) = Fi(z))F(z)) ... Fp(z,),

rae Fi(z;) o3Hayaer GbyHKUMIO pacnipenesieHus BeJIMYUHbI .

Jlerko BuIETb, YTO BEpPHO M OOpaTHOEe MNpeioXeHue: ecnu GyHKUUS
pacnpenenenus F(zy, €3, ..., Ty) CUCTEMBI ClyYailHbIX BeUuuH &1, &, ..., &,
UMeeT BUI

F(IBl, Tyyenny (Bn) = Fl(:lIl)Fz((lIz) e Fn(l’n),

rae ¢oyHkuun Fi(z)) ynoBIeTBOPSIIOT COOTHOWIEHUSAM
Fy(+o0)=1 (k=1,2,...,n),

TO BEJIMUMHBL £, &), . . ., &y HE3aBUCUMBI M DyHKUMK F(z)), F3(2)), ..., Fu(zy)
ABJIAIOTCS MX (YHKUMSAMU pacripesieieHus.
[TpoBepKY 3TOro NPeIOXEHNS Mbl MPENOCTaBJIAEM YUTATEIIO.

93axaz 1278
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lpumep 5. PaccMOTPUM 7 -MEPHYIO CJIy4aifHyl0 BEJMYMHY, KOMIIOHEH-
Tbl KOTOpO#t &, &2, ..., & SBIAIOTCS B3aMMHO HE3aBUCHUMbBIMM CIy4aiiHbIMHU
BEJIMYMHAMMU, pachpeieIeHHbIMU 10 HOPMaJIbHBIM 3aKOHaM

Tk
1 z — ag)?
Fk(:z:k) = m / exXp (—(27“‘) dz.
k
—00

B paccmarprBaeMoM npumepe GYHKLMS pacrpeaeieHusl paBHa

T

n 2
_ - zZ—a
F(zy, zy,...,2,) = (27) "“f[o‘kl /exp —%) dz.
20}
k=1
Ecnu ne3zaBucuMble ciyyaiiHble Benuuuubl &), &, ..., & HMEIOT IUIOT-
Hocti pacnpenenenus pi(z)), pa(xa), ..., Pu(Zn), TO n-MepHas BeaMuMHA
(&1, &, ..., €n) VIMEETCS TUIOTHOCTb pacrpeliesieHus], PaBHYIO

P(Z1, X2, - .-, Tn) = pi(z1)p2(22) - . . Po(2y).

lMpumep 6. Ecnn Benuuunsl &y, &, ..., {p HE3ABUCHMBI U MMEIOT IUIOT-
HOCTH pacrpeeseHus

1 (z — az)?
(2) = ——=exp| ———— 1 <k<n),
pl-.( ) a_km p( 20_’% ( RS B )
TO M-MepHast IUIOTHOCTb pacrpeleneHus Benndnusl (£, &, ..., €,) paBHa
(2m)~"/2 I (zk — ak)z)
Ty, %y,...,Ly) = ——— €X ~—E —_— ). 6
p(@1, 7 n) 010;...0, P 2k=l a',f (©)

Ipu n =2 a1 ¢opmynia NpMHUMaET BUI

(@ -a) (z2- 02)2)

1
T),T) = —— ex
p@1,2) 2o, 0 p( Uf 0’%

CpaBHeHue 3TOH (DYHKLMHU C MIOTHOCTbIO JIBYMEPHOTrO HOPMAJIbLHOTO 3aKOHA
(nmpuMep 4) mokasbiBaeT, YTO IS HE3ABUCHUMBIX CIyYyaiHbIX BeJIMYUH &) U &
napameTp 7 paBeH 0.

IMpu n = 3 dopmyna (6) MoxeT GbITh UCTOJKOBAHA KaK MJIOTHOCTb pac-
TnpeiesieHnsl BEpOSITHOCTEH KOMMNOHEHT &, €3, €3 CKOPOCTH MOJIEKYJIbI TiO OCSM
KoopauHat (pacrpenenenue MakcBenna), eciiv ToJbKO NPENNnoOXUTb, YTO

1
2 2
0y =03 = —hm’

2
o) =

rjie M — Macca MOJIeKybl, @ h — KOHCTaHTa.
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§ 21. DyHKUMM OT cnyyaiiHbIX BENUYUH

CaseneHusi, nonyyeHHble HAMU O DYHKLMSIX pacrnpeneeHusi, NO3BOJNSIOT
HaM MPUCTYNUTD K PELLICHUIO CIeayloleii 3a1a4yn: no GyHKUMMU pacrpesicieHus
F(z),z3,...,Z,) COBOKYNHOCTH Cy4aiiHbIX BEMYNH &1,&),. .., &, ONPENENUTD
dyHkumio pacnpenenenust ®(yy, ya, ..., yr) Beanuud 14 = fi(&, &, ..., &),

M= [l &, 6n)s o = i€, 6, &n)-

OO1uee pelleHUe 3TOM 3a4ayM BecbMa MPOCTO, HO TPeOYeT pacLiMpeHus
NOHATUSI UHTErpasia. YToObl HE OTBJIEKATHCS B CTOPOHY YUCTO aHATUTUYECKUX
BOMPOCOB, Mbl OrPaHUYMMCSI PACCMOTPEHMEM BaXHENILIMX YACTHBIX CJly4yaes:
JIMCKPETHBIX ¥ HENpepbiBHBIX Cy4ailHbIX BeJIMYMH. B crneayrouiemM naparpade
OynyT M3NOXeHbl OrpelesieHHe U OCHOBHbIC CBOMCTBa MHTerpana Cruirbeca;
TaM Mbl JaaMM OOLIYI0 3anuCh BaXHEHIUWX Pe3ybTaTOB HACTOSIIero napa-
rpada.

PaccMOTpUM cHayana ciyyail, Korua n-MepHbiii Bekrop (€1, &a, ..., &n)
MMeeT MJIOTHOCTb PacnpenesieHnst BeposTHocTelt p(z), Ty, ... , Ty). VI3 npessi-
JYIIEro BUIHO, YTO MCKOMas GyHKLMS pacnpefesieHusl OornpenensieTcs paBeH-
CTBOM

@(yl,yz,...,yk):/.../p(z,,mz,...,:c,,)da:ld:zz...dz,,,
D

NnpUyeM obJyactb WHTCTPUPOBAHUA D onpeacasaeTca HEpaBCHCTBAMU
f,-(a:l,:zzz,...,:z:,,) <Y ('l =12,... ,k).

B cnyyae qMCKpETHBIX Ciy4aifHbIX BEJIMYMH pElUEHUE, OYEBUIHO, JAETCH
C MOMOILBIO TL-MEPHOI CYMMbI, TaKXXe pacrpocTpaHeHHOM Ha obnacth D.

MbI NpUMEHKM Tenepb TONBKO YTO CHEaHHOe HaMu obllee 3aMeyaHue
OTHOCHTENIbHO PELIEHUS MOCTaBIEHHON HaMM OOLUEH 3ajlau¥ K HECKOJIbKUM
BaXHBIM YACTHBIM CJIY4YasiM.

Dyrkuyns pacripegenemunsi cymmsl. TTyctb Tpebyercss HailTH DYHKUMIO pac-
npeneneHusi CyMMbl

n=+&+.. .+,
ecnu p(zy, T3, ...,Tn) — IUIOTHOCTb pacripeieNieH|si BEPOATHOCTElN BEKTopa

(&1, &, ...,&). VUckoMas dyHKUMS paBHA BEPOSTHOCTH TNOMAJaHUS TOYKH
(&1, &, ..., &) B nonynpocTpaHcTBo & + & + ... + & < T M, CIENOBATENBHO,
b(z) = /.../p(zl,mz,... , Tp) dzdz; ... dT,.

> zk<z

PaccMorpuM noapoGHee ciyvait n = 2. Tpeabiayuiast opmyna rMpuHU-
MaeT B 3TOM CJIyyae TakoW BUI:

o(z) = // p(z, ;) dzdz) = //I_xzp(:cl,a:z) dz,dz;. (1)

T+z,<T
9*
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Ecnu Benuuunbl & U & He3aBUCUMBL, TO P(Z), T;) = p1(z))pa(z2) ¥ pasen-
ctBo (1) MOXeT GbITh 3aMCAaHO B TAKOM BHIE:

z-I; z

2@)= [ do [ mEme) iz = [ [ p@pe-o) =

:j dz{/pl(zl)pz(z—ml)dm}. 2

—00

B o6uiem ciyyae dopmyna (1) maer:

@(z)=/ d:z:,/p(z,a:l - 2)dz. (3)

[Mocnenuue PABCHCTBA AOKa3bIBAlOT, YTO €CJIM MHOIOMEPHOE pacnpeacicHue
cj1ara€MbiX UMEET NMJIIOTHOCTDb pacnpeacacHus BCpOﬂTHOCTCﬁ, TO UX CyMMa Tak-
XK€ UMECT IJIOTHOCTbL pacnpeacicHus. DTa MJIOTHOCTh B ciayyace HE3aBUCHUMbLIX
cnaraeMbIX MOXeT ObITh 3alKcCaHa B BUIE

p(z) = /pl(:z: — 2)pa(2) dz. (4)

PaccMOTpUM TNpuUMepbl.

Mpumep 1. Tlyctb & n & HE3aBUCHMBI M PaBHOMEPHO pacrpeleNeHbl
B uHTepBae (a,b). Haiitn miotHocTs pacnpeneneHust cyMmbl 1) = & + £;.

[notHocTH pacripenesneHns BepositTHocTeit € u & paBHBI

0, e T<a Wi > b,
pi(z) = pa(z) = __1_’ et a<z<h.
b—a
INo dopmysne (4) Haxonum, yto
b b
n(@) = [p@mle-2)ds = — [ e -2 =

a a

M3 Toro, yro npu = < 2a
r—2<2a-z2<a,

anpu ¢ > 2b
T—2>2b—-2>0,

3aKJio4yaeM, yto npu £ < 2a u = > 2b

Py(z) = 0.



§ 21. @yHkummn ot cnyyariHbix BeMYNH

133

IMycts Teneps 2a < = < 2b. INoabiuTerpanibHass GyHKUUS OTIUYHA OT HyJis

TOJIBKO MPH TeX 3HAYEHHUSIX 2, KOTOpble YAOBJIETBOPAIOT HEPaBCHCTBAM
a <ct—2<b
WIH, YTO TO X€ caMmoe, HepaBeHCTBaM

z—-b<z<z-—a.

Tak kKak £ > 2a, T0 T —a > a. OueBUIHO, yT0 T —a <b npu z < a +b.

CnenosartenbHo, eciv 2a < £ < a+ b, T0

I—a

dz T —2a
Py(z) = / (b—a)? - (b—a)?

a

ToyHo Tak Xe npu a +b < & < 2b

_ ; dz  2b-z
Pa2) = =0 " -

z

CobpaB BMecTe MoJiydeHHbIC pe3y/bTaThl, HAXOAMM, YTO

0 nmpu x<2a u x>2b,
T-—2a
p((L‘)“" W npu 20<$<a+b,
9 = -
2b-z
m npu a+b< z<2b.

DyHkumsi p,(T) HOCUT Ha3BaHUe 3akona pacnpedenenus Cumncona.

BblynciaeHus B PacCMOTPEHHOM NMpUMEPE 3HAYUTEJIbHO YIPOLLIAIOTCA, €C-
JIX BOCITIOJIb30BATbCA TCOMETPHYECKUMU COO6pa)KCHMHMM. l/I306pa3nM, KakK

o6biyHO, € M € Kak mpsiMO- Eh E4E=z (a+b<<2b)
yroJjibHble KOOPAMHAThI Ha IIOC-

Koctu. Torna BepoATHOCTb He-
paBeHctBa & + & < T npu  bf--
2a < ¢ < a+ b paBHa Bepo- \
SITHOCTHM ITIOMAJaHUsI B IBaXIbl \

3aLITPUXOBAHHBIH NPAMOYroJib-
HBblii TpeyronbHUK (puc. 16). Ota

BEPOSITHOCTb, KaK JIEFKO MOJ- . \
CYNTaTh, paBHa N
HY
(ZE - 2(1)2 a 1 |
F',,(z) = '2'_"(b _“a')'z‘ . ! & +&,=z |(2a<z<a+b)
0 a b 3

Ipu a+b < £<2b BepoATHOCTB
HepaBeHcTBa £ + & < T paBHa Puc. 16
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BEPOSITHOCTH TOMNAaJaHusl BO BCIO 3alTPUXOBAHHYIO GUTYpY. DTa BEPOATHOCTb
paBHa

(2b — )2

2(b—a)?’

Hunddeperunposanne no £ npuBoauT Hac K dopmysne (5).

B cBA3M ¢ paccMOTPCHHBIM ITPUMCPOM MHTEPCCHO 3aMETUTH ClEAylollIee.

O6ume Bornpockl reometpun npusean H. M. JlobayeBckoro K Heobxoau-
MOCTH PEIUCHHUS CIICAYIOIICIT 3a1auu: UMECTCS rpynna U3 n B3aUMHO HE3aBUCHU-
MbIX Cly4aiHbiX BeJIMuuH &), &, ..., &y ; HAUTH pacripeaesicHue BCPOSITHOCTEH
UX cpejiHero apudmeTnyeckoro.

Drta 3afaya 6buUta UM pelieHa TOJBKO [UISl ciyyasi, KOraa Bce OLIMOKM
paBHOMepHO pacnpeaenietibl B uutepsaie (—1, 1). IIpu aTtom okasajock, 4to
BCPOSITHOCTb OLIMOKE cpefHCero apudMeTHYecKOro 3akjioyaThCsl B IpCienax
OT —Z 10 T paBHa

Fy(z) =1-

+[n—nz-2r]"

1
Pule) = 5o D=1 NCECETT

rie CyMMUpPOBaHHWE pacnpocTpaHsieTcss Ha Bce Lenble T of ¢ = 0 no r =
n—ne

2

Moumep 2. [IByMepHasi cnydaiinas Beanmuuna (&1, &) pacrnpeneneHa rno
HOpPMaJIbHOMY 3aKOHY

1
z,y) = ————— X
P(@y) 2ro0aV 1 —r?

X exp (_2(11 2)((fv —20)2 P ) [l (y-zb)2>).

oy g10) (5
Haiitn dyHkumio pacnpenenenust cymmsl 7 = & + &;.
CornacHo ¢opmyne (3),

1
I)=——————x
Pi(@) 2no0,V 1 —1?

O (N

0O60o3Hayum s KpPAaTKOCTH T — @ — b YEpE3 v U Z — a 4YE€pE3 u, Toraa

() 1 / { 1 <u2 Azru(v—u)+(v—u)2)‘}du
= [expy | 5- ,
Pn 200,V 1 =712 P 2(1-12) \ o? 010, ol

Tak kak

u? u(v-u) (-u)? ,0}+2r00y+0? oy +roy V2
— —2r +- T =U 55 - 2uv — + — =
0} 010, o3 olo? 0,03 o)
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2
2 2
\/‘71+2T‘71‘72+‘72 v o1+ 10y
= u —_—— +
7102 92, /ot +2ra10; + 03
n 'UZ 1 ((71 +T02)2 .
o? ol +2roy0; + 03
2 2 2
ot +2rooy+ 05 o o1+ 10y v2(1 - r?)
= u —_——
) R
0107 02 \/012 +2r00; + 02 ol +2ro0y + 0}

TO, BBEAsA obo3HayeHHe

2 2
1 oi +2roor+0; g oy + 10,

t= U — ,
Vi-r? 7102 72 \/012 + 270107 + o

Mbl MPUBEJEM BbIPaXeHUe s Py(Z) K BUAY
2

v
ex
P (2(0’%+2ra’102+0§)) t2
Pn(z) = exp e dt.
27r\/¢7,2 + 27010y + 03
Tak Kak )
t
=zx—a-b M/exp (_E) dt = V2m,
TO

(@) 1 ( (z — a — b)? )
pp(z) = exp | —=7 = |-
\/27r (o} + 210107 + 03) 2(o} +2r010: + 03)

B yactHocTH, ecny cnydaiiHble BeIMYMHBI & M & He3aBUCHMMBI, TO T = 0
u dopmyna st p,() npUHUMaET BUIL

py(z) = e (_M)

2 (0? +02) 2(o} +03)

Hamu nonyyeH, Takum o6pa3oM, CeyIOILU pe3ybTaT: CymMmMa HOpMansho
pacnpedeneHHbIX CAYHAUHbIX 8eAUMUH pacnpedenela no HOPMAAbHOMY 3AKOHY.

MurtepecHo 3aMeTUTb, YTO KOTAa cCjlaraeMble HE3aBUCUMbl, UMEET MECTO
u obparHoe npeuioxenne (reopema I. Kpamepa): ecau cymma 08yx He3aeu-
CUMbIX CAY4QLUHbIX 8eNUYUH pacnpedeneHa NO HOPMAALHOMY 3AKOHY, MO Kajcdoe
cnazaemoe makce pacnpedeseHo no HOpManbHoMy 3akoHny. Mbl He OCTaHaBIMU-
BaeMcsl Ha JI0Ka3aTeNbCTBE 3TOro NMpEeMIOXKEHHMS, TaK KaK OHO Tpebyer Gosee
CJIOXKHOTO MaTeMaTHyYeckoro amnmnapara.
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Mpumep 3. Pacnpenenenne x*. Tlycrb &), &, ...,& — HeE3aBUCUMbBIE
cyyyaiiHble BEJMYMHbI, pacrpe/ic/icCHHbIE MO OZHOMY M TOMY XC€ HOPMaJIbHOMY
3aKOHY C NapaMeTpaMu a U 0.

DyHKUMS pacripefesieH!s! BETUYUHBI

1 n
X2=;Z(€k—a)2
k=1

HoCUT Ha3Bauue x2-pacnpedenenus.

DTO paclpele/icHUE MIpacT BaxHYIO pojib B pa3fIMyHbIX BONPOCax CTaTH-
CTHKH.

Mbl BBIYMCINM ceityac GyHKIMIO pacripencienus Beanuuibl ¢ = x/v/n.
Ona okaxercsl He3aBHUCUMOI OT a U o.

OueBHIHO, YTO JUISE OTPULIATCIBHBIX 3HAaYeHUH apryMeHTa (GyHKumMs pac-
npeacienus ®(y) senmunubl ¢ paBua 0; JUIS NOJNOXHTEIbHBIX 3HAYCHUH ¥
¢dynkuus ®(y) paBHa BCpOATHOCTH nonaganust Touku (&, &, ..., €n) BHYTPB

1apa
n

S - =g oneot
k=1
Takum obpaszom,
n

1 \" 1 s
@(y):// (E) exp (——2-21:,2> dz,dz,...dz,.
Yai<y'n =t

ﬂcpeﬁmeM JUIs1 BBIYUCIIEHUA 3TOrO0 MHTErpajia K C(I)CDM‘{CCKMM KOOpAUHATaM,
T. €. CACIaEM 3aMECHY

z; =pcosfcosb,...cosb,_1,
Ty =pcosfcosb,...sinb,_y,

z, = psiné,.
B pe3ynbrate 3TOR 3aMeHbI
m/2 T/2 yv/n
o(y)= / ;exp(—pi)p""D((),...a _)dpdb,_,...do, =
(m)n 2 n-1 n—1-- 1

-n/2  -m/2 0

yvn )
=Cp / exp (—%)pn_ldp,
0

ra€ noCrossHHas

/2 /2
1
C,,:———,;/.../D(Bl...an_,)d()n_l...d()l
V2
( 7|') -n/2 -m/2

3aBUCHUT TOJIbKO OT 7.
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:‘)Ty NMOCTOAHHYIO JICTKO BBIYMUCJINTD, 110JIb3YSCh paBCHCTBOM
< 2
n -
P(+00) =1=Cy / exp (—%)p"" dp = C"F<5) 2
0

Orclona HaXoaAuM, YTO

| yv/n )
o) = —— [ _”_) .
) 2,,,2_1P(n/2)/p exp( 5 ) dp
0

[TnotHoOCTh pacnpeicnenns ciyyaifHoi Beavuuusl ¢ npu y > 0 paBHa

oly) = %(%)l exp (—"—2’3) (6

OTClO}Ia, B YaCTHOCTH, NIpU N = I MbI NMOJIYYHUM, CCTCCTBCHHO, IMJIOTHOCThL pac-
NPCACJICHUS, PaBHYIO yIBOCHHOI 1JIOTHOCTA MCXOAHOIO0 HOPMaJILHOIO 3aKOHA

p(y) = \/gcw (—%) (y>0).

an n = 3 Mbl MoOJlyyaeM M3BCCTHBIN 3aKOH Makcsesia

2
o(y) = 3—\/\/776112 exp (—3%) :

W3 hopmyiibl (6) 1ErKo BLIBCCTH MIIOTHOCTD PACHIPC/IC/ICHHMS BETUYMHBL X .
Dra nnorHoctb paBHa 0 npy £ <0, anpu > 0

T
xn/Z—l X =
€Xp 5

2"2T(n/2)

pn(z) =

Pacnipenenenysi BeIMYMH, TECHO CBA3AHHbBIX C Y2 M YaCTO MCHONB3YEMbIX
Ha NpaKTHKe, cBeaeM B Tabnuuy (cM. Tabn. 13).

Mpumep 4. dyukums pacnpenenerns 4acrtHoro. IlycTb NMIOTHOCTbL pac-
npenesieHns BeposTHOCTeN Benmunubl (€, 7) pasua p(z, y). TpeGyercs Haiiti
¢dyHkuuio pacnpenenenus yactioro ¢ = £/1.

CornacHo omnpeneneHuio,

Fe(z) =P{¢{/n < z}.

Ecin € m 7 1306paxaioT KOOpAMHATBI TOYKM Ha IUIOCKOCTH, 10 F¢(T)
paBHa BCPOSITHOCTU TOTrO, 4To Touka (£, 7) nomajact B 06JiacTh, KOOPAMHATDI
TOYEeK KOTOPOW YIOBJIETBOPSIOT HepaBeHCTBY £/n < x. Ha puc. 17 ara obiuactb
3alTPUXOBAHA.
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Tabnuua 13
BenuunHa ITnotHoCTb pacnpenencuusinpu > 0
2 1 z":( 7 ™ exp (—z/2)
Togen 2"°T(n/2)
1, 1 . 2 ("/2)"/2 nj2-1 _nz
nX T hot g(& a) T(n/2) exp ( 2)
2 z?
— o _ 2 R ) | =
P 2PT(n]2) " °*"( z)
S X | LN s ap Van_ zy/mye-! (_12_)
C_ \/;l_ - naz g (6’: a) F(ﬂ/z) \/‘2‘ ) exp 2
CornacHo obuieit dopmyne, uc-
KOMasi BEpOSITHOCTb paBHa
o0 2z
Fe(z) = //p z)dydz +
0 —o0
+ / / p(y, z) dy dz. ()
-0 2T
Orciona BbITCKacT, 4To eciu € U 7
He3aBucuMbL, a pi(z) M py(z) — mx
IUIOTHOCTH pacrnpeicyicHUs, TO
Puc. 17
00 0
Fe(g) = / Fi(e2)pa(2) dz + / (1 = Fi(z2))pa(2) dz. 7)
0" —00
IMponnddepenunposas (7), HaxonuM, 4To
00 0
p((z):/zp(zm, z)dz — /zp(za:, z) dz. - (8)
0 —00 '

B yacTHocTH, ecnu € U 1) HE3aBUCUMBI, TO

00

0 .
pc(:t)=/zp|(zz)p2(z) dz — /zp.(z:z:)pz(z) dz. (8

0



§ 21. @yHkumm ot cnyyaiiHbIx BeMYnH 139

Mpumep 5. CnyvaitHas Bennunna (€, 7) pacnpeaencHa 1Mo HOPMaIbLHOMY
3aKOHY

r?

9= i (T 5o+ 1))
z,y) = exp | — — —2r—+ = |.
Py 20103V 1 — 12 P 2(1 = 12) | o} o0y 03
Haiitn dynkumio pacnpenenenus yacrhoro ¢ = €/1.

Mo dopmyne (8)

00 0
pc(fl:) 27ro|azv1—r [0/ é]zx
2

woxp (- ‘22 [o2a? - 20002 + 0 s —
2(1=1?) oto?
[o¢]

2

z oiz? - 2roioyT + 0',2) iz

= [ oo
=——— [ zexp| - .
wo0yV1 —r? J 2(1 - r2) o103

[Mpou3BesieM MOA MHTETPAJIOM 3aMeHY, IOJOXUB

22 o3z? - 2roj0yz + 0}

2(1 = 1?) olo?

u =

Beipaxenue uist pe(T) 11py 3TOM NPUHUMAET TaKoii BUA:

o0

(@) 10V 1 —1? /‘ (u)d o103V 1 —r1?
)= exp(—u)du = ,
P m(o}z2-2ro02z +02) / P m (0222 —2r0 07z +0?)

€CJIM, B YaCTHOCTH, BCIIUNYUHDI 6 U 1) HE3aBUCHUMBI, TO

p((:z:) = (

T 22"
w(o? + ola?)

0,0

ITnoTHOCTL pacnipenefieHusl BeMyuHbl ( HasbiBaeTcs 3akonom Kowwu.

Mpumep 6. Pacnpegenenne CroiogeHTa. Hailtn ¢yHkuMio pacrpenene-
Hust yactHoro ( = €/7, rtae € M 1) — He3aBHUCHMMble BENUYMHBI, NpUYeM &
pacnpeeneHO MO HOPMAJIbHOMY 3aKOHY

5]
Q
><
5
—~~
o
K
=
el
=
2
(¢}
gl
w
\./
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CornacHo dopmysne (8')

= [ Fon (+2) S () " on () -
\/—Fn/Z)]o( ) exp (—nTzz(:z:2+l)> nzdz.
0

CnenaB 3aMeHy

2
u:nTz(x2+l).

HaxoauM, 4TO

® r n+1
(m2+l)—(n+l)/2 B T

N T Y5 0/ w0 di= 2y

[TnoTHOCTb pacnpenesiclns BEPOSITHOCTE

n+1
Pc(z)=¥ﬂ,(2—n/7))

HOCUT Ha3BaHue 3akoHa CrbiogeHTa (CTbIOIEHT — ICEBIOHUM aHIMICKOro
craructika loccera, BriepBble HALIEAUICTO 3TOT 3aKOH 3MIMPUYECKUM MyTEM).
[Mpu n = 1 3akoH CrblofeHTa MpeBpailaeTcs B 3akoH Koy,

Tpumep 7. Mosopor ocevi koopanHart. Tlo GdyHKUMKM pacnipeesieHUs OBy-
MepHO# ciyyaiiHoi Benuunubl (€, 7) HalkTh QYHKUMIO pacnpefesieHus Ben-
YHH

(zz + 1)—("+1)/2.

(l + :1:2) —(n+1)/2

¢ =¢cosa+sina,

©)

O6o03naunm yepes F(z,y) u ®(z, y) dynkunn pacnpenenenns seanunt (€, 1)
u (¢, ') coorBetcteHno. Ecnu Mbl craneM usobpaxatsb (€,7) u (¢, 7') kak
MPSIMOYTONbHbIC KOOPAMHATBI TOYKW Ha TUIOCKOCTH, TO JIETKO BH[ETb, YTO
cucreMa oceit £'On' nonyyaercs u3 cucreMbl €07 nyreM nMoBopoTa MocjenHei
Ha yron a. Mbl orpannunMmcs ciydaeM 0 < a < m/2, npesocTaBUB YUTATENIO
BBbIBOJL @HAJIOTMYHBIX (HOPMYJT JUISl OCTAJIbHBIX 3HAYEHUI Q.

OGo3Haunm yepe3 p(z, y) MIOTHOCTH pacnpeseseHus Bekropa (€, 17) 1 Ye-
pe3 m(z, y) — Bekropa (&', n'). U3 (9) Haxomum, 4yTo

7 =—€sina+ncosa.

¢=¢cosa—17'sina,
I . /
n=¢§ sina+1n cosa.
U, CJICIIOBATENIbHO,

n(z,y) = p(zcosa — ysina, Tcosa+ ycosa). (10)
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DTO paBEHCTBO JAa€T BO3MOXHOCThL MOJYYUTh (POPMyIly, CBSI3bIBAIOILYIO
¢byHkunu pacnipenenenust Bekropos (€,1) u (€', 7). Tpu pasvickanuuu ¢op-
MyJIbl CJIEAYET YYUTHIBATH FEOMETPUYECKYIO KAPTHHY.

Mpumep 8. IBymepHas ciyyaitnas BenuumHa (€, 77) pacnpenesnena no Hop-
MaJIbHOMY 3aKOHY

1 1 z2 zy  y?
o) = e (5 o 1))
HaiiTi nnoTHOCTL pacrnpeaeneHust ciyyaitHbIX BEJTUYMH
¢ =¢cosa+nsina,
7 = —¢sina+ncosa.
Cornacuo pasetctsy (10)

m(z',y') = p(z' cosa — y'sina, z'sina+y cosa) =

1 1
=———exp [ ~—— Aa:'z—ZBa:"—i—C'z),
2ro03V1 — 12 P ( 2(1-r2) [ Y vl
rae o603Ha4YeHO

2 2

Ccos* a cosasina  sin‘«a
A=——-2r +—,
(o 0107 (5
cosasina  sinfa—cos’a cosasina
B = 3 -7 - 2 )
o} 010 o?
sin? a cosasina cos? a
C= 5 + 5.
o} 0,07 o3

N3 nonydyeHHoON opMysbl Mbl 3aKJlO4aeM, 4TO 1I0BOPOT OCCH IICPCBOUMT
HOpMaJIbHOE pacrpelesieHue B HOPpMaJibHOE.
3aMeTuM, 4TO €CJIM yroN & BbIOpaH Tak, YTO

2ro,0;
tg2a = -7,
oy — 0y

TOo B=0wn

@1 1 ( Az’ By"? )
(@', y)= ——————=exp | - - .
y 2wV 1 — 12 P 2(1-7%) 2(1-1?)

DTO paBEHCTBO O3HAYAET, YTO JI06Aast HOPMAJILHO paclpeacscHHas AByMepHas
ClydaifHasi BeJIMYMHA MYyTEM [MOBOPOTA OCEii KOOpAMHAT MOXET ObITh IPUBC-
JleHa K CUCTEME ABYX HOPMaJIbHO PacrpeiesieHHbIX HEe3aBMCUMBbIX CydaiHbIX
BEJIMYMH. DTOT pe3y/lbTaT MOXET ObITb MEPEHECEH Ha 7M-MCpHbIC CllydyaiHbic
BEJIMYMHBI.

MoxHo foKa3aTb 60see CUIbHOE NPeANIOXEHUE, UCUEPTbIBAIOLLIE XapaKTe-
pu3sylollee HOpMalibHOE pacnpesneneHue BepostHoctei. I[Tycth pacnpeaenctue
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BEPOSITHOCTEN Ha IMJIOCKOCTH TAKOBO, YTO OHO HE JIEXMUT LEJTMKOM Ha KaKoit-
6o npsiMoit. s Toro ytoObl 3TO pacnpeneneHue OblIO HOPMaJIbHBIM, He-
00X0IMMO M JOCTATOYHO, YTOObI JIByMSI Pa3IMYHbIMU CIOCODaMKU MOXHO Obu1O
Ha MJIOCKOCTH BbIOpaTh ocu KoopauHat £;0&; u 1,07, Takue, YTO KOOpAUHA-
Tbl §; ¥ &, TaK Xe KakK 7, M 7);, pacCMaTpUBacMble KaK Cly4ailHbIC BETUUMHDI
C 3alaHHbIM pacnpeaesieHUeM BeposiTHOCTEN, ObUTM Obl HE3aBUCUMBI.

§ 22. Unrerpan Ctuntbeca

JanbHeiiliee M3NOXEHUE CYLICCTBEHHO WCMOJb3YyeT MOHSTUE WHTErpa-
na Crunrbeca. nst obneryeHust u3ydyeHUsl MoOcCienylolux naparpacdoB Mbl
NPUBOIMM 3JIECh Onpelie/ieHHe U OCHOBHbIE CBoiicTBa MHTerpasia CTuiTheca,
He OCTaHaBJIMBAsACh NPU 3TOM Ha 0OKa3aTebCTBaX.

[Mpennonoxum, yto B uurepsane (a,b) onpenenexst ¢ynkums f(z)
1 HeyGbiBalowas hyHkuus F(z) ¢ orpaHuyeHHoi Bapuauueit. TIpn aTom Mbl
1isl onpejeneHHocT Oynem npexanonarark, yto ¢yHkuust F(z) HenpepbiBHa
ciesa. Ecnu a u b xoHeunsl, TO pasgenum uHTepBan (a, b) Toukamu a = g <
z) < T3 < ... < T, = b Ha KOHEYHOE YNCIIO YACTUYHBIX UHTEPBAIOB (Z;, Ti )
u obpasyeM cyMMy

> @) [Fzi) - Flzio)],

i=1

rae T; — MpOM3BOJILHOE YMCINIO, BIGpaHHOE B MHTepBate (Z;_1, T;). CraHem
Ternepb yBeJMYMBATh YUCIIO TOYEK MOApa3ae/IeHUs, OHOBPEMEHHO MPUGIIUXKas
IUIMHY MaKCHMMaJIbHOTO M3 YaCTMYHBIX MHTEPBANOB K Hymo. Eciau npu stom
HanMCcaHHas BbILIE CyMMa CTPEMUTCS K ONpEeIEHHOMY Tpeaeny

J = lim > f (%) [F(z) - F(zio), (1)

i=1

TO 3TOT npejen HasbiBaetcst HTerpaioM Cruirbeca ot dyHKuMu f(T) ¢ MH-
Terpupylotueit dyHkumeit F(z) u o603HayaeTcs CHMBOJIOM

b
J= / f(z) dF (). @)

Heco6crBeHHbIi MHTerpan CTuiTheca, KOraa MpoMeXyTOK MHTErpupoBa-
HUst GECKOHEYEH, OMpelensieTcsi OObIYHBIM MYTEM: PaCCMaTPUBAETCS MHTErpas
MO TNPOU3BOJILHOMY KOHEYHOMY WHTepBany (a,b); BenvunHbl a u b npous-
BOJIbHBIM O0OpPa30OM 3aCTaBJISIIOT CTPEMMUTBCS K —0O0 M +00; €CIM NMPU ITOM
CYLIECTBYET Mpeae

b
im_ [ 1@ ar)

b—+00 a



§22. Unrerpan Crunreeca 143

TO O3TOT mnpefen Ha3biBacTcss uHTerpaioM Cruntbeca orT byukuun f(z)
no dyuxkunn F(z) B mpomexyTke (—00, 00) 1 0603Hayaercs

/ 1(z) dF(z).

MoxHO f0Ka3athb, 4To ccnu ¢yHkums f(z) HempepbiBHA M OrpaHMycHa,
TO mpenen cymmbl (1) cylecTByeT, Kak B Cilyyae KOHEYHBIX, TaK U B CIyyae
6eCKOHEYHBIX MPEIENIOB UHTETPUPOBAHMSL.

B Hekotopbix cnydasx uHterpan CTuiTbeca CyLLECTBYCT M JUISL HEOrpa-
HHUyeHHbIX GyHKunit f(z). s TeOpuM BEpOSITHOCTEN PacCMOTPEHME TaKUX
MHTETPaJIOB MPEACTABJISICT 3HAYMTENbHBIA MHTCPCC (MAaTCMaTHYCCKOE OXMia-
HMe, UCTIEPCHsl, MOMCHTBI U 1p.).

3aMeTHM, YTO BCIOAY B AAJIbHEHLLIEM Mbl cHUMAem, ¥mo unmezpan om gynx-
uuu f(z) cywecmeyem mozda u moavko mozda, ko2da cyuwecmeyem unmezpas om
|f(x)| ¢ moii e unmeepupyroweii hynxyueii F(z).

Ins ueneit Teopuu BEpOSITHOCTEN BaXXHO paclpOCTPaHUTh OmnpelesieHue
uHterpasia CTuiTbeca Ha TOT ciyyail, koraa (GyHkuust f(Z) MOXET MMETh
KOHEYHOE WM CYETHOE MHOXECTBO TOYEK pa3pbiBa. MoxHO mokasatb?, uro
BCSIKasi OrpaHMYeHHast GyHKUMS, UMEIOIast KOHEYHOE MJIM CYETHOE MHOXECTBO
TOYEK pa3pbiBa, B YACTHOCTH, BCSIKasi PYHKLMUSI OrpaHUYEHHOI BapuallMu, UH-
Terpupyema npu Jio6oii MHTerpupyiomeid GyHKIMY orpaHMYEeHHOI BapuaLnu.
ITpn 3TOM TpebyeTcsi HECKOJNBKO BUAOM3MEHUTL CaMO OMNpelesieHUe MHTerpa-
na Crunrbeca, MMEHHO, Npu obpa3oBanuK npenena (1) Hago paccMaTpuBath
TOJIKO TaKHe MOCJIe0BaTEbHOCTH MOAPa3ieJIeHU UHTEpBaJla HHTErPUPOBa-
HMS Ha YaCTH, YTO Kax/asi TOYKa pa3pbiBa f(Z) BXOAUT B YHCJIO TOYEK JEJICHHSI
BCEX MOJpa3/e/IeHNit, 32 UCKIIoUYeHHEM, ObITh MOXET, KOHCUHOI'O YMCIa UX.

3amMeTHM, YTO TNpPHU YCTAHOBIEHWM MPEHENOB MHTEIPUPOBAHMS BAXHO
YKa3blBaTh, BKJIIOYAETCSl B MPOMEXYTOK WHTErPUPOBAHUS MJIM HCT TOT WM
MHOI ero KoHell. JleicTBUTENBHO, U3 onpeneneHust uHterpajia CTuarbeca Mbl
MojiyyaeM cliefyioliee paBeHCTBO (CHMBOJ a — 0 O3HAYaeT, YTO @ BKIIKOYEHO
B IPOMEXYTOK MHTErPUPOBaHMS, @ CUMBOJ @+0 — 4TO @ UCKIIIOYEHO M3 HEro):

i=1

b n
[ 1@ ar@ = im 3 1(@) [P@) - Fai)] =
-0

im > (%) [F(z:) - F(zi)] +_ lim f(Z)) [F(e)) - F(z)] =

n—00 z,T)=6

b
= / f(z) dF(z) + f(a)[F(a +0) — F(a)].

a+0

) Cm. Tusenko B. H. HUuterpan Cruntbeca. M.—J1.: [aBHas penakuus oOUIETCXHUUECKOMN
nuTepatypbl U Homorpabuu, 1936. C. 116.
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Takum obpasom, ccnn f(a) # 0 u dyukuus F(z) uMeer ckayok npu ¢ = a,
TO

/ f(z) dF(z / 1(z) dF(z) = £(@)[F(a +0) — F(a - 0)].
a+0

3r0 060T0ﬂTeJ‘leTBO yKa3blBaeT Ha TO, yto MHTerpan Cruiarbeca, pacnpo-
CTPaHEHHBI Ha NPOMEXYTOK, CBOAALIMIACA K OIHOI TOYKE, MOXET NaBaTh
OTJIMYHBIIA OT Hynst pe3ynbraT. Mbl yCIOBUMCS B JanbHEMIIEM, eclii He Oyner
caenaHo ocoboif OroBOpKM, MpaBblii KOHEL MTPOMEXYTKA MCKITIOYaTh, a JIEBbIiA
BKJIIOYaTb B MHTEPBAJ MHTErPUPOBAHUSA. DTO YCJIOBUE MMO3BOJISIET HAMKCaATh
clefyiolllee paBeHCTBO:

b
/ dF(z) = F(b) — F(a).

B camoM ziesie, no onpeaeneHuio,

/ dF(z)= lim Z (2:) = F(2i-1)] = lim [F(za) - F(20)] = F(0) ~ F(a)

(HanomumnM, yro F(z), mo onpeieneHuio, HENMpepbIBHA CleBa W JUIS Hee,
cnenosaresibho, F(b) = lim F(b — ¢€)).
e=0

B yactHoctH, ecin F(z) ectb dyukuus pacnpeseneHus ciydailHoii Be-
JUYuHLL €, TO
b

/dF() Fla) = P{a< £ < b}, /dF — F(b) = P{¢ < b}.

a

Ecin F(z) vMeeT NpOM3BOAHYIO W SIBJISIETCS MHTErPaJioM OT Hee, TO
U3 TOrO, 4TO 1Mo (PopMyJie KOHEYHBIX MPUpALLEHU

F(z;) — F(zi-1) = p(Ti)(zi — Ti-1),
rne T;_; < T; < T;, CeAyeT paBEeHCTBO
b n
[ 1@ ar@ = tim Y- 1@F@) - Flai)] -
i=1

a

n—o0o

4 b
= lim Z F@)p(T)(z; — z4-y) = / f(z)p(z) dz.

Mbl BUIMM, YTO B 3TOM ciyyae uHTerpasia CTuitbeca CBOOUTCS! K OObIKHOBEH-
HOMY MHTErpainy.
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Ecnun F(z) MMeeT CKa4YoK B TOYKE & = ¢, TO, BblOpaB noapasaciicHUs
TaK, YTO MPHU HEKOTOPBIX 3HAYEHMUAX UHICKCA Tk < € < Ty4|, MMCCM:

b k
/ Fla) dP(a) = lim 3 @) [F(z) - Feon] +

+ () [F(ziv1) — Fzr)] + Jlim E F@)[F(zi) - Fzio)] =

t k+2

/ 1(2) dF (z) / £(z) dF (@) + F(@)[F(c +0) - F(c - 0)].
c+0

B yacrHocTH, ecin u3MeHenne GpyHkuuu F(Z) npoHcXOauT TONLKO B TOYKAX
C1,€C, ..y Cpyen., TO

b [o¢]
/ f() dF@) = S fle) [Flea +0) - Flea —0)],
a n=1

1 uHTerpas CTUIATbECA CBOIMTCS K PSIAy.

IMepeuncinM ocHOBHble CBOiCTBa MHTerpana CTWITbeca, KOTOpPblE HaM
norpebyloTcss B AanbHeiiuieM. JloKasaTtenbcTBa 3THX CBOWCTB JIETKO MOIYT
ObITb NMPOBENEHbI YUTATENIEM, MUCXOIs1 U3 omnpeneneHus: uHrerpasia Cruntbeca
M MOJIb3YACh PACCYXIAEHUSMMU, MUCIOIb3YEMbIMU B TEOPUU OOBLIYHOTO MHTErpaa.

I.MMIpna<c<ey<...<c, <b

n Cit1

b
[10ir@ =Y [ 10dr@) la=a, b=cul

=0 s

2. TlocTOSIHHBIA MHOXWTENb BBIHOCUTCS 3a 3HAK UHTErpaga
b

b
/cf(a:) dF(:z:)=c/f(:l:) dF(z).

a

3. UnTerpan ot cymmbl (yHKUMI paBCH CYMME MX MHTErpajioB

b n n b
/ 3 @) dF(z) = S / fi(z) AP (z)
© =l i=1 9

4. Ecnn f(z) >0u b>a, 1O

b
/ f(z) dF(z) >0

10 3aka3z 1278
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5. Ecin Fi(z) n Fy(z) — MOHOTOHHblE GYHKUMM C OTPAHMYEHHBIM U3Me-
HEHMEM, a C] U €y — MPOU3BOJIbHBIE MOCTOSHHBIE, TO

/f d[ciFi(z) + ¢y Fy(z) —c,/f ) dF; :z:)+cz/f z) dF(z).

6. Ecin F(z fg(u dG(u), rne ¢ — koHcraHTa, g(u) — HenpepbIB-

Hast yHKUMS u G(u) — HeyGbiBalowass GYHKUMS C OrPaHUYEHHBIM
M3MEHEHHUEM, TO

b b
/ £(z) dF(z) = / £(2)g(2) dG(2).

Hcnons3oBas noHarve unrerpana CTuiTheca, Mbl MOXEM HamucaTh 00-
e dopmynsl Ui GYHKLUUU pacripeieseHnss CyMMBI

F(z) = / Fi(z - 2) dFy(z) = / Fy(z - 2) dFy(2)

IBYX HE3aBHUCUMBIX CJIaraeMblx, a Takxe 4acTHoro /&,

o]

F(z) =/F1 z2z) dFy( z)+/[1—1"1 z2)| dFy(2)

0

HE3aBUCHMBbIX CTydaiiHbIX BeMYMH £, €, B npeanonoxeunu, yro P{& =0} =0.

YnpaxHeHusi

1. Jlokazats, uto ecin F(z) — dyHkums pacnpeneneHus, To npu Jjobom h # 0
(bYHKUMH
z+h z+h

o(z) = -’1; / F(z)dz, Y(z)= Zl_h / F(z)dz
T z-h

TakXe ABNSIOTCA QyHKUMSAMHU pacnpeiesieHus.

2. Cnyuaiinas sennumnna ¢ umeet F(z) csoeil dhyHkuueit pactipenenerus (p(c) —
IIOTHOCTH pacrnpenenenus). Haittn dyHxumio pacnpeneneHus (IJIOTHOCTb pacrpene-
JIeHus1) cly4yailHOM BCJIMYMHBI:

a) n=af+b, aub — BEWECTBEHHbIE YNCNA;

6) n=¢" (P{¢=0}=0);

B) =1tg¢;
r) n=cosé;
n) 1= f(£), re f(r) — HenpepbiBHas MOHOTOHHAs (GYHKLMs 6€3 NPOMEXYTKOB

NOCTOAHCTBA.
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3. U3 Toukwu (0, a) nposeneHa npsimas nox yriaoM ¢ x ocu Oy.
Haittn dynxumio pacripeneneHus abcLMcchl TOUKM NEPECEYEHUs 3TOM NpsAMOit
¢ ocvio Oz, ecnun

a) yron ¢ paBHOMepHO pacrnipeaesieH B npoMexytke (0, 7/2);
6) yros ¢ paBHOMEpHO pacrpesnesieH B npomexyrtke (—w/2,7/2).

4. Ha oxpyxHocTb pangnyca R ¢ UEHTPOM B Hauajle KOOPAMHAT Hayjaady Gpoiuena
TOYKA [MHBIMU C/IOBAMU, TOJISPHBIN YTo/ TOYKM NMONaaan1s PaBHOMEPHO pacnpejenen
B npoMexytke (—m, w)]. Haittn niotHocTs pacnipenenenus

a) abcuucchbl TOUKM MONANAHUS;
6) UIMHBI XOp/ibl, COCAMHAIOLICH TOUKY nonanaus ¢ Toukoil (—R,0).

5. Ha orpe3ok ocu opavHart mexay Toukamu (0,0) u (0, R) Haynauy GpouieHa Tou-
Ka (T.e. OpaMHAaTa 3TOI TOYKM PaBHOMEPHO pactipeseseHa B npomexyrke (0, R)). Yepes
TOYKY NONANaHMs MPOBEICHA XOpHa OKpYXHOCTH T* + y? = R?, mepnenaukynsipHas
K ocu Oy. Haittu pacnpeneneHue JUIMHbI 3TOI XOp/bl.

6. JluameTp Kpyra uamepeH npubanxenHo. CuuTas, YTO €ro BeJMYMHA PABHO-
MEpHO pacrnipenesneHa B otpeske (a, b), HalTH pacripenesieHue IUIOWanm Kpyra.

7. TInoTHOCTb pacnpesneseHus cayqyaifHoi BeaMuMHbl € 1aHa PaBEeHCTBOM

a
(@)= ———~———.
exp (—z) + exp (z)
Haiitu:
a) MOCTOSIHHYIO a;

6) BepOSTHOCTb TOTO, HTO B JABYX HE3aBUCHMBIX HabmofeHUsX € 1IPUMET 3HAYEHUs,
MeHbiue 1.

8. ®ynkuus pacnpeneneHus ciyuaifHoro sektopa (€, 77) umeer BuLL:
a) F(z,y) = Fi(z)Fy(y) + F3(z);
6) F(z,y) = Fi(z)F2(y) + Fi(z) + Fa(y).

Moryr nn byukunu Fy(z) u Fy(z) ObiTh npou3BOibHbIMU? 3aBUCHMbI I
HE3aBMCHMbI KOMITOHEHTbI BekTopa (£, )?

9. Ha otpesok (0, @) Haynauy 6polLeHbI 1B TOYKH [T. €. X a6CUHCChI PABHOMEPHO
pacnpeneneHst B otpe3ke (0, a)]. Haiitn dbyHKUMIO pacnipesesieHnst pacCToSHUS MeXIy
HUMM.

10. Ha orpesok (0,a) Gpowenbl n Touek. CuuTass, YTO TOYKM pa3bpocaHbl
cayyaiiHO [T.e. Kaxaasi U3 HUX PacrojioXeHa HEe3aBMCHMO OT APYTMX W pacrpelesieHa
pasHomepHo B (0, @)], HaitTu:

a) MJIOTHOCTb pacnpenesneHus abeuucchl k-it cieBa TOUKH;
6) COBMECTHYIO MJIOTHOCTb pacnpesencHusi abecuuce k- ¥ m-it Touek ciieBa

(k <m).

11. Han cnyuaiiHoit BenmunHOR £ ¢ HenpepbiBHOW (yHKUMCH pacripenesieHust
NPOM3BEICHO N HE3aBUCUMbBIX MCIbITAHUIA, B pe3y/ibTaTe KOTOPbIX GbUIM HAaGMIOACHbI

Clellylolne 3Ha4eHUs BEMYUHbL £ &), Ty, ..., Tp. HaitTn dyHKumio pacnipenenenns
Clly4aitHbIX BEJMUMH!

a) 9, = max(z,,Z,...,Zy);

0) 7, = min(z,, T,,...,Z,);

B) k-ro no BeJM4MHE pe3y/bTata HabnIoNeH NS
r) COBMECTHOrO pacrpenesieHus kK-ro u m-ro rno BeIWYMHE pe3yNbLTaTtoB Habnione-
HUS.

10*
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12. dynkums pacnpenenenus caydaiiHoro sektopa (¢, &, ..., &) pasHa F(z,,
Z3,...,T;). B pe3ynsTate MCNbITAHUS KOMIIOHEHTHI BEKTOpA MOJYYMIM 3HAYCHHUSA
(21,22, ..., 25). Haiitn dyHkuuio pacnpeneseHunst ciyqyaitHoM BEMYMHDL:

a) 1, = max (2, 23,...,25);
6) & =min(2),22,...,2,).

13. CnyuaiiHas BesMuuMHa £ MMEET HeNpepbiBHYIO (YHKUMIO pacnpelesieHus

F(z). Kak pacnipesesncHa ciyyaiiHas Beanuuna 1 = F(£)?

14. CnyuaiiHble BenMuMHBl § M 1) HE3aBUCUMBI; UX TUIOTHOCTU pacrnpeiesieHus
onpenessiloTcs: paBCHCTBAMU

Pe(z) = py(x) =0 npn z <0,
pe(z) = ¢z exp (—fz), py(z) = c,x” exp(—Pz) npu z > 0.
Haittu:

a) TOCTOSIHHBIE €| U Cy;

6) TIOTHOCTb pacnpeneseHust Cymmbl £ + 1).

15. Haiitn nuoTtHOCTL pacnpeacieHusi CyMMbl HE3aBUCHMBIX CJIYYalHBIX BEIU-
unH € ¥ 7, nepBas M3 KOTOPBIX PaBHOMEPHO pacrpexeneHa B cerMeHte (—h, h),
a Bropas uMmeet QyHKUMIO pacnipenenenus F(z).

16. InotHocTb pacnpencieHus ciayyaiiHoro Bektopa (€, 1, () pasHa

6
——— mpu z>0,y>0,2>0,
p(m,y’z): (1+z+y+z)“
0 B OCTAIbHbBIX Clyyasix.

Haiitu pacnpenenenue Benuunnsl € + 1+ (.
17. Haittu pacnpeneneHue CyMMbl HE3aBUCHMBIX C/y4aiiHbIX BeJMUMH & U &,
CC/IU MX pacrpesesieH!s 3a1aHbl yCIOBUSAMM:
o 1 1
a) Fi(z)= F(z)= 3 + — arctg T;
™

6) paBHOMEPHO pacrpeseNieHbl COOTBETCTBEHHO B MHTepBanax (—5,1); (1,5);

) p(@) = pa(e) = 3= o (—@).

a
18. TlnoTHOCTb pacnpenesieHus HE3aBUCUMBIX CIy4aifHbIX BEMYUH € U 1) paBHa:

0 npu =<0,
a) pe(z) = pylz) =
aexp(—az) npu z>0 (a>0);
0 mpu <0, z>a

1/a npu 0<z<a.

6) p¢(z) = py(2) = {

Haittu notHoCTs pacnipeaenenus seauuntsl ( = £/1).

19. Haiitn dyHkuMio pacrpeneyieHusi NpoOU3BEAEHUS HE3aBUCUMBIX COMHOXUTE-
neit € u n no ux dhyHkumusam pacnpenenenus Fi(z) n Fy(z).
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20. CayyaitHble BeIMUMHBL € M 1) HE3aBUCUMbI M PaCrpesiesICHbI:
a) paBHOMEpHO B MHTepBaic (—a, a);
6) HOpMabHO ¢ napaMetpamu ¢ =0, o = 1.

HaiiTn $hyHKUHMIO pacripeaesieHus UX npou3BeaeHus.

21. CropoHbl £ 1 1) TpeyronbHMKA NPEACTaBSIOT COO0H HE3aBUCHUMBIE CITyyaiiHble
BesmunHbl. 1o ux dyukuusm pacnpenencuus Fy(z) n Fy(z) naittn Gynkumio pacnpe-
JICNICHUS TPCTbEIl CTOPOHBI, CCJIM Yrol MEXIy CTOPOHaMU & U 1) paBeH MOCTOSSHHOMY
qucny a.

22. Jloka3aTb, YTO €CNM BCAMYMHBI £ U 1) HE3ABUCHMBI U UX TUIOTHOCTb pacripe-
JIeICHUs1 paBHa
0 npu z <0,
p{(z) = p,,(:v) =
exp(-z) mpu z >0,

TO BENMYUHBI £ + 1) ¥ £/7) TaKXe HE3aBUCHMBI.
23. Jloka3zarb, YTO €C/IM BENUYMHBI § M 1) HE3aBUCHMbI U HOPMAILHO paclipesie-
JIeHbI C TapaMmeTpamu a; = a; = 0, 0y = 0, = 0, TO BEIMYUHBI
2, .2
(=¢&+n, §=¢/n
TaKXe HEe3aBHCHMBI.

24. JlokasaTb, YTO €C/IM BEIM4MHBI £ M 1) HE3aBUCUMBI M Pacrpele/ICHbI T10 3aKO-
Hy x? ¢ napametpamMu m u n, To BenuuuHbl § = £/ u ( = £ + 1 HE3ABUCHMBL.

25. CnyuaitHble BeanuuHsl ), &, ..., €, HE3aBUCHMbBI U HUMCIOT OAHY U Ty Xe
MJIOTHOCTb pacnpeaeeHust

)2
p(z) = m}ﬁ exp (— (zzaf ) ) -

n m
Haitt aByMepHyIO MIOTHOCTb pacripencieHus Beanund = & u (=D & (m<n).
k=1 k=1

26. [okasatb, uto Jiobas ¢yHKLHMs pacnipeaeieHns obnanaeT ciacayoLUMu CBOit-
CTBaAMH:

00 z—+0

T ri
lim z/;dF(z):O, lim z/;dF(z):O,
T

z

-0 z—-0

z z
1 1
lim :z:/ S dF(z) =0, lim z/ Z dF(z) =0.
-0 -

27. Haga cnyuaiinoit BennunHoi €, umetoLleit HenpepsiBHYIO PyHKUHMIO pacnipese-
neuust F(z), npoBejeHbl Be CCPUM HE3aBUCHUMBbIX UCTIBITAHUI, B PE3Y/ILTATC KOTOPbIX §
NPUHSUIA 3HAYEHHUS, PACIIOIOXKEHHbIE B MOPSAKE BO3PACTAHUSI B KAXKION CEPUHU:

T < <...<zy, Y<P<...<yy.
YeMy paBHa BEpOSITHOCTb HEPABEHCTB

Yu < Zmit < Yp+1s
rae m v p 3ananubic yncna (0 <m < M,0< g < N)?
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28. CnyuaitHast BenuuuHa § WMeeT HernpepbiBHYIO (GYHKUMIO pacrnpeleicHHUs
F(z). B pesynsrate n HE3aBUCUMBIX HAGMIONEHMI Hax £ MOJIyYeHBI CEAYIOLIME
3HaycHUA ) < T; < ... < T,, yNnopsiioueHHble no BeauuuHe. Hailtu nynorHocTb
pacrnpenceHust BEJUYHHbI

F(z,) — F(z5)
F(z,) - F(z1)

29. CnyyaitHble BeaMuMHbl € W 1) HE3aBUCHMbl M ONMHAKOBO pacrpeesieHbl

C TUJIOTHOCTBIO pacrpenesieHus

C
14+ z*
Haittu nocrosunyio C 1 10Ka3aTh, uto Benuuna € /1) pacrnpenesena no sakony Komwn.

D¢ =D =

30. CnyuaiiHblc BeJMUMHBI { M 7) HE3aBUCUMBI, WX TUIOTHOCTU pacripeiacicHus
COOTBETCTBCHHO PaBHbI

1
S

0 npu <0,

(Izl < 1);

r) =
Pa(2) zexp (—z’/2) npu z>0.

Jloka3zatb, 4TO BeJIM4MHA £7) HOPMAILHO pacrpelc/ieHa.

31. Ilycrb € ¥ ¢ He3aBUCHMbI U UMCIOT TJIOTHOCTH PacrpeiescHust
0 npu <0,

) = )=

Pe(®) = pe() Aexp(—Az) npu z > 0.

Jloka3aTb, YTO OTHOLUEHUE 7] = pacnpescieHo paBHoMepHoO Ha otpeske (0, 1).

£
E+¢
32. CnyuaiiHble BeJMYMHBI £ ¥ 1) HE3ABUCUMbI U PABHOMEPHO pacrpefesieHbl Ha
orpeske (=1, 1). BLIYHCIUTL BEPOSITHOCTb TOTO, YTO KOPHMU ypaBHenus £° 4 £z +n =0
BEILIECTBEHHBI.

(3aua§u 29-32 coobuienbl MHe M. U. SapeHko.)
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HYucnosble xapakTepuCcTUKu
C/ly4anHbIX BENUYUH

B npensiayiueii raBe Mbl BUICH, YTO HauboJice MOJHAs XapaKTePUCTHUKA
ciyyaiiHOM BeJMYMHBI aaeTcs ee dyHKuMell pacnpenencHus. JeidCcTBUTENBHO,
(yHKuMSA pacripenesieHUs OIHOBPEMEHHO YKa3bIBaeT HAa TO, KaKUE 3HAYCHUS
MOXET MPUHUMATh CiIy4yaiiHas BeJIMYMHA U C KAKUMHU BepOATHOCTAMU. OIHAKO
B Dflic C/lyyacB O CJIy4yailHOM BeJIMYMHE TpeOyeTcs 3HATh ropasfo MeHblue,
TpebyeTcs MOJYyYUTh O HEll JIMILIB HEKOTOPOEe CyMMapHoe npeacTtasieHue. s
TEOPUM BEPOATHOCTEN U €€ MPUJIOXKEHUH OOJIbILYIO POJib UIPAIOT HEKOTOPbIC
MOCTOSAHHBIE YUC/IA, MOJIydyaeMble MO OMNpeAeeHHBIM MpaBuiaM U3 byHKUMI
pacnpeneieHus CiyvyailHbIX BeNMYuMH. Cpeau 3TUX MOCTOSHHBIX, CIYXallUX
JUISL TIOJIYYEHUSI OOLIeH KOJIMYECTBEHHOM XapaKTEPUCTUKU CIIy4aiHbIX BeJIM-
YMH, OCOOEHHO BaXHbl MAaTEMaTHYECKOE OXWAAHUE, TUCMEPCUSi U MOMEHTbI
Pa3IMYHbIX MOPSIAKOB.

§ 23. MaTemaTuyeckoe oxupaHue

HauneM u3yoxeHue ¢ pacCMOTPEHMS CJICAYIOLIEro MpuMepa: Mpeanoso-
XUM, YTO MpHU CTpenbde U3 HEKOTOPOro Opyaus Uil MOPaXXEHUS! HEKOTOPOM
uenu TpebyeTcs OAMH CHapsil C BEPOSITHOCTBIO -p, BA CHapsiia — C BEPOSIT-
HOCTBIO P,, TPU CHapsiia — C BEPOSITHOCTBIO P3 U T. I. Kpome Toro, U3BecTHo,
YTO 7T CHapAIOB 3aBEJOMO JOCTATOYHO JUISl MOpaXeHus 3Toit uenu. Takum
00pa3oM, U3BECTHO, YTO

pt+pt...+pa=1

CnpaluuBaeTcs, CKOJIbKO B CpEAHEM MOTpeOyeTcsi CHapsSAoB JUlsl MOPaXEeHHUs
YKa3aHHOW LIeJIH.

s noynyyeHUs OTBETa HA MOCTaBJEHHBIA BONpoc OyaeM paccyXaath Tak.
TTpennonoxuM, YTo NPOU3BOAUTCH OYEHDb OOJIBILIOE YUCIIO CTPE/ibO B YKa3aH-
HBIX BbilUE YCJIOBUSAX. Torma Ha OCHOBAaHMM TEOpPEMbl BepHy/uIM Mbl MOXEM
YTBEPXIaTh, YTO OTHOCHUTEJILHOE YUCIIO CTPeab0, B KOTOPBIX [UISl TIOPaXEHHUS
LeJu MoTpeboBaICA TOJILKO OAMH CHAapsd, NpUOJIU3UTENIbHO paBHO p;. Tou-
HO TaK Xe [Ba CHapsaa notrpeboBanock npuboausutessHo B 100p; % ctpensb
U T. 1. Takum 00pa3oM, «B CpeHEM» Ha MOpaXEeHUE OIHOM Leau noTpedyercs
NpUGIU3UTENBHO

lpr4+2-pp+...4n-p,

CHaps/I0B.
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AHQJIOTMYHbBIC 331aYM MO MOJACYETY CPEAHEro 3HayYeHUsl ciayvyailHoOM Be-
JIMYMHBI BO3HUKAIOT B CaMbIX pa3HOOOpPa3HbIX 3a1ayax. BoT noyeMy B Teopuu
BCPOSITHOCTEH BBOAST B PAacCMOTpEHHUE OCO00E MOCTOSAHHOE, HOcsllee Ha-
3BaHUEC MATemMaTn4yeckoro oxuganms. Mbl cHayala aaauM OMNpeaesicHUE ISt
JIMCKPETHBIX CyYailHbIX BEJIMYMUH, OTIPABJISSCH OT TOJILKO YTO PacCMOTPEH-
HOTro npuMepa.

[TycTb

Ty,TyyeooyTp,...

0003Ha4al0T BO3MOXHBIC 3HAYCHUSI ﬂHCKpCTHOﬁ cnyqaﬁnoﬁ BCJIMYHKHDBI f, a

plyp2’ . ’pﬂ! e
— COOTBCTCTBYIOLLIMC UM BEPOSATHOCTHU.

00

Ecnu psn E ZTpPn CXOAUTCHA abCoNIOTHO, TO €ro CyMma Ha3bIBaeTCs
n=|

MamemMamu1ecKum oxcudanuem CJIy4aiiHOI BEJUYUHBI { U obo3HayaeTcs M{.
JUis HEenpepbIBHBIX CAYYaHHBIX BEJIMYUH €CTECTBEHHBIM Oyner cnenyto-

wee onpencsieHue: eciiv CilyyaiHasi BeJlMYuHa { HEMNpepbIBHA U p((L‘) — €¢

MJIOTHOCTb PpacnpeacjiCcHus, TO MATEMATUYCCKUM OXUIAAHUECM BCIUYUHBI {

Ha3bIBACTCA UHTETPpAI

M¢ :/:cp(:l;) dz (1)

B TEX CJIyyasiX, KOraa CyUIeCTBYET UHTErpa

[ talp(a) da.

st npou3BosIbHOM ciiyyaiiHoi Benmuuubl € ¢ dyHkuMeil pacnpencie-
Hus F'(z) MateMaTHYECKMM OXMIAHUEM HA3bIBACTCS MHTErpal

M{z/:l;dF(:l;). )

[Monb3ysack onpenenenveM uHterpaia CTuiTheca, Mbl MOXEM JaTh MPO-
CTOC FeOMETPUYECKOE MCTOIKOBAHME MOHATHIO MAaTEMAaTHYECKOrO OXMAAHMS:
MaTeMaTHYeCcKOe OXMIAHME PaBHO PA3HOCTH TUIOLIALEH, 3aKITIOYEHHBIX MEX/LY

OCBIO OpAMHAT, NPSAMOi ¥ = |
v kpuBoil y = F(z) B unTep-
Basie (0,+00) U MEXHy OChIO
abcuuce, KpuBoit y = F(z)
¥ OCBIO OPZIMHAT B IIPOMEXYTKE
(o0, 0). Ha puc. 18 cootser-
CTBYIOILME TUIOLIAAW 3alUTPH-
XOBaHbI M YKa3aHO, C KaKUM
3HaKOM CJIelyeT B3SITh B CyMMe
Kaxaylo U3 rowanaei. 3aMme-
THM KCTaTH, YTO reoMeTpuye-
CKasi WUIIOCTpaUMsi T03BOJsi-
€T MaTeMaTH4yecKoe OXUIAHHE
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3anuvcaTtb B TaKOM BUJIC!:

0 00
ME = — / F(z)dz + / (1 - F(z)) dz. 3)
—00 0

CnenanHoc 3aMcyaHue MO3BOJISIET BO MHOTMX CllyyasiX HaxOAUTh MaTcMaTu-
YecKoe OXulaHue noutv 6¢3 BhlYMCIIcHUI. Tak, Juis cliyyaiHoi BCIWUYMHBI,
pacrnpeze/icHHOM Mo 3aKOHY, yKa3aHHOMY B KoHlIc § 19, MarcmMaThyeckoc Oxu-
JIaHUC PaBHO MOJIOBUHE.

3aMeTUM, YTO CPCAM PACCMOTPEHHbBIX HAMM paHce CIyYyaiHbIX BEJUYMH,
clyyaiiHasi BelMYMHA, pacrnpenciicHHas nmo 3akony Koww (mpumep 5 §21),
HE UMCET MaTeMaTUYECKOro OXHUIAHHUS.

[TepeiineM K pacCMOTPCHUIO MPUMEPOB.

lMpumep 1. Haiitn mateMaTHyeckoe OXHIaHUE CIy4yaitHON BenUuMHBI €,
pacrnpeacacHHON Mo HOPMalbHOMY 3aKOHY

plz) = —— exp (—(I—‘i)z)

oV2w 202

Mo dopmyne (1) Haxoaum, 4Yto

1 _n)2
Mgz/zm/z_wexp (—%) dz.
-a

3ameHol z = MBI TIPUBOJMM BBIYMCIIAEMBII UHTErPAJI K BULY
M¢ = L / (0z+a)exp (—2—2) dz =
V21 2
o 22 a 22
— E/zexp (—?) dz + E /exp (—7) dz.
Tak kak

2? 22
/CXD (—7> dz=V2r nu /zexp (—?) dz =0,

M¢ = a.

Ml MOJIyYHJIM BaXKHbII pe3y/ibTaT, BCKPbIBAIOILMIA BEPOSTHOCTHDBIH CMBbICI
OHOIO M3 MapaMETPOB, OMNPCACSIOLUMX HOPMAJIbHbINA 3aKOH. napamemp a
8 HOpMANbHOM 3AKOHe pacnpedeneHus pagern MamemMamu4ecKomy oHcudanuio.

Mpumep 2. HailTu MaTeMaTMyecKoe OXHAAaHUE Cy4aidHol BeluuuHbl €,
PaBHOMEPHO pacrpesiesieHHol B uHTepsaie (a, b).

Umeem:

TO

b
dz ¥—-a> a+bd

Me:/mb—azz(b—a) -2
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Mbl BUIMM, YTO MAaTEMATUYECKOE OXHUAAaHUE COBMAACT C CEPeIMHON MHTEpBaia
BO3MOXHBIX 3HAYCHUM CJIy4aHON BEJIMYUHBI.

lMpumep 3. HaiiTu MaTeMaTU4YeCKOE OXMAAHUC CIYyYalHON BENUYUHBI €,
pacnpejicnieHHOM 1o 3akoHy Ilyaccona

af exp (—a
P{¢ =k} = —-———k'L——) (k=0,1,2,...).
Nmeem:
a® exp (—a) a“exp(—a)
Mg:Zk._.__kT__zzk._E___
k=0 k=1
S O ® ok
=aexp (—a) Z &= =aexp (—a) Z il
k=1 E=0

Ecnn F(z|B) ectb ycnoBuas GYHKUMS pacnpelelieHust Ui CIy4aitHoi
BEJIMYMHBI ¢, TO MHTErpa

u(¢ls) = [ o dr (i) @

Mbl Ha30BEM YCA08HbIM MAMEMAMUHYECKUM 0xcudanuem caydatinod eeauqunst €
omuocumensHo cobsimus B.

[lycte By, By,...,B, — nonHas rpynna HECOBMECTMMBIX COOBITHI
u F(z|By), F(z|By), ..., F(z|B,) — COOTBETCTBYIOLLME ITHUM COBBLITUAM
yciioBHbic (GYHKUMM pacnpeneneHus BeqnuuHbl £, O6o3Hauum yepes F(z)
Oe3ycnoBHyl0 GYHKUMIO pacripeie/icHUsl BeJMYuHbl £; no ¢dopmyse NoaHOM
BEPOSITHOCTH HaXOIUM, YTO

n

F(z) = Z P(By)F(z|By).

k=1

9TO paBEHCTBO COBMECTHO C (4) MO3BOJIET HaM MOJIYYUTDb CleAyouyio ¢hop-
MyJy:

ME = " P(Bi)M(¢|By). ()
k=1

TosbKO 4TO HaiimeHHas GopMyJia BO MHOTUX CJIy4yasiX 3HAYUTEJILHO Ypo-
L1aeT BBIYMCIICHUE MATEMATUYECCKUX OXMAAHUIA.

Mpumep 4. PaGounii 06CIYXMBACT N ONHOTHITHBIX CTAHKOB, PACTIONIOXEH-
HBIX MPSIMOJIMHEHHO Ha paccTosiHus a Apyr ot apyra (puc. 19). Cuwuras, yto
1 2 k n pabounii 00CITyXKUBACT CTAHKH, HOILXOIEH
—_—— e K HUM B TOpSAJIKE OYEPEAHOCTH, Hal-
TH CPefHMil nmepexon (MaTeMaTHyYecKoe
OXHIaHUE BEJIMYMHBI NMEPEXOA) MEXIY
Puc. 19 CTaHKaMH.
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IpoHyMepyem CTaHKM CJieBa HarnpaBo OT I-ro 0 nm-ro ¥ 0003HAYUM
yepe3 Bj coGbiTHe, cocTosilliee B TOM, YTO pabOuYMil HAXOAUTCA Yy CTaHKa
¢ HomepoM k. Tak Kak BCE CTAaHKU MO YCJIOBUIO 3alayM OMHOTMIIHBI, TO

k
BEPOATHOCTh pf ) TOTO, YTO CJICAYIOLIUM CTAHKOM, MOTPEOYIOIIMM BHUMAHUS

paGouero, OyzeT craHok ¢ HoMcpoM i, paBHa 1/m (1 < ¢ < n). Benmunna

nepexoia A B 3TOM CJiyyae paBHa

A® _ (k—1i)a npu k=i,
(i—k)a npu k<i.

[To onpenenenuio

1 /< n
M(A|By) = E(Z (k—i)a+ Y (i- k)a) =
i=1 i=k+1
= %(k(k; bt R D) = - [28 = 2n + 1)k + 1)].

BepositHocTh pabGoyeMy HaxomuThcs y k-ro cranka paBHa 1/m, nostomy

no dopmyse (5) Haxoaum, 4TO
n
a 2
MA = —(2k" =2 Dk 1].
;27#[ (n+ 1)k +n(n + 1)]
H3BecTHO, uTO

i 2_n(n+1)(2n+l)
2T

M03TOMY

an®-1) 1 1
M= (4
3n 3(+n)’

rae ! = (n — 1)a o3HayaeT paccTosiHUE MEXY KPaiHUMM CTaHKaMHU.

MaremMaTuyecKuM OXUIAHUEM 7L-MEPHOM C1yyariHov Beamynnbl (€1, &, . ..

..., &n) Ha3BIBACTCA COBOKYMHOCTb 1 MHTErPajioB

akz/.../xde(zl,...,:vk,...,:z;,,)=/mdFk(z)———M§k,

rae Fi(z) — bynkumus pacnpenencuus senvuniibl & Y.

) Mbi He naem dopmanbHOro onpeaeneHuss n-mcepHoro uHterpana CTuitbeca, BO-NEPBbIX,
noTomy 4To (hakTUuecku OyneM pacCMaTpUBATh TOJNbKO AUCKPETHbIC M HEMPEPLIBHbIE ClyuaiiHble
BEJIMYMHBI U, BO-BTOPBIX, MIOTOMY YTO, 110 CYLUECTBY, JUIsi TEOPUU BCPOSITHOCTEH HYXHa He obLias
Teopusi unterpanoB Cruirtbeca, a Teopus abcTpaktHoro muterpaita Jle6era (cm. 06 3toM no-
npo6Hee B 1. 1 MoHorpaduu Ienenko n Konmoroposa «[lpeaenbHbie pacnpeaeneHus Ui CyMM

HE3aBUCHMBIX C/ly4yailHbIX BEAMUYUH», 1949 r.).
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lNpumep 5. TInOoTHOCTH pacnpeneneHUs AByMEPHOM Cly4YaifHOW BEJTMYMHDI
(&1, &) 3anana dhopmysioit (1BymMepHOE HOpPMaJIbHOE pachpenesiecHue)

1
T, L)) = ————F— X
p( ! 2) 27['0'10’2\/1—’[‘2

% oxp (_2(1 11‘2) [(zl —2a)2 _ 2r(z1 - a)(z2 - b) N (z2 -;b)z]);

g g0 (4
HaiTU ec MaTCMaTU4YECCKOC OXHAaHUE.
[To onpeaenexuio

a =// T1p(T, 2) dz) dz) =/$|P|($l)d-’b‘1

a = // Tp(z), T,) dz) dz, =/2’2P2($2) dz,.

B npumepe 2 § 20 Mbl BUIEIH, YTO

1 (z) — a)?
pi(z)) = W (24% (———2}-12—),
1 ((l:z - b)2
pa(T2) = m (2:4% (_—M%_)’

MO3TOMY COIJIACHO pe3yJibTaTaM npumMepa | Hacrosuero naparpaga HaxoauM,
4TO

ay=a, a=0>o.

Ham YAQIOCh BbISICHUTb BEPOSITHOCTHBIA CMBICST [1AaPAMETPOB @ U b Takxe
U U4 ABYMEPHOI0O HOpMaJIbHOI'O pacripeacjicCHus.

§ 24. Aucnepcus

Jucnepcueii cnyyaitHoit BenuuuHbl § Ha3bIBACTCS MaTEMaTHYeCKOe OXHM-
JaHue KBaapara ykJioHeHust € or M{. Mbl ycioBuMes aucnepcuio o603Hayath
cumBojioM DE. Takum o6pa3oM, 1Mo onpeaesaecHuIo

DE = M(¢ — M¢)? = / z dF(z), (1)
0

rae yepes Fy(z) oGo3nayeHa GYHKUMS PacrpeiesieHUs CyqaitHOM BEJIMYNHDI

n = (£ — M¢)2. B npakTMYCCKMX pacyeTax MCrojb3yercsl apyras dopmyna, a
VUMCHHO

0t = [ (= - M) ar(e). ®)

DKBUBAIEHTHOCTb GopMyt (1) U (2) HEMOCPEACTBEHHO BHITEKAET U3 CIEAYIO-
LIEr0 OOLICTO NMPEIIOXCHHUS.
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Teopema. Ecau F¢(z) — gynxyus pacnpedenenus cayuainoi eeaudunst §,
f(z) —nenpepoignas gynryus, mo

M) = / 1(z) dFy(a).

MBI OrpaHMYMMCSI Ceifyac 10Ka3aTeIbCTBOM 3TOW TEOPEMbl JIMILIb B MPO-
cteiiwem cnyyae f(z) = (z — ME)2.

Haitnem cBs3b Mexnay dyHKIMEH pacnpeneneHus F,,(:z:) BEJIMYUHBI 1) =
= (¢ — M¢)? v dynkumeit pacnpenenehus Fg(z) Bennunnsl €. Umeem:

Fy(z)=0 npu z<0,
anpuz >0
Fy(z) =P{n <z} =P{(-ME)’ <z} =P{-VZ <{-ME<Va} =
=P{M¢{ - VZ <E <ME+VT} = Fe(ME+ VT ) — Fe(ME— VZ +0).

®opmyna (1) nepenuchiBaeTcs Tak:

0¢ = [ d[F(Me+VB) - (Mg - VB +0)] =
0

=/a:dF§(M§+\/5)—/:chE(Mf—\/E+0).
0 0

B nepBoM MHTErpaie NpOM3BEAEM 3aMcHy z = M¢ + /T, a BO BTOPOM —
3aMeHy z = M¢ — v/, B pesynbrare
. o0

/iL‘ ng(M{ + \/5) = / (Z - M€)2 dF{(Z),
Mg

0

o) Mg
/:z:dF{(Mﬁ —VzZ +0)=- / (z — ME)* dFg(2).
0 —-00

Takum obOpasom,
D¢ = / (z — ME)® dF(2).
Tak kak

(z—ME? = 2% — 22ME + (ME)* u ME = / z dFy(z),

TO hopmysna (2) MoxeT GbITh 3arUcaHa WHaYe

o= [ ara)- ([ zsz(z)>2 —ve-Mot ()
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Tak Kak Qucriepcusi siBISICTCS HEOTPULIATCIIbHOM BEJIMYMHOM, TO U3 MO-
CJIEAHEr0 COOTHOLIEHUS MBI BBIBOAUM, YTO

/ 2dF(z) > ( / zng(z))z.

DTO HEepaBEHCTBO MPEJCTaBIAET COOOM YACTHBIN Clly4yail M3BECTHOrO HEpaBeH-
crBa byHsikosckoro—Kouuu.

[Tono6HO MaTeMaTUYECKOMY OXMUIAHUIO, AUCMEPCUS CYLIECTBYET HE s
BCeX ClyyaiHbIX BeJMyuH. Tak, paccMoTpeHHbI Hamu panee (ipumep 5 §21)
3akoH Kouu He UMeeT KOHEYHON TUCMEPCHH.

PaccMOTpuM npumepbl BLIYUCIEHUS] TIUCTIEPCUM.

Mpumep 1. Hailtn pucnepcuio ciyyaitHoOW BenWYMHBI £, PaBHOMEPHO
pacnpejelieHHoi B nurepsaie (a, b).

B HaweM npumepe

b

2 3_ 3 2 2
) z b —-a b +ab+a
/z (@) /b—a e 3(b—a) 3

a
B npeabiayeM naparpacde 6bu10 HalaeHO

a+b
ME = ——.

Takum obpaszoM,

_a’+ab+ b (a+b)2_ (b~ a)?
B 3 2 ) 12

Mbl BUAMM, YTO JUCMEPCHS 3aBUCUT TOJBKO OT JUIMHBI UHTEpBaia (a, b)
u siBJigeTcsl Bo3pacTaloluei dpyHkumen mivmHbl. YeM Gosblile MHTEpBaAJI 3Haue-
HUIA, NPUHUMAEMBIX CJIy4aiiHOW BEJIMYMHOIM, T. €. 4eM OOJiblIEC PACCEAHBI €e
3HAYCHMA, TeM OoJblie aucrepcus. Jucnepcus, TakuM o06pa3oM, UrpacT poJib
mepsi paccesiimns (pa3bpoCcaHHOCTH) 3HAYCHUM CIlyvyaiHOW BEJIMYMHBI OKOJIO
MaTeMaTH4YeCKOro OXHAaHUS.

D¢

lMpumep 2. HaiiTn aucnepcuio ciydyailHoi BenuYMHbI €, pacnpeie/ICHHOI
N0 HOPMAJIBHOMY 3aKOHY

p(z) = 1 exp(—w)-

oV2w 202

MblI 3HaeM, yto M{ = a, nosTomy

D¢ = / (z—a)2p(z) dz = ﬁ / (a:—a)2 exp (_(zz_gza)_) is.

np0H3BC}leM oA UMHTErpajioM 3aMCHY IMEPEMEHHBIX, IMOJIOXUB

zT—a
z= ;
o
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o? 3 zz)
=—— [ 2Z'exp| —— ) dz.
m/ "( 2

I/IHTCI’pMpOBaHMCM Mo 4aCcTdM HaxoauM, 4YTo

/zzexp (—%2) dz= (—zexp (—?))‘io—k/exp (_z;) dz = V2.

Takum o6pa3om, OKOHYATEJIBHO

Nnpyu 3TOM

D¢ = o’

Mpbl BBISICHWIHM, TaKUM OOpa3oM, BEPOSITHOCTHBIA CMBIC] BTOpOro mna-
pameTrpa, ONpeac/sIOUIero HOPMaJibHbI 3aKOH. Mbl BUIMM, 4YTO HOpmans-
Hblll 3aKOH pacnpedeneHus nOAHOCMbLIO onpedeneH MameMamu4ecKum oxncuoanuem
u oucnepcueii. 1o 0OCTOSTENILCTBO LIMPOKO MCIONB3YETCS B TCOPETUUYECKHUX
U3BICKAHUSIX.

3aMeTUM, YTO U B Cjyyae HOPMaJIbHO pacripeie/ICHHON cilyyaiftHoi Be-
JIMYUHBI AUCTIEPCUS MO3BOJSAET CYAUTh O PACCESTHUM ec 3HaycHUi. XoTs npu
JIIOOBbIX TMOJIOXHUTEJIbHBIX 3HAYEHUSAX AUCNCPCUU HOPMAJIBHO pacipelie/icHHbIE
CJlyyaitHble BEJIMYMHBI MOTYT NIPUHUMATD BCE BELLIECTBEHHBIC 3HAYCHMS, BCE XKe
paccesiHUE 3HAUYCHUWI CNy4yalHOM BeJMYMHBI OyIET TEM MEHbLIE, YEM MCHb-
e JMCTIEpPCUsi; TIPU 3TOM BEPOSITHOCTM 3HAYECHM, ONMU3KMX K MaTeMaru-
YeCKOMY OXHIaHUIO, Oyayr Gosible. DTO OOCTOSTENILCTBO ObLIO OTMEYEHO
HaMM B TNpelbiayllei rase Npyv nepBoHayaJibHOM 3HAKOMCTBE ¢ HOPMAJIbHBIM
3aKOHOM.

lMpumep 3. HaiiTn aucnepcuio ciyyaifHoOM BEJMYMHBI A, pACCMOTPEHHOIA
B nipumepe 4 §23.
CoxpaHuB 0603HauYeHUs npumepa 4, HAXOAUM, 4YTO

M(X[Be) = - (Zac +z ) -

a?

- (k= DkQk-1)+(n-k)(n—k+1)2n—2k+1)] =
%[61:2 6(n + 1)k + (2n + 1)(n + 1)]

H, CEA0BATCIIbHO,

M(N*) = ZM (N|By) =

=—6‘£[ (n+1)(2n+1)— 3(n+1)2n+n(n+l)(2n+1)]=%2(nz_l).
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OTtclona cienyert, 4To

2 2p2 — )2
D(A) = M(A%) = (MA)’ = %(nz— 1) -"(';T) =
a2 -1)(n?+2) P 2 1 "2
B 18n2 _1_8'(1+n—1+n(n—l)+n2(n—l))'

Jucnepcueil n-MmepHoii ciayyaidHoit sennuunsl (€1, &, ..., &) Ha3bIBaeT-
Csl COBOKYIHOCTb 12 IOCTOSIHHBIX, OMpeaesieMbIX (hopMyJioit

bjL-:/.../(:I:j—MEj)(IBk—M&) dF(z,,z),...,Zn)

(1<k<n, 1<j<n).

(4)

Tak Kak npu JoGbix BewecTBeHHbIX ¢ (1 < j < n)

n 2 n n
/.../{th(mj—Mmj)} dF((L‘],(Ez,...,:B,,)ZZijktjtk >0,
j=1

j=1 k=l

TO, KaK M3BECTHO W3 TCOPUU KBAAPATUYHBIX HOPM, BEIMUMHBI ;) yIOBIETBO-
PAIOT HEpaBEHCTBaM

b“ blZ blk
b2l b22 e b2k >0 npu k=1,2,...,n.
b“ bkz bkk

Ou4eBHIHO, 4YTO
bkx = DE.

Bennyuubl bj. npu k # j Ha3bIBAIOTCS CMEUAHHbIMU WEHMPAAbHOIMU
Momenmamu 2-20 nopaoKka BeIVMUH & U i, OYEBUAHO, 4TO bji = by;.
Cnenyiowasi GyHKUMS MOMEHTOB BTOPOTO MOpsiiKa

o O
ij =
V/ biibjj
HOCUT Ha3BaHUe Kodgpuyuenma xoppeasyuu Mexny BenuduHamu & u §j.
Koadduumenr koppensuuu siBIsieTCs MEpoit CUIIbI CBSI3M (JIMHEHHOMN CBAA3M)
MeXay BenuuuHamu & v §;. Bennuuna koadduuneHTa Koppensuuu, Kak 1o
cllellyeT U3 HepaBeHCTBa ByHsikoBckoro, 3akioyeHa B npeaenax (—1, +1).
3Hayenuss £1 QOCTUralOTCs TOJNIBKO B TOM Cllyyae, Koraa M 7) CBSI3aHbI
JIMHEIHOH 3aBUCUMOCTBIO.

B nanbHeiIEM Mbl YBUIUM, YTO JUISl HE3aBUCUMBbIX BEJIMYUH KO3 duum-
CHT KOppEJISIUMK paBeH HYJIO.
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Mpumep 4. Haiiti qucriepcuio IByMEPHON ciyyaiiHoit Benuuunnsl (€], &),
pacrpezie/IcHHON MO HEBBIPOXIECHHOMY HOPMAJILHOMY 3aKOHY

1

T,Y) = ——————
P ) 2no09V1 — 12

)

0 010) g5
CornacHo dopmysie (4) 1 pesynsratam npumepa 2 Hacrosiuiero naparpada
v npumepa | § 23, HaxoauM, uTO

D¢ =07, D& =03

Hanee,
b = by = // (z - a)(y - b)p(z, y) dz dy =

! /e ( (?/—b)z)d N
o —— X —_——
2no0,V1 — 12 P 203 y

X /(z—a)(y— b) exp (—2(1 11"2) (:c(;—la —ry;b>2) dz.

» 1 (z—a y—-b) . y—>b
=t -7 , =
Vl—’l‘2 28] (0] o)

BbIpaXXeHUE Ui b MPUBOAUTCA K BULY

1 t
by =by = 3 // (0102V 1 — 12tz + roy0t?) exp (—

22
—— =) dzdt =
2 2
T t2 2 V1-—r?
=ﬂ—2/t2exp __ dt/exp _Z dz—+—ﬂ——1—‘—x
2w 2 2 2w

$2 22
X [ texp (—3) dt/zexp (—7) dz = roy0,.

Otclona HaxoauM, 4TO

o R _ M - ME)(E — ME)
7103 v/D¢iD¢,
MbI BUAMM, YTO O8yMepHbiil HopMaabblil 3akoH (TaK Xe, KaK U OQHOMep-

HbII) noAHOCMbIO Onpedensemcs 3a0anuemM MAMeMamu4ecko20 0X¥CUOaHUS U Ouc-
nepcuu, T.e. onpenenscTcs 3aIaHueM NATH BenndyuH M€, ME, D€, D€ u r.

11 3akaz 1278

3aMmeHoi

2
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§ 25. Teopembl 0 MaTeMaTU4ECKOM OXUOAHUWN
n gucnepcum '

Teopema 1. Mamemamuueckoe oxcudarue nocmosHHoU pagrHo 3moii hocmo-
AHHOU.

Hokazarenscrso. TlocTosHHylo C' Mbl MOXEM pacCMaTpuBaTh KakK AMC-
KPETHYIO CJIY4YaiiHYIO BEJIMUMHY, KOTOpas MOXCT MPUHMMATh TOJIBKO OIHO
3HayeHue C ¢ BEpOSITHOCTBIO €AMHULA; NTOITOMY

MC=C-1=C.

Teopema 2. Mamemamuueckoe oxcudanue Cymmol CAYHAUTHbIX 8eAUHUH PABHO
CYMMe UX Mamemamu4eckKux oXCUOanuil:

M(§ + 1) = ME + Mn.

Jokazaresnscreo. PaccMOTpUM cHayana ciyyail IMCKPETHBIX Cly4aiHbIX

BenuuuH § v 7. [lyctb @y, @y, ..., @y ... — BO3MOXHBIC 3HAYCHUS BEJTUYMHBI €
U p1,P2,---sPny... — HUX BEPOATHOCTH; by, by, ..., br,... — BO3MOXHbIE
3HAUEHUS! BEJIMYMHBI 1) U ¢y, G2, ..., qk, ... — BEPOSATHOCTH ITUX 3HAUCHUIA.

BoaMoXHbIe 3HaueHUs BeIMYUHBL € + 1) UMEIOT BUA ap, + b (K, n=1,2,...).
O603Ha4YMUM Yepe3 Pnr BEPOSTHOCTb TOTO, YTO € MPUMET 3HAYEHUE Ay, A 1) —
3HayeHue by. ITo onpeneneHUI0 MAaTEMAaTUYECKOTO OXUAAHUSA

M +1n) = Z (@n + be)Pnk = Z E (@n + be)Pnk =
k=1

n,k n=1 k=1
o0

- ,,Z:‘l an (kzc::lpnk) + g by, (gpnk)-

Tak Kak 1o ¢opmy’e MoJHOi BepOATHOCTH

0
ank=Pn " ank=¢1k,
n=I

o o0 o0 o0
Zan ank = Zanpn = M¢
n=1 k=1 n=1
u
o0 o0 o0
Z by (Z pnk) = Z brqr = M.
k=1 n=1 k=1

Joka3arenbCTBO TEOPEMbBI T4 Cliyyast AMCKPETHBIX CJlaraCMbIX 3aBEPILCHO.



§ 25. Teopembl 0 MaTeMaTU4eCKOM OXULAHWUN N ANCHIEPCHN 163

ToYyHO TaK Xe B clyyae, KOIa CylLECTBYET AByMEPHas MIOTHOCTh pacrpe-
neneuvs p(z, y) caydaitHoii Benuuunbl (€, 1), no dopmyse (3) §21 Haxonum:

M(:M(§+n):/mdF<(:1:)=/z(/p(z,z—z)dz) dz =

://zp(z,z—z)dzdw:/ (z +y)p(z,y)dz dy =

://zp(z,y)dzdy+//yP(Z,y)dzdy=
:/ng(z) dz+/ypn(y)dy=M§+Mn.

B o61ueM cnyuae Teopema 2 Oyner qokasaHa HaMu B JlonosiHeHuu 1.

Cnepcteue 1. Mamemamuueckoe oxcudanue cymmol KOHEHHO20 HUCAa Cay-
YQUHbIX BEAUMUH PABHO CYMME UX MAMeMamu4ecKux oxcuoanul.

M+ &+ ...+ &) =MEG+ME ..+ ME,.
JeHCTBUTENLHO, B CUJIY TONBKO YTO JOKa3aHHOM TeopeMbl
M +&+. . &) =MG+ME+ 4. +6) =

=M +ME+ME ...+ &) =
=...=M A+ ME .+ ME,.

Cnepnctsue 2. Mamemamuteckoe oxcudanue cymmoi

Cp:€|+£2+-..+£#,

20e |1 — cayqadHasn GeauduUHa, NPUHUMAIOWAS AUWb UeA0HUCAeHHble 3HaYe-
HuA, cayqaiinvie seaudunst €1, &, ... He 3a8ucam om [, MamemMamu4eckoe
oxcudanue |l KOHeHHO U psad

> Migk| P{p >k}

k=1

cxoaumc;z, cywecmeyem U pagHo

MG, = D MEP{p > j}.

j=1

Jokasarenscrso. JIeiCTBUTEIBHO, YCIIOBHOE MAaTeMaTHUYECKOE OXUaHue,
Npy yCJIOBUH, YTO i = k, paBHO

M{Cpll‘ =k} = M§ +M&E + ...+ MEg.
11*
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Be3ycnoBHOe MaTeMaTU4YeCKOE OXHUIAHUE

00 © k
MG =D M{Glu =k} -Plu=k} =D Plp=Fk} > Mg =

k=1 k=1 j=1
o0 [o¢] o0
=D Mg Y Pl{p=k} = MP{p >}
j=1 k=j j=1
Ecnu cnaraembie &), &7, €3, ... ONMHAKOBO pacnpelesieHbl, T. €. €CIu
P{¢ <z} =P{&, <z} =...= F(z), 10
M(, = M¢; - M.
JleHcTBUTENBHO,
%) k 0
M= P{u =k} D ME; = ME D kP{p =k} = M - Mp.
k=1 j=1 k=1

Mpumep 1. Yncno KOCMUYECKHUX YaCTULL, NMOMAJAIOUIMX Ha JaHHYIO IUIO-
LIAJIKY, ECTb CJIy4yailHas BeJIMYMHA [, MOAYMHEHHas 3akoHy [TyaccoHa ¢ mapa-
METPOM @, KaX/asi U3 4aCTUIL HeceT 3Hepruio €, 3aBucsiLylo oT cnyyas. Haiitu
CPEAHIOI0 3HEPrUIo &, MOoJy4yaeMylo MJIOIAAKON B eIMHULLY BPEMEHH.

CornacHo CIeACTBUIO 2, UMEEM:

ME = M¢ - My = aM¢.

lpumep 2. Tlo HekOTOpPO# LENH cTpenbba BeAETCHS A0 M-TO MOMagaHus.
Cuurasi, 4TO BBICTpEJIbI MPOU3BOAATCS HE3aBUCHMO JPYr OT ApYra U BEpOST-
HOCTb MOMNaJaHusl NMpU KaXIOM BbICTpeJie paBHAa P, HAWTHM MaTeMaTUYECKoe
OXMIaHUE pacxola CHapsIOB.

OGo3HauMM yepe3 € YMCIIO CHAPANOB, NOTPaYeHHBIX OT (k—1)-ro 1o k-ro
nonanaHus. OYEeBUIHO, YTO PACXOJ CHAPSAIOB HA M MOMagaHUii paBeH

E=6L+6L+...+ 6

W, CIIEI0BaTeNbHO,
ME = M + ME + ... + ME,.

Ho
ME =ME =0 = ME,
n
Mﬁl = qu_lpz'—z—’
,; (1-9% p
CJIE10BATCJIbHO,
n
ME = —.
p

Teopema 3. Mamemamuueckoe oxcudanue npousgedeHus He3a8UCUMBIX CAY-
YaliHbIX eAUMUH & U T) PABHO NPOU36EOCHUI0 UX MAMEMAMUYECKUX OHCUOAHU.
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Jokasarenscrso. Ecnu BeNUUUHBI & U 1) IUCKPETHBL; @1, @), ..., Gy .o —
BO3MOXHbIC 3Ha4YeHUsA € M Py, P2, ..., Pk, ... — BEPOITHOCTH ITUX 3HAYCHMIA;
b1, b2, ..., bp, ... — BO3MOXHBIC 3HAYEHUSA N U q1, G2, .- , Qn, - - - — BEPOSITHO-

CTH 3TUX 3HAYEHUM, TO BEPOSITHOCTb TOTO, YTO € NMPUMET 3HAYCHUE Qp, 3 ) —
3HayeHue by, paBHa Piq,. [1o onpeneneHUI0 MAaTEMaTUYECKOTO OXUIAHUS,

© o 00 00
M§77=Zakbnpk%:ZZakbnpkqn: (Zakpk) (Z b,,qn) =MEM2).
k,n k=1 n=|

k=1 n=1

JIMp HEMHOTUM CJIOXHEE J0Ka3aTeJIbCTBO JUIS C/ly4asi HeNpepbIBHBIX BEJIMUMH,
MPOBECTH €ro Mbl NMPEAOCTABJISIEM YUTATEIIO.
B obuiem cnyvae TeopeMa 3 OyneT aokasaHa B JornosiHeHUH 1.

Cnepncteue 1. ITocmosnHblil MHOXCUMENb MOKCHO 8bIHOCUMb 3a 3HAK Mame-
Mamu4eck020 0x#cuoaHus

MC¢ = CME.

DTO YTBEPXICHUE OYEBUIHO, TAK KAK, KAKOBO Obl HU ObUIO &, MOCTOSIH-
Hoe C ¥ BeaMYMHY & MOXHO PacCMaTPUBATh KaK HE3aBUCHMBbIC BEJIMYMHBI.

Teopema 4. Jucnepcus nocmosHHo20 pagra Hyar.
Jloka3zarenscreo. CornacHo Teopeme 1,
DC = M(C - MC)> = M(C - C)* = M0 = 0.
Teopema 5. Ecau ¢ — nocmosHHoe, mo
D¢t = czD{ .
Jokasarenscrso. B cuny cneacTBusi U3 Teopemsl 3,
Det = M[ct — Mct]’ = M[ct — eME]* = Mc?[€ — ME]® = e?M[¢ — M¢]* = ¢*DE.

Teopema 6. Jucnepcus cymmol He3aBUCUMbIX CAYHQiHbIX 8eauqun € U 1)
pasHa cymme ux oucnepcuil

D(¢ +n) = D¢ + D).
Hoka3zarenscrBo. deHCTBUTENBHO,
D(£ + 1) = M[¢ + 1 — M(E +n)]* = M[(€ — M&) + (n— Mn))* =
= D¢ + Dy + 2M(€ — M¢)(n — Mn).
BenuuuHel { u ’I] HE3aBUCHUMbI, NMO3TOMY HE3ABUCUMbI TAKXEC BCINYUHDbI
& — M& u n — My; otclona
M(€ = Mé€)(n — Mn) = M(¢ — ME) - M(n — Mn) = 0.

Cnepncteue 1. Ecau &, &, ..., & — cay4aiiHble enuquHbl, Kaicoas u3 Ko-
mopbix He3agucuma om cymMmbol npedbiOyujux, mo

D& +& + ... +&) =D& +D& + ... + Dy
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Cnencteue 2. Jucnepcus CymMbl KOHEHHO20 4HUCAA NONAPHO He3QBUCUMDBIX
cayMaiineix seaudur £y, &y, ..., & pasHa cymme ux oucnepcuil.

Hokasarenscreo. JIeHCTBUTENBHO
~D(gl +£2+ +£n) =

=M (Z (T Mﬁk)) =M Z Z (& — ME&) (&5 — MEj) =

j=1 k=1
= Z Z M(E: — MEx) (€5 — MEj) Z DEk+ D M(Ek — ME)(€; — ME)).
k=1 j=I k#£j
M3 nesaBucumocTu io60# napel BenuuuH & v &5 (k # j) BbiTekaet, 4o npu
k#j
M(&x — MEk) (&5 — ME;) = 0.

DTUM, OYEBUIHO, 10KA3aTEJILCTBO 3aBEPILUCHO.
lpumep 3. Hopmuposannwvim ykaoHeHuem CIydaitHOW BeJIMYUHBI & Ha3bl-

§— M (§ - M )
BaeTCsl OTHOLIEHUE . HokasaTb, uto D =1.
VD¢ VD¢
HeicrBurensHo, £ 1 ME, paccMaTpuBaeMble KaK CJydaidHble BEJIMYMHBI,
HE3aBUCHUMBI, TIO3TOMY B CUJIy TEOpeEM 5 U 6

D(e ~ M£> _ Dg+D(-M¢) D¢

+/D¢ D¢ D¢

lpumep 4. Ecnu £ u 1 — He3aBUCUMbIE Clly4yailHble BEJIMMUHBI, TO
D(¢ —m) = D€ + Dn.

JeiCTBUTENbHO, B CUIY TEOPEM 5 U 6

D(-7) = (-1)’Dn = Dp

D(¢ — n) = D¢ + Dn.

lpumep 5. TeopeMbl 2 U 6 MO3BONSAIOT BECbMa IMPOCTO BBLIYMCIATHL Ma-
TEMATUYCCKOC OXMIAHHME M AMUCMEPCHIO YUC/IA [ HACTYIJIeHHH cobbiTus A
NpU 7. HE3aBUCUMBIX UCTIBITAHUSAX.

[TycTb pj ecTb BepOATHOCTb NOSBJICHUS COOBITUS A MPU k-M UCMBITAHUY.

O603Ha4YnM yepes py YUCIIO NMOSIBIIEHUI COObITHSE A NP k-M UCTIBITAHUMU.
OueBUAHO, YTO fi; ECTh CHy4aliHas BEJIMYMHA, NMPUHUMAalOWas 3HaueHus 0 u |
C BEPOSITHOCTAMU @ = | — pPr U Pr COOTBETCTBEHHO.

BenuyuHa p, TakMM 06pa3oM, MOXET ObIThb NpeJCcTaBlieHa B BUAC CYMMbI

p=p+pr+.. 4+ py.

Tak kak
Mpr=0-qx+1-pp =i
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2 2 2
Dpr =Mpp — (Mpk)" =0-qe + 1- o — pi = pr(1 — Dr) = Prr,
TO NOKa3aHHBIC TEOPEMBI MO3BOJAIOT 3aAKIIOYUTH, YTO

Mu=p +pr+...4+pn
u
De=pi1q1 +p2g2 + ... + Pngn.
Jnsa cnyyast cxeMbl BepHYJUIM pr, = p M, clieA0BaTeNbHO,

Mp=np u Du=npq.
3aMeTuM, YTO OTClOAa

m#

n

r_Pr
n n
§26. MomeHTbI

Momenmom k-20 nopadka cnydaitHoit BeNMUMHBI { HA3bIBACTCS MaTEMaTH-
YecKoe OXMaaHHe BeluuuHbl (€ — a)k:

vi(a) = M(¢ — o). (1)

Ecnu a = 0, To MOMeHT Ha3biBaeTCAd Ha4anbHbiM. JIETKO BUAETb, YTO
HayaJIbHbI/f MOMEHT TEPBOTO MOPSAKA eCTh MaTEMAaTHYECKOE OXHUAaHUE BEJIU-
YUHBI €.

Ecnn a = M, TO MOMEHT Ha3bIBaeTCsl YyeHmpansHuiM. JIerko BULETb, YTO
LEHTPAIbHBIAH MOMEHT MEPBOro NMOPSAAKA PaBeH HYJIIO, a LIEHTPaJIbHbIII MOMEHT
BTOPOTO TNMOpsiiKa eCTb HE YTO UHOE, KaK JAUCIIEPCUS.

HayanbHble MOMEHTBI MBI CTaHEM 0003HayaTh OYKBOM Vi, a LIEHTPaJib-
Hble — OYKBOH fii, yKa3biBasi B O0OMX Cly4asiXx HUXHUM MHICKCOM MOPSIOK
MOMEHTA.

Mexay LeHTPaIbHBIMU Y HayaJIbHbIMK MOMEHTAaMM CYLLIECTBYET MPOCTast
cBsA3b. JleiiCTBUTENBLHO,

ftn =M(€ - ME)" =D Ca(-M&)"*ME* =3~ Cr(-M&)" Fu. (2)
k=0 k=0
Tak xak v, = M§, To

n
o= (D) Chved? ™ + (= 1)" (0 = 1)) 3)
k=2
BbinuiLeM 3Ty CBSI3b MEXAY MOMEHTaMH JUISl TIEPBBIX YEThIPEX 3HAUCHUI n:
o =1,
u =0,
”2:1/2_1/]2’ (3’)

p3 = v3 — 3y, + 203,

s = vy — 43y + 61/21/,2 - 31/‘1‘.
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DTHU nepBble MOMEHTBI UTPAIOT 0COOO BaXHYIO POJib B CTaTUCTHKE.
BennynHa .
my = M|¢ — a (4)
HOCUT Ha3BaHUE abcoatomHo20 momenma k-2o nopsadka.

CornacHO ONpe/eeHNI0 MaTeMaTHYECKOTO oxuaanus, M(¢ — a)¥ nomxHo
BBIYUCIATBECS NO hopmyre

uk(a):/sz(m), (1"

rae G(z) oGo3HayaeT PyHKLMIO pacnpeseneHus BenduHbl (€ — a)". OnHako
npu JNEHCTBUTENBHBIX pacyeTax IpeANnoYMTaloT MOJIb30BaThCA ApYyroi dop-
MyJIO¥

w(@ = [ (@- ot dF ), 5)

rie F(z) — ¢dyHkumus pacnpeneneHust Beanuunbl £. st Toro ytoGel ¢op-
myabl (1') u (5) He MPOTMBOpEYMIIM APYr APYrY, HEOGXOAUMO, YTOOBI UMEIH
MECTO PaBCHCTBA

/a: dG(z) = / (z - a)* dF (z).

JlokaxeM, YTO 3TO ACHCTBUTEJILHO TaK.
Ecnu k — nederHoe uyucno, 1o (¢ — a)¥ — Hey6wiBaowas dyHkuus &
U MO3TOMY

z) =P{(¢-a)* <z} =P{t-a< ¥z} =P{t <a+ ¥z} = F(a+ ¥2).

l'lpvl HEYETHOM k, TaKUM 00pa3oMm,
M( — a)* = / zdF(a+ Vz).

HetpyaHo. noacuurars, YTo 3aMeHOM 2 = a+ % MbI MPUBOAUM 3TOT MHTErpa
K Buay (5).

Ecnn xe k — yetHoe, To (£ — a)¥ ecTb HeoTpuu@TenbHas BelMYMHA U,
cienosarenbio, G(z) =0 npu ¢ < 0. [pu z > 0

G)=P{(¢-a)f <z} =P{la-Vz<t<a+ ¥z} =
=F(a+ ¥z) - F(a- ¥z +0).

TakuM oOpa3oM, NMpu YeTHOM k

o0

[o¢]
M(¢ —a)f = /mdF (a+ ¥z) /zdFa—f/E+o).
0 0
3ameHaMu z = a + ¥/T B nepBoM uHTerpane v z = a — ¥/ — Bo BTOpoM MbI
npusBoauM M(¢ — a)* x suay (5).

Mbl 10Ka3anM 4acCTHBIN Cllyyai ciieayloleid TeopeMbl.

A}
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Teopema 1. Ecau F(z) — ¢ynkyus pacnpedenenus eeauunvt €, f(z) —
HenpepbieHas QyHKUUA, Mo

MA(E) = / 1(z) dF ().

Tak Kak Mbl yCJIOBMJIMCH CYUTaTh, YTO CJly4ailHas BelMYMHA § uMeeT
MaTeMaTUYECKOE OXWAAHMUE TOJILKO B TOM Cllyyae, KOraa M306paxaroimii
€ro MHTerpal abCoNIOTHO CXOAUTCS, TO SICHO, YTO MOMEHT k-ro nopsaka
y BeJIMYMHBI € CYLIECTBYET TOTA U TOJBKO TOT/A, KOTa CXOAMTCH UHTErpas

/ |z|* dFy(z).

U3 artoro 3aMevaHusi CJeyeT, YTO €C/IM CliyyailHas BeJIMYMHA € MMEET MO-
MEHT k-ro mopsiika, TO OHa MMEECT TAKXEC MOMEHTbI BCEX TMOJIOXUTEIbHBIX
nopsiikoB, MeHbIIUX 4YeM k. B camom nene, ecnu |z > 1, To npu 7 < k
|z|* > |z|". MoaTomy

/Iml' dF¢(z) = / |z|” dF(z) + / lz|" dF¢(z) <

|z|<1 |z|>1
< [ Brar@+ [ ol dr).
|z|<1 |z|>1

IepBblif MHTErpaJl B NMPaBOd YacTU HEPABEHCTBA KOHEYCH B CUJIYy KO-
HEYHOCTH TPEAE/IOB UHTETPUPOBAHUS U OrPaHUYEHHOCTH MOAMHTErpPaibHOM
(yHKLUMH, BTOPOW MHTErpaj CXOAUTCS B CUJTY NMPEATNONIOXEHUS.

Mpumep. Hailitu LEHTpaIbHBIC M LEHTPAIbHbIE aGCONIOTHbIE MOMCHTBI
CJIy4yaitHOM BEJIMYMHBI, PAcTIpee/ICHHOM MO HOPMaTbHOMY 3aKOHY

plz) = —— exp (—M)

oV2w 202

HNmeem:

1 & (z — a)? o* & z?
;tk:a 27r/(:c—a.) exp<—~——$i—~ dxzjz_;/z exp ( —— dz.

Ipu k HevyeTHOM, B CHIIy HEYETHOCTH MOAMHTErPAIBHOM DYHKLMH,

pr = 0.

Ipu k yeTHOM

[o.¢]
2 . [ & z?
B =myg = ;0' " exp ey dz.
0
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[MoacTaHOBKOM T2 = 22 Mbl NPUBOAUM 3TOT MHTErpaJ K BULY

o0
2 _
p = my = \ﬁakz(k-n/z / Le=D/2emi=2) g
m

0

2 i k+1
:\/;0'”2“"1)/21’(%)—0(/;: Nk=-2)...1=

Uk _—_—k_.!—— ~
W2k /2)1

[Mpu k HeyeTHOM abCOJNIOTHBIM MOMEHT paBeH

2 k+1
mk—\/— /.1; exp (——-—) dz = \/> ko= l)/ZI‘( ;L )_
= ,/Ea"z("“’”(—k _ l)wk.
m 2

MomeHTbl (DYHKLIMI pacnpelesicHUss He MOTYT ObiTh IPOU3BOJIbBHBIMU
BeJIMUMHAMMU. [deliCTBUTEIbHO, KAKOBbI Obl HU ObLJIM MOCTOSAHHBIE g, £y, ..., n,
KBajipaTUyHas ¢opMma

- (St -5 oo

j=1 k=1

HEOTpUUATCJIbHA; MO3TOMY MNEPBLIC uj(a) JIOJIKHBI YAOBJICTBOPATH CJICAYIOLIUM
HEpPAaBCHCTBAM:

Cw(a)  wvi(a) ... w(ae)
Vl(a) Vz(a) Vk+l(a) >0 (k=1,2,...,n).

(@) (@) ... k()

AHaJIOTMYHBIM HEPABEHCTBAM MOAYMHEHBI U aGCONMIOTHBIE MOMEHTHI.
OTHOCUTEILHO AGCONIOTHBIX MOMEHTOB MBI JIOKaXeM ellle CJIEAYIOLLYyIo
TeopeMmy.

Teopema 2. Ecau cayuaiinas eeauquna £ umeem abcoarommblii Momenm
nopsdka k, mo npu mobeix t u T (0 <t <1 <k)

Ymy < Ymy < Yy,
20e 0603Ha4eHo
t
= M[¢ - af’,

a — aboe seuecmeerHoe 4ucno.
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Jokazarenscrso. JJokaxXeM CHayajia TeopeMy Juis TOro ciiyyasi, koraa t,
7 U k — pauMoHayibHble yucna. [TycThb s onpeneseHHOCTH

t=plq, T=35/q, k=u/q,
MPHUYEM IO NMPEANOJIOKECHUIO TCOPEMBI
p<s<u.

IMycts Tenepb 7 — KakKoe-HUOYIb LEJIOE TMOJIOXUTEJBHOE UYUCIO, MEHbllee
4yeMm u. PaccCMOTpPUM HEOTPULATENIbHYIO KBaApaTUYHYIO dopMy

2
2 2 r—1 r+1)/2
Mr-1)/q¥ + 2myjquv + Mr41)/qV = / [u]ml( e + 'UI-’EI( ) q] dF(z).
YcnoBue ee HCOTPUUATEJIbBHOCTU COCTOUT, KaAK U3BECTHO, B TOM, YTO

2
My /g < Mr—-1)/q - TYr+1)/g-
9’[‘0 HEPaBCHCTBO, OYCBUIAHO, MOXET OBITh 3aITUCAHO U B TAKOM BUIE:

2
Milg < Me_1)/q " M 41)/g-

Ecnu npuaath 7 NOCIENA0BATEIbHO 3HAYEHUsI OT 1 10 7, TO Mbl MOJIYYUM
MOCJIe0BaTeIbHOCTh HEPABCHCTB

2 22 2 3 2r r r
Mg S MoMa/gs  Majqg SMgM3ygs vy Myfg S Mp_1)/gMr41)/g-

3aMeTuB, YTO Bceraa mgy = |, nepeMHOXUB BhIITUCAHHbIC HEPABEHCTBA U MPO-
M3BElsl COKpAILEHUs, Mbl TIPUXOAUM K HEPABCHCTBY

r+l1 r
Mrjg S Mr+1)/g:

TakuM 0Opa3zoM, mm < m(lr/f:f;/'z, WK Xe mm < mzr/f:f;};

DTO HepaBEHCTBO, OYEBUIIHO, JOKA3bIBACT TEOPEMY B Cllyyae palMOHalIb-
HBIX t, T U k.

Tak xak (pyHKUMS mM; HenpepblBHA OTHOCHUTEJILHO apryMeHTa ¢ B ob6nacTu
0 <t <k, To npeaenbHBIM NEPEXOAOM Mbl yOeXIaeMCs B CNpaBeIMBOCTH
TEOpEMbI IpH JIIOObIX ¢, T U k.

3aMeTHM, YTO B TOJILKO YTO JOKa3aHHOM TeOpeME CONEPXUTCS ClIeAyIoLce
BaXXHOE CBOWCTBO MOMEHTOB:

1/2 1/3 1/k

my <my? <m)? <. <mllF <m/tHY <

k+1 SR

B npuMepax npeabuiyliMx rnaparpadoB JBa NEpBbIX MOMEHTa Cllyyaii-
HOM BENMYMHBI MOJHOCTBIO OMpENeNsiiv ee (GYHKLMIO pacrnpenesieHus, eciau
TOJILKO 3apaHee M3BECTeH BMA 3TOH (YHKUMH (TAK 3TO MMEJO MECTO s
pacripenesnieHuit HopMaibHoro, IlyaccoHa, paBHOMepHOro u ap.). B martema-
THUYECKOM CTAaTUCTUKE MrpalOT 3HAYMTENbHYIO POJIb 3aKOHbI pacrpeaesieHus,
3aBUCsLIME OT OOJIbILIErO YeM J1Ba Yuciia napameTpoB. Eciiu 3apaHee U3BECTHO,
YTO CJlyyaifHasd BEJMYMHA TMOAYMHEHA 3aKOHY BIIOJIHE ONpEAEIEHHOro Buja,
HO HEW3BECTHbI JIMIDb 3HAYEHUS MapaMeTPOB, TO 3TH HEU3BECTHbIE MapaMmeT-
pbl B BaXHeMWIIMX ClIy4yasix ONpeaeisioTcs 4yepe3 rnepBbic MOMeHThI. Eciu xe
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HaM HEeM3BECTHO, K KAKOMY BUJY NMPUHAIICKUT (GYHKUMUSI pacrpeesieHus, To,
BOOOILIE TOBOPSI, HE TOJILKO 3HAHWE OJHMX MEPBbIX, HO U 3HAHUE BCEX LIEJIO-
YUCJICHHBIX MOMCHTOB HE JaCT BO3MOXHOCTH OTPEAEIUTb HEU3BECTHYIO (DYHK-
umio pacripeneneHusi. OKasblBaeTCs, MOXHO MOCTPOUTH MPUMEPHI PANTUYHBIX
byHKUMIT pacnipesesieHUs ¢ OAMHAKOBBIMU MOMEHTAaMM BCEX LICJIOYMCIIEHHBIX
MOPSIAKOB. B CBSI3W ¢ 9TUM BO3HMKAET BONpoc (rpobrema MOMEeHTOB): JaHa
0CJICI0BATEIbHOCTh MOCTOSAHHBIX YMCE

o=1¢a,0,c,...;

1) npu Kakux ycjOBMSX CYLIECTBYET Takas (pyHKuMs pacnpeneieHus F(z),
JUTSL KOTOPOW TPU BCEX 1 UMEIOT MECTO PaBEHCTBA

Cn =/z" dF(z),

2) korma 3Ta GYHKUMS CIUHCTBEHHA?

B Hacrosiuiee BpeMs 3Ta 3aJaya MNoOJIyYwsia TNOJIHOE pELIEHUE, HO Mbl
HE OCTaHaBIMBAaEMCSl Ha HCM, TaK KaK OHO CTOMT B CTOpOHE OT Ha3HaYCHMS
HalIC KHUTH.

Cpeay npouyux YUCJIOBLIX XapaKTEPUCTUK Haubojee CyLIECTBEHHYIO POJib
UIpaloT TaK Ha3bIBaEMbIE CEMMMHBAPUAHTLI, UX ONpeleieHUe Mbl OTIOXUM
Jlo rMaBbl 7, cefyac Xe OTMETUM TOJNBbKO cneayiolee. IIpu cioxeHun He3aBU-
CUMBIX CJIyYalHbIX BEJIMMMH MOMEHT CYMMbI, BOOOLE FOBOpPS, HE paBeH CyMMe
MOMECHTOB cjaraeMbIX. Jisi MOMEHTa CyMMBbl HE3aBUCHMBIX cllaraeMbix € U 7
MMEET MECTO PaBEHCTBO

n
ME+n)" =) CaMEMy" .
k=0

CeMHMHBApUaAHTBI Pa3IMYHBIX MOPSAAKOB 00JIaNAOT TEM CBOWCTBOM, YTO
NPU CJIOXEHUU HE3aBUCUMBIX CJIaraeMbIX CEMUMHBAPUAHT CYMMbI PaBEH CyMMe
CEMMMHBAPUAHTOB CJlaraeMbIX TOTO Xe nopsaaka. Oka3plBaeTcs, YTO CEMUMHBA-
puaHT J1060ro nopsiaka k ecTh palMOHaNIbHasA (YHKLUS MOMEHTOB MOPSIIKOB,
MEHBILUX WU paBHBIX k.

YnpaxHeHus

1. CnyyaitHasi BenuuHa £ NPUHUMAET LE/ible HEOTPULIATE/IbHbIE 3HAYEHUSI C Be-
POSITHOCTAMHU
k

a
P{{ =k} = ——
a) P{¢ } Trap
Ha3BaHue pacnpedenenun Ilackans;
_ v aX \k(+a)...(1+ (k= 1)a)
6) pe=PlE =k = ({55) o

a>0,A>0wu p,=P{¢ =0} =(1+ar)/*. 3ro pacnpeneneHue HocHt
Ha3BaHUe pacnpedenerue Iloiia.

Haittu M€ u DE.

a > 0 — TnOCTOsIHHAsl, 3TO pacrpee/ieHue HOCUT

Ppo npu Bcex k > 0, rae
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2. Ilyctb p — 4YMCNO MOSIBNIEHUH COOBITUSS A B m HE3aBUCHMBIX UCTBITAHUSX,
B K&XIOM U3 KoTopbix P(4) = p. Haittu

a) Mp’, 6) Mu‘, B) Mg —np|.

3. BepositHOCTb nosiBiieHUst COObITHsSE A B k-M UCIBITAaHUHU paBHa py. Ilyctb p —
YUCJIO MOSBJIEHUI COObITUSS A B N NEpBbIX HE3aBUCUMBIX UCIbITaHUAX. HailTu

a) Mu, 6) Dp, B) M(ﬂ—im)}, r) M(#—ip.-)‘.
i=1 i=1

4. Jlokasatb, YTO B YCJIOBMSIX Mpeibiayluei 3amayd Makcumym Dy mocturaercs

n
I JAHHOIO 3HA4Y€HUA a = — E Pi NpH yCJIOBHH
n
1

PL=pPr2=...=pp=a.
5. MNyctb pp — uucno nosiBAEHUH COGbITUS A B N HE3aBUCHUMBIX HCIBITAHM-

X, B KaxXuoMm u3 kotopbix P(4) = p. [lycts, nanee, BennunHa 7) paBHa 0 wim |
B 3aBUCHMOCTH OT TOTO, OKa3aJIoCh 4 YETHBIM WM HevyeTHbIM. Haittu My).

6. IlnoTHOCTb pacnpeneneHus ciydaifHOI BEIMUMHBI { paBHA

p(z) = i exp (—@)

(pacnpedenenue JManaaca). Haittu M¢ u DE.

7. TInoTHOCTB pacnpeae/ieHust abCOMIOTHON BEJTMYMHBI CKOPOCTH MOJIEKYJT JAeTCsl
pacnpedenenuem Makcseana

(@) 4z? z? 50
z)=——exp| -—— npu =
4 alym P o? P

u p(z) = 0 npu £<0, a > 0 — nocrosiuHas. HaiiTh cpesHIO CKOPOCTb MOIEKYIIbI, €€
IUCTIEPCHIO, CPENHIOI KMHETUYECKYIO SHEPTHIO MOJIEKYJTbI (Macca MOJIEKY/Ibl paBHa M)
M OUCIMIEPCHIO KMHETUYECKOM SHEPruu.

8. InoTHOCTL BEpOATHOCTEH MOJieKyse, Haxonsileicsi B OPOYHOBCKOM JIBHXE-
HUHU, OTCTOSITb Ha PACCTOSSHUM T OT OTTAJIKMUBAIOIIEH CTEHKM B MOMEHT {, eciu
B MOMEHT ¢, = 0 OHa OTCTOsIIa HAa PACCTOSIHUU &y, AaeTcs HopMyIIoit

2 a2
p(z) = ZJJW (o ("(TT?)) o (“%)) pu z >0,

0 npu z < 0.
Haittn MaTeMaTuyeckoe OXHAAHUE M OUCIEPCHUIO BEJIMUMHBI MEPEMELLEHUS MO~
JeKysibl 3a Bpemst ot £y 1o t (D — mocrosiHHas).

9. Jlokasatb, YTO [UIsl IPOU3BOJILHOIM CITy4aifHOM BEJIMYMHBI €, BOSMOXHbIE 3Haue-
HHSI KOTOPO# HAaxoAsATCs B IpoMeXyTKe (a, b), BHIMOMHSAIOTCS ClEAYIOLINE HEPaBEHCTBA
(b-a)
a<MESH, DES .

10. IIycts ), T,, ..., T — BO3MOXHbBIE 3HAYEHUS HEOTPHULIATEIbHOM C/Ty4yaiHOM
BeJIMYMHBI €. Jlokasars, YTO Npu n — 00

M€n+l
a — max z;, 6) 3/ME — max z;.
) MéEr gk ) ¢ = I,
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11. Mycts F(x) — dyukumusa pacnpenenenus . JJokasarb, yro ecau ME cyiue-
CTBYET, TO

ME = / [I - F(z) - F(-2)] dz

M JUISl CylllecTBOBaHUs ME HeoGXomuMo, YTOGb

lim zF(z) = lim z[l — F(z)] =0.
I——00 —00

12. Ha orpesok (0,!) Haymauy GpoiseHbl aBe Touku. Haiitu maremarnyeckoe
OXHAAHUE, IUCMIEPCUIO U MATEMATHYECKOE OXHUIAHUE T -H CTENEHH PACCTOSTHUSL MEXIY
HUMM,

13. CnyyvaitHas BenuuuHa € pacnpene/icHa 402apu@mu4ecKku HOPMAAbHO, T.€. TIPH
z > 0 njaoTHoCTb pacnpenesieHus ¢ paBHa

1 1
p(z) = P exp (—ﬁ(ln z - a)z)

(p(z) = 0 npu z < 0). Haitru M¢ u DE.
(A. H. Konmoropos 1nokasai, yTo JorapupMHUYEeCKM HOPMAIBHOMY 3aKOHY pac-
npeleNeH!s MOAYMHEHbI Pa3Mepbl YaCTHLL NMPU APOBIeHHH.)

14. CnyyvaitHast BeavuMHa £ HOPMAJIBHO pacrpelesieHa ¢ NnapameTpaMu a U o.
Haittu M|¢ — al.
15. B swmke comepxutcst 2" 6uneros; HoMmep ¢ (2 =0, 1,2,...,n) o6o3HaueH

Ha C}, u3 Hux. Haynauy BbIHMMAIOT m GUNIETOB, S — cyMMa 00O3HauyeHHbIX Ha HUX
HOMEpPOB; HaiTh Ms u Ds.

16. Cnyvaiinbie BenuuuHsbl &1, &), ..., &nym (N > M) HE3aBMCHMBI, OXMHAKOBO
pacripenesieHbl 1 UMEIOT KOHeuyHylo aucrepcuio. Haittu koadduumeHT koppensiuuu
MeXJly CyMMaMu

s=6L+6+...+ & v o=bnp1+Hnp2t .o+

17. CnyyaiiHble BeqMUMHBI § W 7) HE3aBUCMMbI M HOPMAIbHO DAacrnpeieseHbl
C OHMMM M TEMHM Xe nmapameTpamu a 1 0. Haiitn koapdHrLmMeHT KoppensiuMu BETUYHH
at + Bn n af — B1), a Takxe MX COBMECTHOE pacnipenesieHue (a U f — MOCTOSHHbIE).

18. Cayuaiinbiit Bektop (£,7) HopmanbHO pacnpenenedH; Mé = a, Mp = b,
D¢ = o2, D = 0%, R — xoadduument koppensunu Mexay ¢ u 7. Jlokasars, uto
R = cosgm, e ¢ = P{(£ — a)(n —b) < 0}.

19. Ilyctb =, ¥ T, — pe3yabTaThl OABYX HE3aBUCUMbIX HAOMIOAEHMI Ham HOp-
MaIbHO pacrpefeseHHol BeanuuHoil €. Jokasate, yto M max (z;, T,) = a + o/Jw,
rae a = M¢, o = D¢. ’

20. Cnyuaitubiit Bektop (£,7) HOpmanbHO pacnpenpeneH, M = Mp = 0,
D¢ = Dnp =1, Mén = R. loka3arb, 4TO

1-R

M max (£, 1) = -
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21. HepoBHOTOIi MpsiXu MO JUITMHE Ha3blBAaeTCS BETMYMHA

" !
a —a
A= ——,
a
rn€e a €CTb MaTEMAaTUYECKOC OXHAAHUE JUIMHBI BOJIOKHA, a”" — MmaremaTuyeckoe
OXHWIAHUE UIMHBI T€X BOJIOKOH, JUTAHBI KOTOPBIX 6osblIe a, a' — MareMaTuyeckoe

OXMIAHWE UIMHBI TeX BOJOKOH, JUIMHBbI KOTOPbIX MeHblue a. Haittu cBsizb Mexmy
BeIMUMHAMU (ecau € pacripeleneHo HOPMaJIbHO)

a) A a, M¢—al, 6) A, a,o0.

22. CnyuvaitHble BeMuuHbl £, &, ..., &y ... HE3aBUCUMBI U PABHOMEPHO pacrpe-
nenenst B (0,1). Tlycth ¥ — ciyyaiiHas BeNMuMHA, paBHas ToMy k, NpU KOTOPOM
BIIEPBbIE CyMMa

ss=&L+&+...+&
nipesocxoaut 1. Jlokasatb, yto Mv = e.
23. Ilyctb ¢ — cnyyaitHast BEIMYMHA C TUIOTHOCTBIO pacrpeneneH st
1 1
T)=—+ ——.
Pe() T 14z
Haittu M min (¢], 1).
(3amauu 22 u 23 coobuiens MHe M. U. SnpeHko.)
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3aKkoH OonbLUMX Yncen

§ 27. MaccoBble iBNeHus U 3aKOH Gonblumx yucen

OrpoMHBI# ONBIT, HAKOTUICHHBI YeJI0BEYECTBOM, YYUT HAC, YTO SBJICHUS,
HUMEIOLME BEPOSITHOCTb, BECbMa OJIM3KYIO K CAMHULIE, [TOYTH 0053aTe/IbHO MpOo-
ucxonAT. ToyHO TaK Xe COOLITHSI, BEPOSITHOCTh HACTYIMJIEHUSI KOTOPBIX OYEHb
Mana (MHBIMM CNIOBAaMM, OYeHb GJIM3Ka K HYNIO), HACTYMAlOT OYEHb DPEMKO.
D10 OOCTOATENBCTBO UTPAET OCHOBHYIO POJIb JUISl BCEX MPAKTUYECKUX BbIBOJOB
U3 TEOPUM BEPOSITHOCTEH, TaK KaK YKA3aHHBIA OnbiTHbI akT HAET NpaBoO
B NPaKTUYECKON AEATENbHOCTH CYUTATh MAJIO BEPOSITHbIC COOBITUS MpaKkTUye-
CKM HEBO3MOXHbIMM, @ COOBITUSI, MPOUCXOIsILIME C BEPOSTHOCTSIMHM, BECbMa
ONM3KUMU K EIUHHULE, NpakTnyecku [0CToBepHbiMy. TIpn 3TOM Ha BHOJHE
CCTECTBCHHBIH BOMPOC, KAKOBA JOXHA ObITb BEPOATHOCTb, YTOOBI Mbl MOIJIH
COObITHE CYMTATh NMPAKTUYECKU HEBO3MOXHBIM (TPAKTHYECKHU JOCTOBEPHBIM),
OIHO3HAYHOIO OTBeTa JaThb Hesb3sl. M 9TO MOHATHO, TaK KaK B MPAKTHYECKOM
JNEATEIbHOCTH HEOOXOMMMO YYUTBIBATH BaXHOCTb TEX COOBITHUI, C KOTOPbIMHU
NpuxXoaUTcs UMeTh aeno. Tak, Hanpumep, ecnu Gbl NPU U3MEPEHUM PAacCTOS -
HUSI MEXAY IBYMS CEJICHUSIMU OKa3aJioch, YTO OHO paBHO 5340 M u owunbka
3TOro u3MepeHus ¢ BepositTHocTbio 0,02 paBHa uiu Gosbliie 20 M, TO Mbl MO-
XeM rnpeHebpeub BO3MOXHOCTbIO TaKOM OLIMOKK M CYUTATh, YTO PACCTOSIHHUE
neicTBuTenbHO paBHO 5340 M. TakuMm oOpa3oM, B HalleM NMPUMeEpPE Mbl CYUTA-
eM cobbiTHe ¢ BepoTHOCTBIO 0,02 MpakTUYeCKH HECYLUECTBEHHBIM U B CBOEH
NpPaKTUYeCKO NEATEIbHOCTH €ro He YYMThiBaeM. B TO Xe Bpemsi B APYrux
cnyyasx npeHeoperatbh BepositHocTaMu 0,02 ¥ gaxe elle MEHbLIMMU HEJb3sl.
Tak, ecnu npu NpoeKTUPOBaHUHU OOJIbILIOH F'MAPO3JIEKTPOCTAHLIMH, TPpeOYylolLei
OTPOMHBIX MaTepHUaJIbHbIX 3aTpaT M YEJIOBEYECKOro Tpyda, BBLISCHWIOCH, YTO
BEPOSATHOCTb KaTaCTPO(PHUYECKOro NnaBoAKa B paCCMaTPUBAEMbIX YCIIOBUSIX paB-
Ha 0,02, To 3Ta BEpOATHOCTbL OyAET COYTeHa GOJILUION M JOJKHA ObITH YYTCHA,
a He orOpolueHa, Kak 3TO ObUIO CAeJIaHO B TMpeablayllieM npumepe. Takum
obpa3oM, TONbKO TpPeOOBAaHUSA MPAKTUKHM MOTYT HaM MOACKAa3aTh KPUTEPHUH,
COIIACHO KOTOPbIM Mbl OyIEM CUMTATb T€ WM MHbIC COOBITUSI MPAKTHYECKU
HEBO3MOXHBIMU WJIM NMPAKTUYECKHU JOCTOBCPHBIMH.

B 1O Xe BpeMs HEOOXOAMMO 3aMETUTb, YTO JiloOoe COObITHE, UMelolliee
MOJIOXKHUTEJILHYIO BEPOSITHOCTh, KakK Obl Majla HY Obl1a 3Ta BEPOSITHOCTb, MOXET
NPOU30NUTH, U €CJIM YUCJIO UCTIBITAHU I, B KAXKI0M U3 KOTOPLIX OHO MOXET NpO-
M30MTHU C OTHOM U TOM XE€ BEPOSITHOCTHIO, OYEHDb BEJIMKO, TO 3Ta BEPOSITHOCTD
XOTS1 Obl OJJHOKPATHOIO €ro MOsIBJIEHUS MOXET CTaThb CKOJIb YrOAHO ONU3KOi
K eIMHMLE. DTO OOCTOSITENILCTBO MOCTOSHHO cjieayeT MMeTh B Buay. OQHAKO
€CJIM BEPOATHOCTb HEKOTOPOIo COOBITHSI OYeHb MaJia, TO YPE3BbIYANHO TPYAHO
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O0XMJIaTh €ro MnosiBJieHUsi B KAKOM-JIMOO 3apaHee orpenesneHHoM WCTbITAHUM.
Tak, ecim HEKTO YTBEPXIAET, YTO NMPHU NMEPBOI Xe pa3aaye KapT MEXIY YeThIphb-
MS MapTHEPAMM KaXIbli MOJYYUT KAPThl TOJILKO OJHOM MacTH, TO €ECTECTBEHHO
3aMoA03pUTh, YTO NMPU pa3gaye pyKOBOACTBOBAJIMCh KAKUM-TO ONpeAc/IiCcHHbIM
cooDpaxXeHHUeM, HarpuMep, PacroIOXWIN KapThl B ONpeICIeHHOM, U3BECTHOM
chaloueMy, nopsiike. Ara Haia yBepeHHOCTh OCHOBBIBAETCH Ha TOM, YTO BEPO-
SITHOCTb TaKO# PacKJIaiK1 NPy xopolLei Tacoske pasHa (9')44!/36! < 1,1.10713,
T. €. Upe3BblyaiiHO Masna. TeM He MeHee OfHaXAbl (haKT TaKOM pacKIaaKu KapT
ObUT 3apErUCTPUPOBAH. DTOT NPUMEP JOCTATOYHO XOPOLIO WIIOCTPUPYET pa3-
JIMYUEC MEXIY TMOHSATUSAMHU MPAKTUYECKONH HEBO3MOXHOCTH MU HEBO3MOXHOCTH,
TaK CKa3aTh, KATCrOPUYCCKOM.

W3 cka3aHHOro NMOHATHO, YTO B MPAaKTUYECKOM AeATEILHOCTH, 1a U B 06-
LIETEOPETUYECKMX 3alayax, O0billoe 3HAYCHUE UMEIOT COOBITHUS C BEPOSITHO-
CTSIMU, OJMU3KMMU K eAuHULEe wiu Hymo. OTCloaa CTaHOBUTCH SCHBIM, YTO
OIHOM U3 OCHOBHBIX 33J1a4 TCOPUU BEPOSITHOCTEH JAOJIKHO ObITh YCTAHOBJICHUE
3aKOHOMEPHOCTEH, MPOUCXOMSILIUX C BEPOATHOCTAMU, OJIM3KUMU K eIUHULIC:
NMpyU 3TOM OCOOYI0 pOJib JOJIXHBI MIrpaTb 3aKOHOMEPHOCTH, BO3HHMKAIOLIUC
B pe3yJbTaTe HAJIOXEHUSI OOJBIIOrO YUCIa HE3aBUCUMBIX UM €1abo 3aBUCU-
MBIX CJIy4aiHbIX ()aKTOpOB. 3aKOH GOJIBILIMX YUCEN ABSACTCA ONHUM U3 TaKUX
MPEIOXEHUI TEOPUU BEPOSITHOCTEH M MPU TOM BaXXHEHILIUM.

Ilox 3akoHOM GonblIMX YUces Tenepb ObUIO Obl ECTECTBEHHO NTOHUMATh
BCIO COBOKYNMHOCTb TNPEIJIOXEHUH, YTBEPXAAIOUIMX C BEPOSATHOCTBIO, CKOJIb
YroaHO OJM3KOH K CAMHMLE, YTO HACTYMUT HCKOTOPOC COOBITHUE, 3aBUCSLICE
OT HEOrPaHMUYEHHO YBEJIMYMBAIOLIErOCS YMUCHA CIYYaiHBIX COOBITUI, Kaxaoe
U3 KOTOPBLIX OKa3bIBACT HA HEro JIMILbL HE3HAYUTEJIbHOE BIUAHUE. DTO Obliiee
MpEeACTaBJIEHUE O TEOPEMax TUIA 3aKOHA OOJIbILIMX YUCET MOXHO CHOpPMYJIUPO-
BaTh U HECKOJILKO ONpEAeNIeHHEe: MYCTh JaHa MOoCJeI0BaTeIbHOCTb CJIyYalHbIX

BCJIMYUH
&,6,..., 6, ... . (l)

PaccMoTpuM cnyyaiiHble BEJIMYMHBI (,, SBISIOUIMECS HEKOTOPbIMU 3a-
JAaHHBIMU CUMMETPUYECKUMHU (DYHKILUSAMU OT MEPBBIX N BEJIMYMH MOCIEI0Ba-

TenbHocTH (1):
Gn=rfal1, &, ..., 6n)-

Ecnu cyuectByeT Takasi nocjenoBaTeIbHOCTh MOCTOSIHHBIX @, @), ..., Gy, - - .,
4TO MpH JoboMm € > 0

lim P{IGy — an| <} =1, o))

TO MOCJIEA0BATEILHOCTb (1) MOAYMHSAETCS 3aKOHY GOJIBLUIMX YHUCEN C 3aNaHHBIMU
yHkuuamu f;,.

OO6bIYHO, ONHAKO, B TMOHATHE 3aKOHA OONBLIMX YMCEN BKJIaAbIBAETCS
ropas3no 6oJjice ONpENENIEHHOE ColepXaHUe. A UMEHHO, OrPaHUYUBAIOTCSA TEM
clydaeM, Korma f, ecTb cpeaHee apugpmernyeckoe senmdunn €1, &, ..., &y.

Ecnu B coorHoweHuu (2) Bce BEIMYUHBI @, PABHLI OLHOM M TOM Xe
BEJIMYMHE @, TO TOBOPST, YTO Cly4aiHbIE BEJIUYUHBI ; CXOASTCS 110 BEPOSITHO-
CTM K a. B 9THX TepMHHax cooTHowweHHe (2) o3Hayaer, YTo (, — G, CXOMMTCS
10 BEPOSITHOCTH K HYJIIO.

123aka3 1278
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HaGnionasi eaMHUYHbIC SBJEHUS, Mb! HabJI0JacM HMX BMECTE CO BCEMMU
UX UHAMBUAYAJILHBIMU OCOOEHHOCTSIMM, 3aTEMHSIOLIMMU MPOSBICHUE TEX 3a-
KOHOMEPHOCTEH, KOTOpble UMEIOT MECTO NpPU HAOJIIOACHUM OOJNBILIOro YMucia
AHAJIOTUYHBIX SIBJICHUIA.

To, 4to hakTOphl, HE CBA3AHHBIE C CYLLIECTBOM BCErO MPOLECCA B LEJIOM,
a MpOSIBNISIOIIMECS TOJNILKO B CAMHUYHBIX €r0 OCYLIECTBJICHUSIX, NPU PacCMOT-
PEHUU CpeaHero M3 OoNbLIOro yucia HaOJMIOJCHUN B3aMMHO MOrallaloTCs,
ObUIO 3aMeYeHO ellie AaBHO.

IMo3aHee 3TOT SMNUPUYECKUI pe3yNbTaT OTMEYaJiCA BCE Yalle U vallle
Y TIPUTOM, KaK MpaBujo, 6e3 MOMbITKM HAWTH €ro TEOPETHYECKOE OOBsICHE-
Hue. BrnipoueM, Takoe oObSICHEHME MHOTMM aBTOpaM M HeE TpeOOBaJIOCh, TaK
KaK HajMyue 3aKOHOMEDHOCTEH KakK B SIBJICHUSAX TPUPOABLI, TaK U B OOlIe-
CTBEHHBIX SABJICHUAX JUIA HUX ObLJIO HUYEM MHBIM, KaK IMPOABJICHUEM MpPaBUJI
60XeCTBEHHOIr0 MOpSIKa.

Hexkoropbie aBTOpBI 10 CUX MOP OGEAHAIOT COACPXaHUE 3aKOHA OOJIBLIUX
Yyucesl U AaXe MCKaXaloT €ro METOHOJIOrMYecKoe 3HayeHue, CBOAS ero rMo-
npocty K Habnioparouleicss Ha onbiTe 3aKOHOMepHocTH. Ha camoMm Xe nene
HEMpPEeXOAs1as HayyHas 1IeHHOCTb uccnenoBaHuit YeObiwesa, MapkoBa v 1py-
rMX MccrenoBaTesieit B 001acTM 3aKOHA OOJIBILIMX YUCEN COCTOMT HE B TOM,
YTO OHU TMOAMETWIIM SMMUPUYECKYIOD YCTOMUMBOCTH CpPEAHUX, a B TOM, YTO
OHM HALWIU T OOLIMC YCJIOBMSI, BBIMOJIHEHUE KOTOPBIX 00S3aTe/IbHO BJieYeT
3a cO00# CTaTUCTUYECKYIO YCTOMYHUBOCTh CPEIHUX.

Jnsa unnocTpauuu AeiCTBUS 3aKOHA OOJIBLLIMX YUCE MPUBEACM ClEayio-
M cxematuyeckuit npuMep. Ilo coBpeMeHHBIM (PU3UYECKUM BO33PCHUSAM,
J1I000# ra3 COCTOUT U3 OTPOMHOIO KOJIMYECTBA OTAC/IbHbBIX YACTHUL], HAXOAS LIUX-
Cs B HEMPECTAHHOM XaOoTUYECKOM JBUXeHUM. Henb3sa npenckasatb, ¢ Kakoi
CKOPOCTBIO KaXast OTAeJIbHas MOJIEKYJa OyIeT ABUraThCS U B KAKOM MeCTe OHa
OyAeT HaXOAMTBLCSA B KaXIbli HaHHBIA MOMEHT BpeMeHU. OIHAKO MBI MOXEM
paccyuTaThb MpU ONpPEAESIEHHBIX YCJIOBUSIX, B KOTOPBIX HAXOAMTCS Tra3, AOJIO
TeX MOJIEKYJl, KOTOpble OynyT ABUIraTbCs C 3aJaHHOI CKOpPOCTBIO, WIM JOMNIO
TEX U3 HUX, KOTOpbIC OYAyT HaXOAUTbCS B 3a1aHHOM o6beMe. Ho, cobcTBeHHO,
MMEHHO 3TO M HYXHO 3HaTb (PU3MKY, TaK KaK OCHOBHbI€ XapaKTECPUCTUKH
raza — JAaBJieHHe, TeMIepaTypa, BA3KOCTb U Np. — OMNpEAE/sIOTCA He 3a-
MBICJIOBAThIM ITOBEJICHUEM OJHOW MOJICKYJIbI, @ UX COBOKYIHBIM JICHCTBHUEM,
Tak, nasneHue rasa paBHO CyMMapHOMY BO3IEHCTBUIO MOJIEKYJ, yAapUBILIUXCS
O TUIACTMHKY MJIOWIAAM CAMHULA 32 eIMHULYY BpeMeHU. YHCo ynapoB U CKO-
POCTHU yHApPUBLIMXCH MOJICKYJl MCHSIOTCA B 3aBUCUMOCTH OT cCjyyasi, OIHAaKO
B CHJIy 3aKOHa Gosiblmx yucen (B dopme Yebbiuiesa) naBieHUE AONXKHO ObITh
MOYTH MOCTOSSHHBIM. DTO «ypaBHUBAlOllEe» BIMSIHUE 3aKOHA OOJIBLIMX YUCEN
B GU3UYECKUX SABJICHUSIX OOHAPYXMBAETCS C UCKITIOYUTEIbHOI TOYHOCTHBIO. J10-
CTaTOYHO BCIIOMHMTb, YTO, CKaXEM, B OOBIYHBIX YCJIOBUSAX 1aXe OYeHb TOYHbIE
WU3MEDPEHUS C TPYIAOM IMO3BOJIAIOT OTMETUThL YKIIOHEHMS OT 3akoHa Ilackans
O [aBJICHUU XHUIAKOCTU. TIpOTMBHUKAM MOJIEKYJISPHOIO CTPOEHHUSl MaTepuiu
3TO YPE3MEPHO XOpollice COBMAafCHUE Pe3yJITATOB TEOPUU C OMNBITOM JaXe
CJIYXKWJIO CBOCOOpa3HbIM apryMEHTOM: €CJIM Obl MaTepusi UMejla MOJIEKYNIAp-
HOE CTpOEHME, TO HAOMIOAAIMCh Obl U yKIIOHeHUs1 OT 3akoHa [lackansa. Otu
YKJIOHEHHWs, TaK Ha3biBaeMble GJIIOKTYallMU HaBJICHUS, NEHCTBUTENILHO yaa-
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JIOCh Ha6monan>, KOra Hay4YwJUChb U30JIMpOBATb CPaBHUTEJIbHO HEOOJbLIME
KOJIMYECTBA MOJICKYJI, B PE3YJIbTATC 4YCro BJIIUAHUC OTACJbHBIX MOJIEKYJ CLUe
HE MOJIHOCTbIO HUBEJIMPOBAJIOCh U OCTABAJIOCH €111€ JOCTATOYHO CHUJIBHBIM.

§ 28. 3akoH Gonbwmx yncen B popme Yeboiwesa

Mpul nepeitnemM Tenepb K (GOpMyJIMpPOBKE M JI0Ka3aTelbCcTBY TeopeM Ye-
ObllieBa, MapkoBa M 1p.; ynorpeOJsieMblii MpU 3TOM METOA MPUHAMLICKUT
YeObl1eBy.

Hepasencteo Yeboviwesa. [Jna awboii cayuainoi eeauuunsv €, umeioujell
KOHeyHyI0 oucnepcuto, npu Kaxcoom € > 0 umeem mecmo HepaseHcmeo

PilE — MEl > ¢} < 5. (1

Aokasarenscro. Ecnn F(z) obo3Hayaer GyHKUMIO pacrpenesicHus ciy-
YaifHOI BENIMYUHBI €, TO CHO, YTO

P{€ — M¢| > €} = / dF(z).

|z—M¢|>e

|z - M£|

Tak Kak B 00nacTH MHTErPUPOBAHUS 21,10

/ dF(z) < / (z — ME)* dF ().

lz—Mg|>e

MBI TOJNIBKO YCUJIMM 3TO HEPAaBEHCTBO, PACMPOCTPAHSIs MHTErPUPOBaHUE Ha BCe
3Ha4YCHUSA T

1 D¢
/ dF(z) < / (z — ME) dF (z) = =
lz—M¢|>e
HepaseHctBo YeObllieBa 10Ka3aHoO.
Teopema Yeb6uiwesa. Eciu &),&, ..., &, ... — nocredosamensiocms no-

NApHO He3a8UCUMBIX CAYHAUHbLIX GEAUHUH, UMEIOWUX KoHe4Hvle Oucnepcuu,
02paHu4eHHble 00HOU U MOoU Hce NOCMOAHHOU

D§]<C) D§2<C’ ] D€H<C’ L}

mo, Kakoeo bbl Hu 6bLr0 nocmosanHoe € > 0,

1 <& 1 &
im Pq [— -=—>) M
XS {FOSCREIIT

<s}=1. (2)

12*
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JokasarenscrBo. Mbl 3HaeM, 4TO B YCIIOBUSIX TEOPEMBI
n
1 < 1
D =D & =—2§:D§k
n n
k=1 k=1
U, CIEIOBATE/ILHO,

c
D{ — E < —.
(n 6/6) B n
k=1
CornacHo HepaBeHCTBY YeObllieBa
l n
=

<e}>1———€2—>l——.

1 < 1 &
{EPSLEFIAT
n n
k=1 k=1
[lepexonst K npeaeny npu n — 00, Mojy4yaeM, 4Tto
1 1 &
lim P< |— - — M
Jim { n;ﬁk n; k

A TaK KaK BEpPOSITHOCTb HE MOXET ObITh OOJIbIIE €AUHULIBI, TO OTCIOAA CJIEAYET
YTBEPXICHUE TCOPEMBI.
Mbl OTMETUM HEKOTOpBIE BaXHbIe YaCTHBIE Clly4yan TeopeMbl YeObllLeBa.
1. Teopema Bepuynnu. IIycmo p — 4ucao nacmynaenuii coboimus A
6 M He3a8UCUMbIX UCNbIMAHUAX U P eCmb 8epOMHOCMb HacmynaeHus cobbl-
mus A 6 kaxcdom u3 ucnoimanuti. Toeoa, kako6o bt Hu 6biro € > 0,

lim P <ep=1 (3)
n—o0o
Aokasarenscrso. JIeACTBUTENBHO, BBES CllyyaliHble BEJIMYMHBI [k, PaB-

Hble YUCNY HACTYILICHUH cOObITUSL A MpuU k-M UCIBLITAHUH, UMEEM:

B=prt gt

<e}>1.

I
i 4
n

A TaK Kak )

Mpp =p, Dpr=pg< e
TO TeopeMa BepHynnu sBnseTcs NPOCTEHILIMM YacCTHBIM CJIyyaeM TEOpEMBI
YeOoIieBa.

Tak Kak Ha NpakTUKE 4YacTO HEU3BECTHbIE BEPOATHOCTU NPUXOMUTCS
NpUONMXEHHO ONpeneNiaThb U3 OMbITa, TO IS NPOBEPKU COIJIACUS TEOPEMBI
BepHynnu ¢ onbiToM ObUIO NMpoBeaeHO OonblIoe YyucaO OnbiToB. [Ipu 3TOM
paccMaTpUBAIUCh COOLITHS, BEPOSITHOCTH KOTOPBIX MOXHO CUMTATh MO TEM MU
UHBIM COOOPaXEHUSAM U3BECTHBIMH, OTHOCUTEJIBHO KOTOPBIX JIEFrKO NMPOBOAUTD
UCNBITAHUSA U 00ecreYnuTh HE3ABUCUMOCTb MCNBITAHUM, @ TAKXE MOCTOSHCTBO
BCPOSITHOCTE B KaXIOM M3 UCHbITaHUNA. Bce mnomoOGHble OMNbITHI Aany mpe-
KpacHOe COBMNajieHue ¢ Teopueid. Mbl npuBeeM pe3ynbTaThl HECKOJIBKUX TAKUX
JIErKO BOCIPOU3BOAMMBIX 3KCIEPUMEHTOB.
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B npuMepe S § 3 Mbl paccmoTpeny pesynsrathl 100 pasaeneHuit KOJOabI
KapT Ha JiBe paBHble YacTu. MHTepecyolliee Hac COGBITHE COCTOSIO B TOM, YTO
B KaXJyIO MOJIYKOJIOAY MOMaJaeT OAMHAKOBOE YUCSIO KPACHBIX U YEPHBIX KapT.
B paccMOTpeHHOM cilyyae MOJNy4YUIOCh TOBOJILHO 3HAYUTENILHOE OKOHYATEJb-
Hoe (npu n = 100) yKJIOHEHHE YacTOTbl OT BEPOSITHOCTH (MPUGIU3UTEIIBLHO
pasHoe 0,02). [To Teopeme Jlanjaca BEPOATHOCTb TMOJYYUTh TaKOE YKIOHEHUE

WU ellIe OoJblee paBHa
>0,02, /1} ~1 —2<I>(0,021 /1) =
pq pq

p{‘ﬁ_p‘ >0,02} =p{ p—mp
n Vnpq
100

=1-28(0,024/ ——
=22\ 0.0/ 5 %607

=1-25(0,455) ~ 0,65.

TakuMm o06pa3oM, ecnu NMOBTOPUTb YKa3aHHBI 3KCMEPUMEHT OOJbIIOE YHUC-
JIO pa3, TO NMPUOIU3UTENIBHO B IBYX TPETAX Cly4yaeB MONYYUTCS YKJIOHEHME,
HE MeHblllee, YeM TOJIyYeHHOE B HalleM OIbITE.

®paHuysckuii ecrectBoucrbitatenb XVIII Beka Bioddon 6pocun MoHety
4040 pa3, rep6 Beinan npu 3toM 2048 pa3. Yacrora nosisiieHus repba B OnbiTe
Bioddona npubauxenHo pasHa 0,507.

Anrnuiickuit cratuctuk K. Iupcon 6pocun moxery 12 000 pas u npu
aToM HaGmioman 6019 Beimamenuii rep6a. Yacrtora BbimameHus rep6a B 3TOM
onsite IMupcona pasua 0,5016.

B npyroit pa3 oH 6pocun mouety 24 000 pa3, u rep6 npu 3TOM BbINa
12012 pa3; yacrora BblManeHUs repba npud 3ToM okasanach paBHoi 0,5005.
Bo Bcex NMpUBEAEHHBIX ONbITaX YACTOTHI JIULIL HEMHOTO YKJIOHSUIUCH OT BEpo-
satHoct — 0,5.

2. Teopema Myaccona. Ecau 6 nocredosamenbHocmu He3agUCUMBIX UCHbI-
manuii eeposmHocme nosesenus cobsimus A 6 k-m ucneimanuu pasua py,

mo
lim P{ < e} =1,
n—o00

20e, Kak 00biMHO, Hepe3 |1 0003HA4EeHO HUCA0 noagaeHuil coboimus A 6 nepabix
T UCNLIMAHUSX.

b Pit+prt...+Pn
n n

BBenst B paccMOTpeHUe CliyyaiiHble BEIMYMHBL fig, PAaBHbIC YUCIY MOSIB-
JIeHU# cobbiTuA A B kK-M UCNBITAHUM, U 3aMETUB, YTO

1
Mpk = pr, Dpr = prar < T

Mbl y6exaaeMcsi, 4To TeopeMa ITyaccoHa siBNsieTCsl YaCTHBIM CNYYaeM TEOpPEMbL
YeO6bilena.
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3. Ecau nocnedosamensHocmo NONAPHO He3ABUCUMBIX CAYHAUHbIX BEAUHUH
&,6,...,&, ... makosa, umo

M{,:M&:...sz,.:...za

D£]<C; D{ZSC)"'loﬁﬂSCf"'x
mo, kakoeo bbl HU 6bla0 nocmosHHoe € > 0,

. I O
nll_)ngoP{ ;;{k—a <s}—1.

DTOT YacTHBIM cnydait TeopeMbl YeOblllleBa JaeT OCHOBaHHWE MpaBUITY
cpelHero apugpmeTu4ecKkoro, NOCTOSSHHO yNnoTpebsiouemMycsi B TCOPUU U3ME-
peHuit. I1peanonoxuM, 4To NPOU3BOAUTCS U3MEPEHUE HEKOTOPO# (hHU3UYeCKOi
BeJIMYMHBI a. [TOBTOpUB U3MEpeHUS Tt pa3 B OMHAKOBLIX YCIOBUSX, HabnoAa-
TeJIb MOJIYYUT HE BIOJIHE COBIMAAAIONINe Pe3yNbTaThl 1, X3, ... , T,. B KauecTse
NMpUOGIMXKEHHOro 3Ha4eHUs a MPUHSTO OpaTh cpeiHee apuMETUYECKOE U3 pe-
3yJITATOB HAOMIOACHU I

T +T+...+T,
a~ .
n
Ec/u M3MepeH st JIMILEHB CUCTEMATHYECKOI OIIMGKH, T. €. eCiu

Mz, =Mz, =... =Mz, =a,

M CCIM CaMM HaOJIIOACHHBIE 3HAYEHUs1 He 00J1afaloT HeomnpeaeJeHHOCThIO, TO
COMIaCHO 3aKOHY OOJBIIMX YMCET NPU HOCTATOYHO OONBIUMX 3HAYEHUSX T
C BEPOSTHOCTBIO, CKOJIb YTOAHO OJIM3KON K €IMHMLE, Mbl YKa3aHHBIM NyTeM
MOXeM MOJIyYUTh 3HA4YeHHUEe, CKOJIb YrOAHO OJIM3KOe K MCKOMOI BEJIMYHMHE a.
CkazaHHOE Mbl JOJDKHbI MOSICHUTH CJENYIOIUMM: €CIM M3MEepPUTENbHbINA NpHU-
60p yCTpPOeH TaK, YTO OH HE MOXET JaBaTh TOYHOCTH OTcueTa GoJybluei, YeM
HEKOTOpas BeJIMYMHA 0, HarpuMep, U3-3a TOTO, YTO IIMPHUHA HeJIEHUS LIKAJIbI,
MO KOTOPO# MPOU3BOAUTCS OTCYET, paBHa §, TO, IOHATHO, HEJIb3S U PACCUMTHI-
BaTh MOJIYYUTh TOYHOCTh U3MEPEHUH, Gonbluylo yeM 4. Kaxmoe usMepeHue
B 9TOM CJIyyae JaeT pe3yJILTaT C HEONpPeAeJIEHHOCTbIO d; HO SICHO, YTO MPU 3TOM
U cpenHee apudmeTrdeckoe Oynet 00J1aaaTh TOH Xe HeonpeaeJIeHHOCThIO, KakK
M Kaxnoe u3MepeHue. DTo 3aMeYyaHUe YYUT HAC, YTO €CJM IPUOOPHI A3AI0T HAM
pe3ynbTaThl U3MEPEHUIT C HEKOTOPON HEONpeNeSIeHHOCThIO 0, TO CTPEMHUTHCS
NOCPEACTBOM 3aKOHA OOJIbIIMX YMCEsl MOJYYUTh 3HaYeHUe a C Oonbliei cre-
NEeHbIO TOYHOCTHU ABNSIETCA 3a0/yXIeHUEM, a CAMUA NPOU3BEEHHbIE TIPU 3TOM
BBIYMCJIEHUS NpeBpaLIaloTcs B apuMETUYECKYIO 3a0aBy.

Mbl orpanuunmcs HOpMyIHPOBKO#H Teopembl MapkoBa; ee J0Ka3aTeib-
CTBO SIBJISIETCSI OYEBUIHBIM CJIEICTBUEM HepaBeHCTBa YeOblliesa.

Teopema MapkoBa. Ecau nocaedosamenvhocms cayyaiHbix eeauqut €y, &,
.o, &n, ... makosa, umo npu m — 00

éD (zﬂ: §k) -0, 4)
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mo, KaKoeo Obl Hu OblA0 NOAOHCUMENbHOE NOCMOAHHOE €,

, 1 ¢ 1
I}LI&P{ ;kz_:lek_;kz_:lMgk <E}=1.

Ecnu cnyyaitubie Benuuunsl £, &, ..., &y, ... TIONAPHO HE3aBUCUMBI, TO
yciioBue MapKoBa NMpUHUMAET BUI: TIPU 7L — 00

1 n
— > D& —0.
k=1

OTcioaa BUAHO, 4TO TeopeMa YeOblieBa SIBJSICTCS YaCTHBIM CJIy4aeM TEOPEMbI
Mapkosa.

§ 29. Heo6xoamnMoe u gocTaTo4yHoe ycrnoBsue
AN 3aKoHa GonbLmx Yucen

MBI yXe yKa3blBaJIM, YTO 3aKOH OOJIBILIMX YUCEN SBJSETCS OMHUM U3 OC-
HOBHBIX MpeIOXeHU Teopuu BeposTHOcTei. OTCiona CTAHOBUTCS TOHSIT-
HBIM, TMOYEMY TaK MHOIO YCWJIMI OBLIO MOJIOXEHO Ta TO, YTOObI YCTAaHOBHTH
HauboJsiee LIMPOKHE YCJIOBHUS, KOTOPbIM JOJIXHBI YIOBJIETBOPSITh BEJIUYMHBI
&,6,...,&, ..., 4TOOBI U1 HUX MMEJl MECTO 3aKOH OOJBLIMX YHCEIL.

Hcropus sonpoca takosa. B konue XVII — Hayane XVIII Beka ko bep-
HYJUIM Halles NpeuioXeHue, nonyuyusilee ero uMs. Teopema BepHynnu 6bina
BriepBbIe ONny6iMKoBaHa B 1713 ., nocye cMepTH aBTOpa, B TpakTarte «Ars Con-
jectandi» (MckycctBo npennonoxenuil). 3atem B Hayaie XIX Beka ITyaccoH
JI0Ka3aJl aHAJIOTMYHYIO TeopeMy B OoJiee ILMPOKMX YCJIOBUAX. 1O cepeiMHbI
XIX Beka He GbLJIO JOCTUTHYTO KaKUX-1UOO HOBBIX ycriexoB. B 1866 r. Benu-
Kuit pycckuit Matematuk I1.JI. YeObllieB Halllel METOA, U3IOXEHHbBIH HamH
B npeablayiieM naparpage. ITosnHee A. A. MapKoB 3aMeTHJ1, YTO PACCYXAECHUS
YeGullieBa MO3BONAIOT MONYYUTH Gonee obuMil pesynsraT (cM. § 28).

HanbHeiilune ycwids AOJNro He NMPUHOCUJIM NMPUHLMIUAIBHBIX YCMEXOB,
M b B 1923 . A. Sl. XMHYMH [OKa3aJl, 4TO €CNU CclyyaiHble BEIUYM-
HBl &, ...,&n, ... HE TONBKO HE3aBUCUMBI, HO U OIMHAKOBO PaCHpEACsCHbI,
TO CYLIECTBOBAHUE MATEMaTUYECKOTO OXuaaHUsl ME, sBisieTCS AOCTaTOYHbIM
YCJIOBUEM JIJISI TPUMEHUMOCTH 3aKOHa Gonbiux yucen. B 1926 r. A. H. Konmo-
rOpOB MOJIYYUJ YCJIOBUS, HEOOXOIMMbIE U JOCTATOYHBIE ISl TOrO, YTOOBI Moce-
JOBAaTeJIBHOCTh B3aUMHO HE3aBUCUMBIX CIyyaitHbIX BenuuuH &, &, ..., &q, ...
NOAYUHSIACH 3aKOHY OOJIBLLIMX YUCE].

B nocnenHue rogbl MHOro paboT ObLIO MOCBSILLEHO ONPEAEICHUIO YCIo-
BUI, KOTOpbIE CJIEAYeT HAJIOXUTb Ha 3aBUCHMMbIE BEJIMYMHBI, YTOObI JUISI HUX
BBIMOJIHSUICS 3aKOH OONbLIMX yuces. TeopeMa MapkoBa NPUHAUICKHUT K Tpes-
JIOXEHHUSIM 3TOr0 poja.

Ucnonb3ys Meron YeObilieBa, JIerko NOJYYUTb YCJIOBHUE, aHAJIOTMYHOC
yCIOBUI0O MapKoBa, HO yXe HE TOJIbKO JAOCTaTOYHOE, HO U Heobxoaumoe s
NPUMEHUMOCTH 3aKOHA GOJIBLIMX YUCEJT K NMOC/Ie0BaTEIbHOCTH MPOU3BOJIBHBIX
Cy4YyaiHBIX BEJIMYUH.
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Teopemal). Jlna moeo umobst dns nocaedosamensvhocmu

E|’§2s£3""

(kak y200H0 3a6UCUMbIX) CAYHQIIHBIX 6eAUMUR NPU AI0GOM NOAONCUMEALHOM €
8bINOAHANOCH COOMHOWeEHUe

l n 1 n
I' -_— , — — . =
nhﬁp{‘nzgk — > M <e} L (1)
k=1 k=1
Heobxo0umocms u docmamouro, 4¥mobst npu N — 00

(i (& — MEk))2

k=1

M

e Msk))z o 7

k=1

Aoxa3zarenscrso. TIpeAnonoxnm cHayaia, 4to (2) BBIMOJHEHO, U MOKa-
XeM, YTO B 3TOM ciy4ac BbinojHeHO Takxke (1). OGo3Hauum uyepes O,(z)
GbyHKUMIO pacnpe/esieHus BEJIMYUHBI

n

1
= D (& — M&).

k=1
Jlerko NpoBEpUTH CIEAYIOLLYIO LIENOYKY COOTHOIIEHHUIA:
> s} —pimizet= [ )<

P{ % Z (&x — M&)
k=1 lel>e

I+ ¢? / 2 1+52/ 2 14+¢e g2 2
< d®,(z)< d®,(z) = M .
Sog? 1 + 22 n(2)< g2 1+ 22 (@) e 149}

lz|>e

310 HEPABCHCTBO JNOKA3bIBACT NOCTATOYHOCTDL YCJIOBUA TCOPCMBI.

1) Crout oTMETHTD, YTO KpUTEDHil YCTOHYMBOCTH apH(METHYECKHX CPEAHUX HC3ABMCUMBIX
Cy4aifHbIX BEAUUUH £nj, T. €.

1 n
P(l;z:lf,,j—a|<e) =1 npu n-—- o0
J:

1151 11060710 € > 0 (@ — NOCTOSHHOE YKUCJI0), KHTEpPecOBa B Hayale XX BeKa MHOTHX MaTeMaTHKOB
u, B yactHoct, C. H. BepHuiteitna. 3roit npobaeMe 6bula mnocssitlieHa ero pa6ora «O 3akoHe
Gonbimx yncen» (cM. Cobpanue counnennit C. H. Beprmreitna. T. IV. M.: Hayka, 1964. C. 61-70),
onybaukosaHHast B 1918 rony B Xapekose. B Heit C. H. Bepuiuteitn ¢opMmyaupyer, B yacTHOCTH,
o6uwit Kputepuit ycroituuBocTu (c.61), U3 KOTOPOro BHITEKAET M YTBEPXAEHHUE MNPHUBEAEHHOM
TEOPEMBbI.

2 MMocnenHee PAaBEHCTBO MBI MUIIEM HA OCHOBAHUU (OPMYbI
M© = [ @) dF(@)
(cm. Teopemy § 24).
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IMokaxeM Teneps, yto yciosue (2) HeoGxoaumo. JIerko BUAETh, YTO

2
P{lmal > €} = / 4%, (z) > / 08, (z) =

1+ a2
|z|>e |z|>e
z2 z2
=/1+—z§d¢>n(w)— / md‘?n(m)?
|z|<e
z? 0 2
> dd ZomM—2 gt 3
[ it - = G
Takum obpasom,
2
T 2
OSM—— <" +P >e€}.
S I+ 72 + P{lnn| > €}

BbiOupasi cHayasia € CKOJIb YrOJHO MaJIbIM, a 3aTEM M JOCTATOYHO OOJIbLINM,
Mbl MOXEM CJlie/IaTh MPaBYylO YacTh MOCJEIHEr0 HEPABCHCTBAa CKOJIb YrOIHO
MaJIOit.

OTMeTUM, YTO BCE TeOpeMbl, JOKa3aHHbIC B MNpeablayllleM naparpade,
JIETKO BBITEKAIOT M3 TOJNILKO YTO JOKAa3aHHOro OOIero npeuioxeHus. Jeii-
CTBUTEJIbHO, TaK KakK MpU JIIOO0M N U JII0OBIX € UMEET MeCTO HepaBEHCTBO

m
1+7’2\ n_[ Z(&C—Mgk:l ,

TO B CJlyyae CYLLECTBOBAaHUS OUCIEPCUIl OTCIOAA BBITEKAECT HEPABEHCTBO

< 03
1472 n b

TakuM o6Gpa3oM, eciu ycJIOBUE MapKOBa BBITIOJIHEHO, TO BBIMOJIHEHO
TaKkxe ycijioBue (2) W, CIE[OBATE/ILHO, MOCNEAOBATENBHOCTb &1, &y, ..., &n, .-t
MOAYMHSETCH 3aKOHY OOJIBILIMX YUCET.

Bce Xe Mbl JOJXHBI 3aMETUThb, YTO B GoJiee CIIOXHBIX Cly4yasx, Koraa
y BEIMYUH & HE MpearosiaraeTcsi KOHEYHbIX AUCIIEPCUii, T0OKa3aHHas TeopeMa
Uit hakTUYeCKOi NpOBEPKH MPUMEHUMOCTH 3aKOHA OOJIBLIMX YUCENl BeChbMa
MaJio TPUTOfIHA, TaK KaK YCJoBUE (2) OTHOCUTCS HE K OTAC/IbHBIM CJIaracMbIM,
a K ux cymmaMm. OnHaKo pacCyuThbIBaTh Ha TO, YTO, HE CHAENaB HUKAKHUX
NPEeANONIOXCHUIH O BeJIMYMHAX & M O CYLIECTBYIOLICH MEXILY HUMM CBSI3H,
yAACTCS HAUTU HEOOXOMMMBbIC M JOCTATOYHBLIC YCJIOBUS, K TOMY Xe YIOOHbBIC
IUISl TIPWJIOXEHU, MO-BUAUMOMY, HeEJb3S.

Ecnu npeanonoxurs, 4To BeauUYuHH &), &, &3, . .. B3aHMHO HE3aBUCHMBI,
TO MOXHO NMOKa3aTb, YTO ycnoaue (2) 3KBMBAJICHTHO CJICAYIOLIEMY: TIDU 7L — 0O
E M——— — 0,

rae 0603HayYeHo

G = & — M&;.



186 asa 6. 3akoH 60/bLUMX Yuces

ITpakTHyeckKoe UCNOIb30BaHUE TOJIBKO UTO JI0Ka3aHHBIX TEOPEM BCTpeYaeT
OJTHO NMPUHUMUIMUAIILHOE 3aTPYAHEHUE: MOXEM JIM Mbl CYUTATh, YTO U3ydaeMoe
HaMHU SIBJICHUE WJIY NMPOU3BOACTBEHHbIN MPOLIECC MPOTEKAIOT MO/ BO3/IeiicTBUEM
HE3aBUCUMBIX NMpUYMH? He NMpOTHBOPEYUT JIM CaMO MOHSITUE HE3ABUCUMOCTHU
HalIMM OCHOBHBIM MPEACTABJICHUSAM O B3aUMOCBSI3H SIBICHUIT BHElIHEr0 Mupa?
Ilpy MaTeMaTUYECKOM M3YYEHMU TEX WIM UHBIX SIBJJICHWA MPUPOAbI, TEXHU-
YECKHUX MPOLIECCOB WJIM TeX WM MHBIX OOLIECTBEHHBIX SIBICHUA MBI NpeXie
BCEro NOJIXKHBI BIBOAUTH HAllIK OCHOBHbIE MPEANOCHIIKH, ONUPAsCh Ha INy6o-
KOE M3y4YeHHe CYILECTBa CaMOTo SIBJIEeHUsI, KaYeCTBEHHBIX €ro 0CODCHHOCTEM.
Ml JOJKHBI YYUTHIBATD U3MEHEHUE BHELIHUX YCJIOBUI, B KOTOPBIX MPOTEKAET
U3yyaeMoe HaMM SIBJICHME U U3MEHSTh MaTeMaTUYCCKMIl anmapart WM npeamno-
CBUJIKH, JIeXalllue B OCHOBE €ro NMPUMEHEHUS, KaK TOIbKO OOHapYXHUTCS, YTO
YCJIOBUS OCYILECTBJIEHUS SIBICHUS U3MEHUIIUCD.,

OT6pachiBasi HCCYLLIECTBCHHbIE CBSA3M MEXAY NPUYMHAMM, NMOI BIUSHUEM
KOTOPBIX Pa3BUBACTCH M3yyaemoe SIBJIEHME, Mbl MPUXOAUM K BO3MOXHOCTH
B KayecTBe paGouyero anmnapara IMOJIb30BaTbCsl HE3aBUCUMBIMU CIIy4aiHbIMU
BeJMYMHaMU. Hackonbko ymayHO MBI MPOM3BC/IM CXEMATU3ALMIO SIBJICHMS,
HAacKOJIbKO YNayHO BbIOpaH HaMM MaTeMaTMYecKHil amnmapaT st ero usyde-
HUSA, Mbl MOXEM CYAMTb MO COMIACHUIO0 CO3NAHHOW HAMH TEOPUM C MPAKTUKOM.
Ecnu HaliM TeopeTHyecKue pe3ysbTaThl CYLIECTBEHHO PACXOISATCS C OMbITOM,
TO MBI JOJDKHBI MEPECMOTPETh NMPEANOCHUIKH, B YACTHOCTH, €CIH UIET peyb
O NMPUMEHUMOCTH 3aKOHa OOJBLIKUX YUCEN, TO, ObITh MOXET, MPUAETCS OTKa-
3aTbCSl OT NMPEATNONIOXKEHUS O MOJIHOM HE3aBUCUMOCTU JEHCTBYIOIIUX NMPUYUH
Y MEpEeNTH K NMPeanoaoXeHU0 00 UX 3aBUCMMOCTH, ObITb MOXET U CNaboii.

Mbl yXxe rOBOPWIM, YTO HAKOIUIEHHBIA OMNBIT MCMONB30BAHUS TEOPEM
0 3aKOHe OONBIUMX YKCes TMOKAa3bIBAET, YTO YCJIOBUE HE3ABUCHMOCTH YIOBJIE-
TBOPHUTENBHO BO MHOTMX BaXHBIX 3alayax €eCTECTBO3HAHUS M TEXHUKHU.

§ 30. YcuneHHbiA 3aKOH Gonblunx yucen

Hepenko u3 Teopemsl BepHy/uld nenaioT coBepllieHHO HEOOOCHOBAHHBIM
BBIBOJI, YTO YacTOTa COOBLITUS A NMpu Ge3rpaHUYHOM yBEJIMYEHUU YUCIIA UCTTBI-
TaHUN CTPEMUTBCS K BepositHOCcTH coObiTs A. Ha caMom Xe nesne Teopema
BepHynnu ycraHaBiauBaeT TONBLKO TOT (DakT, YTO AN AOCTATOYHO OGONBLIOTO
4YKCla UCTIBITAHUI N BEPOSITHOCTb OJIHOTO €MMHCTBEHHOIO HEPaBEHCTBA:

<€

7
n P

CTaHOBUTCS Oonbiue yem 1 — 7 npu mpousBosnsHOM 7 > 0. B 1909 r. dpan-
ny3ckuii Marematuk . bopenb oGHapyxun Gosee ryiybokoe MNpeiioXeHue,
COIJIaCHO KOTOPOMY mnpu no0biXx € > 0 U 7 >0 MOXHO ykasaTb Takoe ng,
4YTO, KaKoBO Obl HU OBUIO S, BEPOSITHOCTb OJHOBPEMEHHOrO BBIMOJHEHUS
HEPaBEHCTB

7
—-p|<
n P ¢

JUISl BCEX T, YAOBJIETBOPSIOLINX HEPaBEHCTBAM T SN 7N+ S OGonblie yem 1—n.



§ 30. YcunenHwiri 3akoH 60nbLLINX Yncen 187

DTy TeopeMy Mbl BbiBeAeM M3 TeopeMbl Koimoroposa 06 ycHIeHHOM
3aKkoHe Gonbluux yncen (cm. c. 195).

HepasercTeo Konmoroposa. Ecau e3aumHo He3agucumvle cayqaiiibie eeau-
wunot €1, &, ..., &q UMelom KoneHbie Qucnepcuu, mo 6eposmHOCMb CO8MECMHO20
ocyuwecmenenus HepageHcme

k

> (&~ ME,)

s=|

<e (k=1,2,...,n)

Heé MeHble, yem
1 n
-5 > Dg.
k=1

JHoka3arenscreo. BeeneM 00603Ha4YeHUS

k
M =& —M&, Sp= Z"lj-

j=1
Ilycts, nanee, Fj obo3HayaeT cOObITHE, COCTOSILLECE B TOM, UTO
IS;l <e mna j<k-=1 wu S| >¢;

E, o3Hayaer coGbiTHe, cocTosiliee B TOM, 4To |S;| < € ans Beex j < n.
Tak Kak cOObITHE, COCTOAIIEE B TOM, YTO XOTHA Obl MpU ogHOM k OyneT
BHINOJIHEHO HEPABEHCTBO

IScl>e (k=1,2,...,n)
n
(uHbIMM cnoBamu, yto max |Sk| > €) paBHOcunbHO coGbitio Y, By, TO
1<kgn

k=1
B CUJTy HECOBMECTUMOCTH COOBITUI Ej,

1<k<n

p{ max | S| >e} =3 P(E).
k=1

CornacHo paseHcTBy (5) §23

n n

DSw = > P(Ex) - M(Si|Ex) > P(E)M(Sh| Ey).

k=0 k=1
OueBUOHO, Najnee, 4YTo
Ek} >

M(S2|Ey) = M{S,% +2D S+ DM +2 Y

J>k >k J>h>k

>M{S,§+22$knj+2 Z 757n Ek}-

>k J>h>k




188 maBsa 6. 3akoH 6osnbLumx Ymncen

Tak kak ocyuiectBiieHHe cobbiTUa Fp HajaraetT orpaHMYeHHe TOJIbKO Ha 3Ha-
YeHHs NepBbIX kK U3 BEJIMUUH §;, a NOC/IENYIOLUe OCTAIOTCS MPU 3TOM YCJIOBUHU
HC3aBUCUMBIMHU JPYT OT ApYra U oT Sk, TO

M(Skn;| Ex) = M(Sk|Ex) - M(n;|Ex) =0

M(njmlEx) =0 (R#j, h>k, j>k>1).
Kpome Toro, uMeeT MeCTO HEPaBEHCTBO
M(Sk|Ex) =€ (k>1).

MBI MOXEM Hamnucarb MO3TOMY, 4YTO
n

DSy >€* ) P(Ex).
k=1

Orciona
n

1
E P(E;) = P{ max |Si| > e} < D6
P I<k<n €
HepaseHcTBo KonMoropoBa nokasaHo.
MBI cKaxeM, YTO MOC/IeN0BaTEIbHOCTh CJIyYailHbIX BEMYMH

§,6,6,...

TNONYMHSAETCS YCUNeHHOMY 3aKOHy 6oAbuwux Hucen, €CM, KAKOBBI Obl HY GbLIK

€ >0 u n >0, MOXHO yKasaTb TaKOe 79, YTO Ul JIOGOrO S M BCEX 7,

YAOBJICTBOPSIIOLIMX HEPABEHCTBAM 79 < 1 < Mg + §, BEPOSITHOCTh HEPABEHCTBA
n n

LS - S me

- k— — k

n
n k=1 k=1

max <eg

ng<n<no+s

donblue, 4eM | — 7.

Teopema Konmoroposa. Ecau nocaedosamenshocms 83aUMHO He3a8UCUMbIX
cayuaiinbix seauyun £y, &, . .. yoogaemeopsem ycao8uro

[o.0)
D
E i" < 400,
n

n=1

mo oHa noovuHsemca YCUNeHHOMY 3AKOHY bonbuiux uucen.

Jokasarenscrso. Tlonoxum

Sn.

S|~

. .
M = & — Mé, Sn=Zﬂk, Up =
k=1

PaccMoTpuM BepOSITHOCTD

Pn=P{max|v,| >¢, 2" <n < 2"},
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Tak kak
Pn <P{max|vs| >¢, 1<n < 2™},

TO COrNaCHO HEPaBECHCTBY KonMoroposa

P,,.\(z,,, 7 2 DG

jgamtl

Taxk Kkak, ganee,
[o.¢]

P{max |va| > € mns n>v}< Y | P,

m=p

e p onpeaensercs U3 HepabBeHCTB 2° < v < 2°*! 10 sicHO, YTO

P{max |va| > € ma n>v}< ) Z 2om > g

j<amtl

IMocne nepeMeHbl nMopsigka CyMMUpPOBaHHUSI B NMPaBoil YacTH MOCJIEIHErO
HepaBeHCTBa nonquM'

|
> X 06=306(3, 5
m=p = j<am+
TAC CyMMa ) PaClpOCTPaHEHa Ha Te SHAUCHUS M >, JUIs KOTOPhIX 2! > .,
Ipu j < 27*! koadduument npu DE; pasen
Y =
m ~ 3.4p-1"
gt 4 3.4
1
a nmpu 2™+l > j > 2m > 20+ 5101 Kos(UUMEHT paBeH Tt =
16 16

- 3. 22(mo+1) < 3.52°
Takum oOpa3zom:

A 16 ) DE;
i_
E 22m Z £J 4pl Z €] Z T
]<2m+l j ] =20+1
+1
1 & 16%<' D& 16 N DE;
=———=> DE+— D ot Y, =<
=B o 2
340 3 .=p+lz(p+) 3500
16 ' g =, D¢
Z DE; + Z S D
3 4p 3401 Pt j2 3 Pt J

B cuny cxomumoctu psina E —-



190 asa 6. 3akoH 6osbwmx Yucen

1. IBe nmoclenHue CYMMBI B HAalTMCAHHOM BbIIIE€ HECPABCHCTBE MOIYT ObITb
CAENIaHbl CKOJIb YTOAHO MaJIbIMU NIPU p NOCTATOYHO 60/bLIOM.

2. Cywecrsyer Takas noctosiHHas C, uto D€, < Cn?, OTKyaa CleayeT, uTo
Clp+1)°
34,,12 DS

T. €. U [IepBasi CyMMa MOXET C/eJIaHa CKOJIb YTOHO MAJIOi NPY 1OCTaTOYHO
G0JbLIOM p.

W3 Bcero cKa3aHHOTIO CJIEAYET, YTO MPU 7y JOCTATOYHO GOJIBIIOM
P{max |v;| > ¢ ma n > v}
MOXET ObITh ClieJIaHa CKOJIb YTOIHO MaJIOd, YTO M TPeGOBAIOCH HOKAa3aTh.

Cnepcteue. Ecau ducnepcuu cayuaiinvix eeauqut &y 0zpanuverbl 00HOU
u moi xce nocmosntoi C, mo nociredogamenbHOCMb 83AUMHO He3A8UCUMbIX
cayyainoix seaudun £, &, &3, . .. NOOUUHAEMCA YCUAEHHOMY 3AKOHY GoAbUUX
yucen.

OavH OKOHYATEe/IbHBIM pPE3yNbTaT, OTHOCSIIMNCA K YCUJICHHOMY 3aKO-
Hy Oonblinx uucen, 6bi1 nmonydeH takxe A. H. KonMmoropoBeiM ansi ciyvas
0AMHAKOBO PacrpeneneHHbIX He3aBUCUMBIX CJlaraeMblX.

Teopema. CywecmeogaHue mamemamuyecKkoeo 0xcudanus aeasemcs Heoo-
X00UMbIM U 00CMAMOYHbIM YCA08UEM 0Nl NPUMEHUMOCMU YCUNCHHO20 3aKOHA
bonbwux vucen Kk nocaedogamensHocmu 00UHAKO80 pacnpedeseHHbvIX U 63a-
UMHO He3a8UCUMBIX CAYHAUHBIX 8EAUYUH.

JIOCTaTOYHOCTb MBI MOXEM BBIBECTH U3 YXe LIOKa3aHHOW HaMH TEOPEMbI
Konmoroposa.

JleiiCTBUTENBHO, U3 CYIIECTBOBAHUSI MATEMATHYECKOTO OXUIAHUS CIIeyeT
KoHeyHocTs uHTerpana [ |z| dF(z), re F(z) — dyHKuus pacrnpencieHus
ClyyaiHbIX BeJIMYUH &, .

[Toatomy
ZP{[{|>n}—ZZP{k<|¢| +1} =
n= n=1 k>n
:ZkP{k<l{|<k Z / |z| dF(z /IzldF(z < 00.(1)
k=1 k=0y clz|<k+1

Beenem B pPacCMOTPEHUC Cﬂy‘laMHblC BCJIMYUHBI

&= & mpn |l <m,
0 mpu |&|>n.

Torna nonyyum
+n n—
og; <mgi? = [ 22 dF@) <3 (b +1)7P{k < gl <k +1)

0

x~
l

-n
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U
0 o n-1
D¢}, k+1)2
2o <D Pk <€l <k+1}<
n=1 n=I1 k=0 o o
<D O P{k <€ <k+ 1}k +1) E—.
k=0 n>k+
Tak xak
i 1 < 1+1<2
2 <etr<w
Sim Kk k

10 B cuiy (1) HaxonuMm, yto

= D¢,
Z 7 <00,
n
n=I
T.€. §} YIOBJICTBOPSAIOT YCUJIICHHOMY 3aKOHY GoJbliMX yncen. Hajee,

P{¢ # & npu kakoM-1M60 n > N} < Z P{én # &0} =

n>N

=Y P{ltl > n} < S )

n2N
npu N > Ny(e).
Bbl6epeM Vg CTONL GOJBILMM, YTOGBI IPU ¥ > Vy(€, 1)

17 €
M - - 3
(|3 - w53} <5, o)

77 €
M - -, 4
{ |1} < @

HakoHel, TaK Kak £} yIOB/IETBOPSCT YCHJIGHHOMY 3aKOHY GOJIBLIMX YHCel, TO

. €
P{maxlv,,l;%; n?l/}éz npu v >v(e,n), (5)

* ] : * *
rae v, = ; Z (Ek - M{k).
k=1
U3 (2), (3), (4) u (5) BoiBODMM
P{max|v.| >n; n>v}<e

npu v > max (vy, v, No), T.e. U &, yIOBIETBOPSIIOT YCWJICHHOMY 3aKOHY
OOJIBLLIMX YHCEII.

JloKa3areJIbCTBO HEOOXOAMMOCTH CMOTpU B JIOMONHEHUH 2.



192 asa 6. 3akoH 6osbwmx yucen

IpuHUMNUANBHASA POJIb YCUJIEHHOrO 3aKOHA OOJIbIUMX YHMCEN B TEOPUH
BEPOSAITHOCTEl U B ee TNMPWIOXEHUSAX BecbMa BesiMKa. JleHCTBUTENbHO, Mpen-
MOJIOXUM Ha MMHYTY, YTO, CKaXeM, B CJlyyac OJIMHAKOBO pacrpelnesieHHbIX
cjaraeMbiX, MMEIOIIMX KOHEYHOE MAaTeMaTUYECKOE OXHAAHWE, YCHJICHHBIH
3aKOH He uMeeT Mecta. Toraa ¢ BepoSTHOCTBIO, CKOJIb YTOIHO OJIM3KOM K eau-
HULE, MOXHO YTBEPXIaTb, YTO OYJyT MOBTOPSATHCH MOMEHTHI, KOTJIa CpeiaHee
apupMETUYECKOE pe3y/IbTaTOB HaOMIOACHUI OYyACT AAJICKO OT MaTEMaTUYECKO-
ro oxunaaHusi. 1 ato Gbl Cyyunoch Aaxe B TEX CHyyasix, Koraa HabiofaeHUs
MPOU3BOAATCSA 6€3 CUCTEMATUYSCKOM OLIMOKYU U C MOJIHOMN OrnpeneieHHOCTbIO
(BenuumHa d, o KoTopo# Gbuta peus B § 28, paBHa 0). MoxHO i1 GbUIO GbI
B TaKMX YCJIOBUSX CYMTaThb, YTO cpeaHee apuMEeTHYECKOe M3 pe3y/bTaToB
HaOMoACHUI cOMUXaeTcsl ¢ M3MepsieMOW BEJIMUMHOM, MOIJIM Obl Mbl B 3THX
YCJIOBUSIX CYUTATh, YTO CpeiHee apudMETHYECKOE MOXHO CYUTATDh 3a NMPUOIIHU-
XeHHOe 3HauyeHHe uMepsieMoii BesMuYUHbI? COMHUTENBLHO.

§ 31. Teopema B. U. Mueexko

Mpbl nepeitneM Teneps K N0Ka3aTeNbCTBY TeopeMbl [NIMBEHKO, KOTOpas
BCKOpeE nociie eec OOHAapyXeHUs MOJay4yuia B MaTeMaTUYECKON JIUTepaType Ha-
3BaHWE OCHOBHOI1 TEOpEMbl MAaTEMaTUYECKOM CTaTUCTUKHU. Peub uaer o6 oleHke
HEM3BECTHOM (hyHKUMM pacnpenesieHUsl ciyyailHOMH BeMYMHBI £ HA OCHOBE pe-
3yJILTATOB HE3aBUCUMBIX UcTbITaHUMA. TTycTh GyHKUMS pacnipeneneHus cnyyaii-
HO BesJIMYMHbI paBHa F(x), a pe3y/nbraThl MOCNEAOBATENIbHBIX HE3aBUCHMBIX
UCIMBITAHUN B HEU3MEHHBIX YCJIOBUSX OynyT

Ty, Tyy...,Zy. (1)

IMocnenoBarenbHOCTD pe3yNbTaTOB UCMBITAHUM MbI PacrojioXUM B BO3-
pacraiowieM nopsake. O603HaYuB k-e no BenvuuHe HaAOIOACHHOC 3HAYECHHE
4yepes z; , MBI MOXEM MNOCJICA0BATECIbHOCTDh (1) 3aMnucaTs B CJIEAYIOLICM BUIC!

<23 <... <z

DTa MoC/eI0BaTEILHOCTD, T. €. MOC/EA0BATEIbLHOCTb HAOMIONEHHBIX 3HAYCHUH
UCCIIeyeMOii CiyyaifHOH BeJIMYMHBI, PACMOJIOXCHHBIX B BO3pAacTaloOlIEM MO-
pSIIKE, HOCUT Ha3BaHUE 6apUAyUOHHO20 paoa.

Omnupuyeckoii GpyHkuuei pacnpeaeneHus Fy,(z) Mbl HazoBeM (GyHKLMIO,
ONpEACJICHHYIO CJIEAYIOIIMMU PABEHCTBAMU:

0 npu z<zi,

Fu(z) = npu  z < T K Try s

-3

npu T > Tp.

SIcHo, yTO 3Mnupuyeckas GYHKUUS pacnpeacyeHUss MOHOTOHHA, Henpe-
pBIBHA CJICBAa U UMEET TOYKU Pa3pbiBa TOJILKO MPU 3HAYEHUSX apryMEHTa, paB-
HBIX YJieHaM BapUaLMOHHOrO psila. BeJMUMHbI CKAYKOB B TOYKAX pa3pbiBa SIB-
JISIOTCS LEJIBIMUA KPaTHBIMHK OT 1/n. [Insg najibHeiero noqyepkHeM 1o o6CTo-
ATEILCTBO, YTO NMPU KAXKIOM 3HaYeHUU T opauHara Fy,(z) sBnsieTcs cinyyaitHoM



§ 31. Teopema B. Y. mseHko 193

1 n
BEJIMMMHOM, BO3MOXHbIC 3HAYeHUS Kotopoii oyayr 0, —, ..., , —=1.
n n

BepositHocTb paBeHcTBa Fy(z) = —, KaK JIerko BUICTb, paBHa

P{R(e) = £ } = ClIP@P - PP

B npocreifiieM 4acTHOM ciyyae, Koraa ciyyaiiHas BeauuMHa & Mo-
KET NPUHUMATH JIMIIL KOHEYHOE YMCIO 3HA4YeHW# ap,a,...,as, YJeHa-
MM BapMallMOHHOTO psaa o00s3aTeNbHO OYAYT TOJNBKO YMClIa 3TOH nocie-
noBaTenbHOCTH. CoOrlacHO 3aKOHY OOJIBIIMX YKCEN, €COU My, M), ..., M,
(my +my+ ... + mg = n) Gyayr 0603HAYaTh COOTBETCTBEHHO YHCNA HC-
NbITaHUH, Npu KoTOphIX & = a;, &€ = @y, ..., £ = as, TO NMPU JOCTATOYHO
OOJIBLIOM 3HAYEHUM 7 YaCTOThl GYIyT MpPEACTABIATL MPUOIMXKEHHbIE 3Haye-
HUSL HEM3BECTHBIX HaM BeposTHocTed p; = P{¢ = a1}, p» = P{¢ = a3}, ...,
ps = P{¢ = a,}. Bonee ToOro, B HaleMm cjiydac MMEET MECTO U YCHJICHHBIH
3aKOH OOJIBLUMX YHCel.

IMpexne yeM nepexoauTs K HOpMYIMPOBKE M AOKA3aTeJbCTBY TECOPEMBI,
CoCTaBJAIOILElH coepXaHue HacTosLlero naparpaga, Mbl yCTAHOBUM HECKOJIb-
KO BCITOMOTaTeJIbHBIX MPCIIOXEHUM.

PaccMOTpUM HEKOTOpYIO MOC/IENOBATEILHOCTE Cy4YaiHbIX BENUYMH &,
[V S

CobbITHe, 3aKiioyalolileecst B TOM, YTO 3Ta MOCJEI0BATENbHOCTb CXOAUTCS
K HEKOTOpO# ciy4yaifHO! BenuuuHe &, UMEET B CUIY NMPUHATBIX HAMU aKCUOM,
KaK Mbl YBUAMM TpPU OKA3aTEIbCTBE JIEMMbI 1, OnpeeneHHYI0 BEPOSITHOCTb.

Ecnu sTa BEpOSTHOCTb paBHAa €IMHHULE, TO Mbl CKaXeM, YTO 110C/1€408a-
rensHocTs {€,} cxoautes k € noutn Haseproe?).

B npyroit ¢opme yrBepxaeHne 0 CXOAMMOCTU OYTH HABEPHOE MOXHO
BLIPa3UTh TaK: MOC/IEA0BATENbHOCTD CIyYaiHbIX BEJIMUYUH

&,6,... .6, ...

CXOIUTCS TMOYTH HABEPHOE K CJIYYaifHOM BeJIMYMHE &, eclii C BEPOSITHOCTBIO
€IMHMLA IS KaXIOro LEJIOro MOJIOXMTENBHOrO YMC/a T HaWAeTCs Takoe
4YUCIIO 7T, YTO Npu Beex k > 0 OyayT UMETh MECTO HEpPaBEHCTBA

1
|&nti — €] < s
OyeBMIHO, YTO PaBEHCTBO
P{ — €} =1 (1)
MBI MOXEM 3anucaTb U B MHOW opMe:
P{gn 7"{} =0. (2)

%) 310 noHaATHE B TOYHOCTH COOTBETCTBYET MOHATHIO CXOAMMOCTH NOYTH BCIOAYy B TEOpHU
yHKumit.

13 3aka3 1278



194 Masa 6. 3akoH 6onbLLIMX YnCen

DT0 BhIpaXXeHUE 03HAYAET, YTO BEPOSATHOCTh TOTO, YTO HAMAETCA TAKOE YUCIIO T,
YTO MPU BCEX 7t U XOTH Obl PY OAHOM 3HAYEHUM K MMEET MECTO HEPABEHCTBO

1
£n k ~£ > )
ensk — €] > -
paBHa HYyJIIO.
JNemma 1. Ecau npu nobom yenom noaoncumensHom T

o0

Zp{len—el%}uoo, (3)

n=1
mo umeem mecmo (1) uau, umo mo xce camoe, (2).

Hokasarenscreo. O603HauuM yepe3d EJ coObiTHe, COCTOSAILEE B TOM, YTO
BBITOJIHAETCSA HEPABEHCTBO

|€n _ﬂ >

= | —

ITonoxum, nanee,
o0
r r
Sp = E :En+k-
k=1

U3 Toro, uto

SCIRICANED S (RIS

k=1 I=n+1
MbI B cuity (3) BBIBOAMM PaBEHCTBO
i ' =0. 4
lim P{S7} =0 (4)

ITyctb Teneps
: S"=5878785....

U3 Toro, yto cobGeitie S™ BileyeT 3a coGOik JI0Goe U3 cobuiThit Sh, B cuiy (4)
nonyyaem:

P{s"} =0. (5)
[TonoxuM, HakoHel,

S=8"+8+8+....

Kak HeTpyaHO yCTaHOBUTb, 3TO COObITHE O3HAYACT, YTO HAUAETCH TAKOE T, YTO
st Kaxporo n (n = 1,2,3,...) xota 66 npu ogHoM k [k = k(n)] Gynyr
BBINOJIHATBCS HEPABEHCTBA .

1
|£n+k - £| Z .
r
Tak kak
o0

P{S}<D _P{s},

r=I1
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To B cuiy (5)
P{S} =0,
YTO U TpeGOBATOCH 10KA3ATh.

Nlemma 2. (reopema Bopens). Ilycmb p — uucno nacmynaenuii cobbi-
mus A npu n He3a8UCUMbIX UCNBIMAHUSX, 8 KAKCOOM U3 KOmOpbix cobsimue A
Moxcem nosgumocsa ¢ geposmuocmoto p. Toeda npu n — 0o

[
PS — = 1.

3ameruM, 4yto TeopeMa Bopens sBisieTcsl NPOCTEMILIMM YaCTHBIM CIy4yaeM
teopeMbl A. H. KonmoropoBa 06 ycueHHOM 3aKOHE GOJIbLLIMX YUCE; 30ECh XE
JIaHa TOJbKO MHast GOPMYMPOBKA 3TOrO YaCTHOrO CJlyyasi, OTJIM4YHas OT o01ei

¢opmynuposku Teopemsl § 30.

4
Hokazarenscrso. CoObITust E_ p—>0mwu (ﬁ - p) — 0, oueBuAHO,
n n

S3KBUBAJICHTHBI. BBeﬂeM, KaK 3TO MBI YyX€ HEONHOKpPATHO AcJiaJii, BCIIOMO-

ratejibHble BEIMYWHBI f;, PaBHbIE YUCIY TOSIBJICHWiIl cobGbiTHs A npu i-M
ucnbeiTaHuu. Haxoaum, yto

4 n n n n
M(% _ p> _ ;:z DN DTS T M - p) (i - P) (e — ) - p).

i=1 j=1 k=1 I=I
DJyieMEHTApHBII MOACYET MOKAa3bIBAET, YTO
4
7 Pd; 3, 3 2 1
Ml — - =—In 3pg(n” —n)| < —.
(5-7) =B+ ) + 3000 - )] < o
CornacHo nemme YeOblieBa

4 4
7 1 7 T
PS|—=-— Z-¢<rM| = - —.
{(n p) 1"} ' (n p> S a2

Otclona Mbl JejlacM 3aKJII0YEHHUE O CXOAMMOCTH psiia

Se{(i-r) >}

anMeHeHMe npenbmymeﬂ JICMMBI I0KA3bIBACT HALLUEC YTBECPXIACHUE.

Nemma 3. Ecau coboimue E 3K6uareHmMHO co8MeCMHOMY OCYUeCmMEneHuo
beckonevnoeo yucaa coosimuii By, B, ...

E=EE...

u kaxcdoe nocnedyrouwee cobbimue Eyn .| esevem 3a coboii npedoidyujee Ey,,
mo

P{E} = lim P{E,}.

13*
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Jokasaresnscrso. JIecTBUTENBHO, coObiTME E| MOXHO JABYMSl Clenylo-
LIMMU CMOCOOAMU TMPEICTaBUTh B BUJE€ CYMMbl HECOBMECTUMBIX COOBITHIA:

E, = ElEz + E2E3 +... +En_|E" + FE,

“ —
E,=E\F,+EE3+...+E,_ \E,+FE,E;,;,+...+ E.
Orclona
P{E\} = P{E\E,} + P{E;E;} +... + P{E,_E,} + P{E,}
"

P{E\} = P{E\E,}+P{E,E3}+.. +P{En 1 E, }+P{EsEn 1 }+...+P{E}.
CpaBHEHME IMOCJIEAHUX JBYX PaBEHCTB MPUBOAUT HAC K COOTHOLIEHUIO

P{E} =P{E,} - ) P{EiE.1}.
k=n

Tak Kak BblYUTaeMoe B npaBoﬁ YaCTH €CThb OCTATOK CXOAALICrocda psaaa, To
P{E} = lim P{E,}.
n—00

Nemma 4. Ecau kaxcooe u3z cobvimuii koneyHoil unu 6ecKoHevHol nocaedo-
eameaviocmu E\ FE,, ... FE,,... umeem 6epoamnHocms, pasHylo eQuHuye,
mo 8epoAMHOCMb UX COBMECMH020 OCYUeCmeBaeHUs maKkxce pagHa eOuHuye.

JHokasarenscreo. PaccMoTpuM cHavana nsa cobeitusi Ey u FE,, 1Uist KOTO-
pBIX
P{E\} =P{E} =L
Tak kak
P{E\ + E;} = P{E\} + P{E,} — P{E\E»}
u P{E, + E,} =1, 10

P{E\E,} = 1.
Otcloa 3aKioyaeM Mo UHAYKLMWH, YTO JUIS JIIOObIX 7 COOBITHIA, [UIS KOTOPBIX
P{E\} =P{E)} =...=P{E,} =1,

BBITMOJIHACTCA TAaKXC paBCHCTBO
P{E\E,... E,} = 1.

[ycTb Tenepb umeeTcsa 6eCKOHEYHAs MOCICA0BATEILHOCTb COObITUI Ey, Es, ...
.., Ey, ..., 1N KOTOPBIX

P{E\} =P{E)} =...=P{E,}=...=1.
Tak Kak o4eBUIHO, YTO
E\EyE; ... = E|(E\E,))(E\E>yE5) ...

M Kaxablii Mocjeayloluii MHOXHUTEIb B NMpPaBOil 4YaCcTM pPaBEHCTBA BJICYET
3a co0o¥i npeabAyLMii, TO COMIACHO MpPEabIAYLUEH IeMMe

P{E|E2E3 .o } = nh—)rgo p{E|E2 e E,,}

DTO paBeHCTBO OKA3bIBACT JIEMMY.
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Teopema nusenko. [Tycmo F(z) — ¢hynkyus pacnpedenenus cay4aiinoil
seaununvt &€ u Fy(z) — amnupuveckas @ynkyus pacnpedesenus pesyaoma-
moe n Hezasucumblx Habaro0enuii Hao eéeaununoli €. Toeda npu n — 00

P{ sup lF,,(z) - F(m)] - 0} =1

—00<T<00
Aokasarenscteo. O603HAUUM yepe3 Ty ; HAaUMEHbLICE T, YNOBJETBODS-
Iolllee HepaBEHCTBAM

F(:c—-O)=F(:z:)<§<F(a:+O) (k=1,2,...,7).

IMyctb A o3Hayaer CoObITHE, COCTOSILIEE B TOM, UTO f < Ty k. SAcHo, 4YTO
P{A} = F(:L‘r'k).

Tak kak yacrora mnosiBneHust cobuitust A pasHa Fy(z, ), To no Teopeme
Bopens (iemma 2)

P{Fa(r.) = F(o0)} =1, (©)
n—o00
TMycte Teneps Ef ecThb cobbITUE, COCTOSILIEE B TOM, YTO MPU 7t — 0O
Fo(zr k) > F(zr ) (k=1,2,...,71)

r r o’ r
E =E1E2 E,.
SIcHo, yTO coObiTHE E" paBHOCWJIBHO TOMY, YTO NpU 72 — OO
max |Fu(zr,x) — F(zr k)| = 0.

1<k<r
Taxk Kak coracHo (6)
P{ET}=P{E}}=...=P{E} =1,
TO B CWJIy JIeMMBI 4

P{E"} =1
IMycTs nanee
E=E'E’E*....
CornacHo neMme 4
P{E} = 1.

OGo3Ha4YMM, HakKOHell, yepe3 S cOObITHE, COCTOSIILIEE B TOM, 4TO MPU 1 — OO
sup |F,.(:z:) - F(:z:)| — 0.
o0

—00<z<

Jinst MoOGOTO T, 3aKMIOYEHHOTO MEXAY Ty U Ty k41, BBIONHSIOTCA HEPABEH-
CTBa
Fo(zr 1 +0) < Fo(z) < Fn(mr,k+l)

F(z,x +0) < F(z) < F(Zr, k41),
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npu4yeM
1

S F(@r k1) — F(zr, s +0) < =
OTclofa Mbl 3aKJII04aeM, YTO
Fo(2r,k +0) — F(2r 141) < Fu(z) — F(z) < Fu(2r,k41) = Fa(@r,k +0),

T. €. YTO

. ﬁ

1
IFn(w)—F(m)ISIrggg | Fa(zr, 1) — (ﬂvr,k)|+;

W 4TO, CJIE[OBATEJILHO,

1
sup | Fa(e) — F(z)| < max |Faer.s) = F@ei)| + -

—00<z<00

[TocKONBbKY T MPOU3BOJILHO, TO U3 MOCJIEAHEr0 HEPaBEHCTBA BBITEKACT, 4TO
E C S. DTuM, 04eBUIHO, OKA3AHO, YTO

P{ suw |Fuz)-F(&) >0} =1

—00<z<00

YnpaxHeHus

1. Jlokasarb, 4To ec/iu CiyyaiiHast BenmunHa € Takosa, 4to M exp (af) cymecTsyer
(a > 0 — mocrosiHHas), TO

2. Mycrs f(z) > 0 — HeyObiBaowas GyHkums. LoKa3aTh, YTO €C/IM CYLIECTBYET

MF(|€ — ME]), To
e < MF (1€ — ME))
< .
f(e)
3. nOCﬂCﬂOBaTCHbHOCTb HE3aBUCHUMbIX U OIMHAKOBO pacripeacJIeHHbIX Cﬂy‘laﬁHle
BennunH {§;} onpenesneHa paBeHCTBaMH

1
2) P{gy =25k} = o (k=1,2,3,..),

P{l¢ — M¢| >

00
[+ —1 1
6) Plla=k}= 5 (k22 ¢'=> ——-).
) {gn } k21’ k ( c - k2 In2 k)

Jloka3zaTb, YTO K YKa3aHHBIM MOCJ/IE0BATEIbHOCTAM 3aKOH GOJBILKUX YUCEN MPH-
MEHUM.

4. JlokasaTb, YTO K M0C/IEL0BATEIbHOCTH HE3aBUCUMBIX CJTyuaiiHbix BeanunH {€,}
TaKUX, 4TO

P{én = na} =P{& = _na} =1/2,

3aKOH GOJIbILMX YMCes MPUMEHUM TOTAA U TOJbLKO Toraa, koraa a < 0,5.
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5. Jloka3aTb, YTO €CJIM HE3aBUCHMbIE ClydaifHble BeUUUHBI €, ..., &y, ... TAKO-
Bbl, 4YTO
max |z| dFy(z) -+ 0, korma A — oo,
1<k<n
lz|> 4

TO K TOC/IEAOBATENBHOCTH {£,} MpUMEHNM 3aKOH GOMBILKMX YHCE.

Ykazanune. Bocnonb3oBaThCs METOAOM, MTPUMEHEHHBIM MPH HOKA3aTebCTBE TEO-
peMbl XMHYMHA.

6. Vicrionb3ys pe3ysbrar npeabiaylieit 3a1aum, 10Kasath, YTO eCiu Ul Mocaeno-
BaTEJILHOCTH HE3aBUCHMBIX C1yyaiiHbix BenmuuH {€,} cywecrsyior takue yncna a > 1
u f, uto M[¢|* < B, To K nocienosatenbHocTu {€,} NMPUMEHUM 3aKOH GOJIBILMX YUCEN
(treopema Mapxkosa).

7. IlaHa nocjief0BaTebHOCTD Cy4YaitHbiX BeuuuH {&,}, s koropbix D€, < C,
Ri; = 0 npu |i — j] — 00 (Ri; — xo3bduument koppensunu mexay & u ;).
Jloka3aTb, YTO K HaHHOI MOCIENOBATENLHOCTH MPUMEHMM 3aKOH OOJbLIMX YMCEN
(teopema C. H. BepHuureiina).



Mmasa 7

Xapakrepucrtuyeckme pyHKUNM

Mbl BuaenM B NpeiblAylIMX [J1aBaxX, YTO B TEOPUM BEPOATHOCTEH WIU-
POKO MCIMOJIb3YIOTCS METOAbl U aHAJIMTUUYECKUI annapaT pasjIMyHbIX OTAEJIOB
MateMaTH4eckoro aHayim3a. [Ipocroe pelieHue BeCbMa MHOTMX 3aj1ad TEOPUU
BEPOSATHOCTEH, OCODEHHO TeX M3 HHUX, KOTOPble CBSI3aHbI C CyMMMPOBaHHEM
HE3aBUCUMBIX CJIYYaifHbIX BEJIMYMH, YNAeTCs MOJYYUTh C MOMOLULIO Xapakre-
prCTUYeCcKux yHKkUMs, TEOPUS KOTOPHIX pa3BUTa B aHAJM3€ M U3BECTHA MO
UMeHeM rnpeobpasoBanmii ypre. Hacrosiuas rnaBa nocssiieHa U3NOXEHUIO
OCHOBHBIX CBOMCTB XapaKTEPUCTUYECKUX DYHKLIUI.

§ 32. Onpepenexue 1 npocreiwmne CBONCTBA
XapakTepucTu4eckux GyHKLUin

Xapakmepucmuueckoii pyHkyueii cnydaitHoi BeMYMHBI  HA3bIBAaeTCs Ma-
TEMaTHYECKOE OXMIAHME cyyaitHoi Bennuunbl exp (it€) V. Eciu F(z) ectb
dyHkuusa pacnpeneneHus BeMMYMHBL €, TO XapakTepucTuueckass (GyHKLHS
paBHa o teopeMe § 24

f@) =/exp (itz) dF (z). (1)

Mbl ycnoBuMcsi 0603HayaTh B JajbHEHLIEM XapaKTCPUCTHUYECKYIO (YHKLIHMIO
Y COOTBETCTBYIOLLYIO el (PYHKLMIO pacripefeieHUsl OMHUMU M TeMM Xe OyKBa-
MU, HO TOJIbKO COOTBETCTBEHHO MaJIOi Y GOJIBLIO.

W3 Toro, uto |exp (itx) | = | npu Bcex BellecTBEHHBIX ¢, CENYET Cylie-
cTtBoBaHue uHrerpaia (1) ans Bcex GyHKUMIA pacnpenenieHus:; cea0BaTeNbHO,
XapaKTepUCTUYECKass GYHKLIMSI MOXET OBbITh ONpeescHa ISl KXol ciyvai-
HOI BEJIMYUHBI.

Teopema 1. Xapakmepucmuueckas QyHKUUs DABHOMEPHO HenpepbvieHa Ha
8celi npamoil u yooesemeopsem cAeOVIOUUM COOMHOUEHUAM:

O =1, [f®I<1 (-0 <t < o0). (2)

Aokazaresnscrso. CooTHoLIeHUs: (2) HEMeUIEHHO BBITEKAIOT U3 OMNpee-
JICHUs! XapakrtepucTuyeckoit pyHkumu. HeicrBurensho, no (1) '

f(O):/l-dF(x):l

N t — neiicTBUTENbHBIAK napaMeTp. MareMaTHueckoe OXHaaHKe U1 KOMIUIEKCHOM cliyqaitHoi
BeNMunHbL § + 17 onpenensieM kak ME + iMzn. Jlerko nposeputb, uTo TeopeMsl 1, 2 u 3 §25
CNpaBe/UIMBLI U B 3TOM Ciy4ae.
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1f@®)] = /exp(itz) dF(z) S/lexp(it:c)ldF(z') =/ dF(z) = 1.

Ham ocraercst 10Ka3aThb PaBHOMEPHYIO HeNpepbIBHOCTh GyHKumu f(t).
C 3TOi LIe/IbI0 PaCCMOTPUM Pa3HOCTh

fE+h)—f(t)= / exp (itz) (exp (izh) — 1) dF(z)
¥ OLleHUM ee no monyno. Mmeem:
£¢+0) = 10 < [ exp (iah) - 1] dF (o)

IMycts € > 0 npou3BoNbLHO; BbIGEpEM CTONB GONblIOe A, YTOOBI

/ aF(z) < 5,

lz1>A

v nonGepeM cronb Majioe h, ytoGel s |z| < A
. €
|exp (izh) — 1| < 7

Torna

A
F(t+R) - £ < / | exp (izh) — 1| dF (z) + 2 / dF(z) < e.
"y |z|>4
OTO HEPaBEHCTBO JOKA3bIBAET TEOPEMY.
Teopema 2. Ecau 1 = a + b, 20e a u b — nocmosnHsie, mo
fn = fe(at) exp (idt) ,

20e fo(t) u fe(t) oswauaom xapaxmepucmuueckue gynyuu eaurunsi 1)
ué.

Lokasarenscrso. eiCTBUTENBHO,
[z(t) = Mexp (itn) = Mexp (it(aé + b)) = exp (itb) M exp (itaf) =
= exp (itd) fe(at).

Teopema 3. Xapaxmepucmuueckas @YHKYUA cCymmsl 08yX He3A8UCUMbIX
CAYHQIIHbIX BeNUYUH PABHA NPOU3BEOCHUI0 UX XAPAKMepUcmu4eckux yHKyuil.

Aokasarenscrso. Tlyctb € M 1) — He3aBUCHMBIE ClIyyalHBIE BEJIMYMHBI
n ¢ = &+ n. Torna oueBUAHO, 4TO BMecTe ¢ € M 1) HE3aBUCHMBI TaKXe
ciyyaiiHble BeM4uHBI exp (it€) u exp (itn). Otciona BLITEKAET, YTO

M exp (it€) = M exp (it(€ + 7)) = M(exp (it€) exp (itn)) =
= Mexp (it€) Mexp (itn) .
DTO JOKA3BIBAET TEOPEMY.
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CnepctBue. Ecau

E=6L+6+... + &,

npudem Kaxcooe cAazaemoe He3asucumo om Cymmbl npedblOyuux, mo Xapax-
mepucmuveckasn ynHkyus eeautunsl £ pagrHa npou3sedeHu0 Xapakmepucmu-
Yeckux QyHKkyuii crazaemoix.

OTMETHM, YTO XapaKTePUCTHUCCKUE (YHKLMUU YAOBIETBOPSIOT PaBEHCTBY

f(=t) = F(b).

JeicTBUTENBHO,

f(=t) = / exp (—itz) dF (z) = / exp (itz) dF (z) = f(t).

[IpuMeHeHUe xapakTepucTUYeCKUX (YHKLMIA B 3HAYUTENbHOI CTENCHH
onupaeTcs Ha CBOWCTBO, ccopMyaupoBaHHOe B TeopeMe 3. CiioxeHUe He3a-
BUCHUMBIX CJy4YaifHbIX BEJIMYMH, KaK Mbl BUIeau B § 21, npuBoautr K BecbMa
CJIOXHOI oOmnepauud — KOMIIO3MUMHK (YyHKUMI pacnpesesieHUsl ClaraeMbix.
Jns xapaktepucTuyeckux (pyHKUHMIA 3Ta CI0XHAs Onepalusl 3aMEHSICTCS BECh-
Ma MPOCTOM — MPOCTbIM YMHOXEHUEM XapaKTepUCTHUUECKUX (YHKLIHIA.

Teopema 4. Ecau cayuaiinan geauquna & umeem abconomusiii MOMeRm n-20
nopsadka, mo xapaxmepucmuueckas yHKyus geauuunst § ouggepenyupyema
npazunpu k<n

F(0) = i*me*. (3)

AJokaszarenscreo. JeiictBurenbHo, k-kpatHoe (k < n) dopMansHoe aud-
depeHUMPOBaHHE XapaKTEPUCTUYECKONH DYHKIMM MPUBOAUT K PABEHCTBY

Fad() =ik/mk exp (itz) dF(z). (4)
Ho
‘/:ck exp (itz) dF (z) s/lzzzl'c dF(z)
M, CJENOBATENbHO, B CWJIY MPEANOJIOXEHUs TeopeMbl orpaHuyeH. OTciona

CJIe[yIOT CYLIeCTBOBaHMe MHTerpasia (4) v 3aKOHHOCTh A depeHMPOBaHUS.
[Monoxus B (4) ¢t = 0, HaxomuM, 4TO

F®(0) =¥ / =t dF (z).

Maremaruyeckoe OXHIaHUE M JUCIEPCUsl BecbMa IMPOCTO BBIPAXAIOTCS
NPy MOMOILM MPOU3BOAHBIX OT Jiorapudma xapakTepucTH4YecKOi (YHKUMH.
B camoMm gene, nojaoxum

P(t) =1In £(t)

(merko mousaTh, yto In f() CymwecTBYeT B HEKOTOPOW OKPECTHOCTH HYJIS).

Torna
'@
f(t)

Y(t) =
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vy 2010 = £ OP
YOS

[Mpunss Bo BHUMaHue, yto f(0) = 1 u paBeHCTBO (3), HAXOAMM, YTO

¥'(0) = £'(0) = im¢

U
"(0) = £"(0) - [f'(0)) = *ME - [im¢]’ = -D¢.
Orclona
ME = +4(0),
i (%)
D¢ = —¢"(0).

IpousBonHas k-ro nmopsiaka jiorapudma xapakTepucTuueckoit dyHKUUU
B Touke 0, yMHOXEHHas Ha iF, Ha3piBaeTCs cemuunsapuarnmom k-20 nopadka
CJIy4YailHOW BEJIUYMHBI.

Kak 310 HenocpeaCTBEHHO clelyeT U3 TeopeMbl 3, NpU CIOXEHUU He3a-
BUCHMBIX CJIy4aifHbIX BEJIMYMH UX CEMUHMHBAPHUAHTBI CKIIAbIBAIOTCS.

MBI TONBKO YTO BUAC/H, YTO MEPBBIMU ABYMSI CEMUUHBAapUAaHTAMMU SIBJISI-
IOTCSI MaTeMAaTUYECKOE OXHUIAHUC U TUCNIEPCUS, T. €. MOMEHT NEePBOro Nnopsaxka
M HEKOTOpasi pauMoHasibHast (PYHKLIMSI MOMCHTOB NEPBOTO U BTOPOTO MOPSIIKOB.
ITyreM BbIYMCIICHHUI JIErKO yOCAUTHCS, YTO CEMUMHBAPUAHT JIOOOTro nopsiaka k
ectb (uenast) pauroHanbHas (GyHxkuusi nepBoix k MoMeHTOB. sl mpume-
pa mpuBeneM SIBHbIC BbIPaXEHUS CEMUMHBAPUAHTOB TPETBETO U YETBEPTOTrO
MOPSAKOB:

29"(0) = —{M¢ - 3ME> - ME + 2[MmeT’},
9™ (0) = Me* — 4ME> - Mg - 3[MEY]7 + 12Me? - [Me)? - 6[me]".

PaccMOTpUM Tenepb HECKOJIbKO IPUMEPOB XapaKTepUCTUYECKUX (DYHK-
LM,

Mpumep 1. CnyyaitHas BenuurHa € pacrnpesiesieHa ro HOpMalbHOMY 3aK0O-
HY ¢ MaTeMaTHYCCKUM OXMUAAHMEM @ WM AMcrepcueil o2. XapaKTepucTuyeckas
dbyHkuusa BenuuuHbl € paBHa

p(t) = #ﬁ? / exp (itm - %) dz.

IMoncraHoBKoOI
T—a

z= —ito

¢(t) npuBoauTCcs K BUAY

oco—ito

2
exp (—%) dz.

—oo—ito

t2
@(t) = exp (iat - 025)

2~
N
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N3BecTHO, 4TO npu J1I06OM BeLIECTBEHHOM (¢

oo—-ta )
/ exp (—%) dz = V2m,
—-00—ta

CJIEAOBATEIILHO,

2t2
p(t) =exp (iat - JT) .

IMone3ysick TeopeMoii 4, Mbl MOXeM 063 TpyAa BBHIYHCIIUTL LIEHTPaJIbHbIE
MOMEHTbI Ui HOPMaJbHOTO pacrpeie/ieHUs] U TeM CaMbIM ADYrMM IyTeM
NOJYYUTb Pe3yJILTaT NPUMepa, pacCMOTPEHHOrO B § 26.

lpumep 2. HaiiTu XapaKTepUCTHUYECKYI0O DYHKLHMIO CIyyailHOI BeUYM-
HBl €, pacnipesenieHHoit no 3akoHy ITyaccoHa.

CornacHo MpEearnoJoXeHHUI0O BEJIMYHHA £ NMPUHUMACT TOJIBKO HEJIOYHUCIICH-
HbIC 3HAYCHUA, NMPUUYEM

P{¢ =k} = L’S‘(_ﬁ

rae A > 0 — nocrosiHHas.
Xapakrepucruyeckasi GyHKUHUS BEIMYUHBI £ paBHA

(k=0,1,2,...),

f(t) =Mexp(itf) = Z exp(ikt) P{¢ =k} = Zexp(zkt) — exp( A)=

k=0

Z (A exp(zt))"

=exp(—A) =exp(—A+Aexp (it)) =

= exp(A(exp (zt) - l)).

CornacHo (5) OTcClofa HaXO[UM, YTO

1
ME= #(0) =X DE=—9"(0) =X
IlepBoe M3 3THMX paBeHCTB 6bu10 Hamu panee (§23, mpumep 3) monyyeHo
HEMOoCPeICTBEHHO.

Mpumep 3. Cnyyaitnas BenuurHa ¢ paBHOMEPHO pacrpesieieHa B MHTep-
BaJle (—a, a). Xapakrepuctuyeckas GyHKUMS paBHa

a

1) = [ ewita) 3= =

-a

sin at
at

lMpumep 4. HaiiTy xapakTepucTHYECKYIO (PYHKUMIO BETMYUHBI [, PABHOM
YUCTy MOsIBIEHUN COOBITHSE A B M HE3aBUCHMMBIX WCIBITAHUAX, B KaXIOM
13 KOTOPbIX BEPOSTHOCTb MOSIBJIEHUsE COObITHS A paBHa p.
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BennunHa 4 MOXET ObITD NpeacTaBJicHa Kak CyMMa

p=pr+pr ..+ pig

7. He3aBUCHUMBIX BEJIMYMH, KaX[as U3 KOTOPBIX MPUHUMAET JIMILID ABa 3Haye-
HUsg 0 U 1, COOTBETCTBEHHO C BEPOSAITHOCTSIMU ¢ = | — p u p. Benuuuna
NMpUHKUMaeT 3HayeHue 1, ecnu coObiTHE A NMPOMCXOAMT B k-M HUCIBITAHHM,
U 3HaveHue 0, ecnu cobbiTie A B k-M HCNIBITAHUM HE NMPOMCXOAMT.
Xapaxkrepucrtudeckass GyHKUHUS BENTUYMUHBI [ PaBHa

Ji(t) =Mexp (itpr) = exp (it - 0) ¢ +exp (it - 1) p = q + p exp(it).
CorniacHo TeopeMe 3 xapakTepucTuyeckast GyHKUMS BEJIMYMHBI (4 PaBHA

£t) = I ] £e®) = (g + pexp(it))".

k=1
pnp
VvnPq

HaiineM euie xapakTepucTUYecKyl0 (YHKLUMIO BEIMYUHBI 7] =

ITo TeopeMe 2 oHa paBHa
- (o )(57) -

= exp (_u\/?) (q+pex;, (,w%)) _

(oo (o3 oo o3

§ 33. ®opmyna obpaiwieHus u tTeopema eqUHCTBEHHOCTH

MBI BUIEAu, 4yTo no GyHKUUM pacrpeleneHusl BeTUYUHBI { BCEraa MOXHO
HalTH ee XapaKTepUCTHUYECKYIO DYHKIIMIO; [UIS HAC BaXHO, YTO UMEET MECTO
TakXe OOpaTHOe MpeMIOXeHHe: 10 XapaKTepUCTHYecKoi DyHKUMU PyHKLMS
pacripeiesieHus onpeaensieTcss OAHO3HAYHO.

Teopema 1. [Tycms f(t) u F(x) — xapaxmepucmuueckas gynxyus u yHr-
yus pacnpedenenus cayyaiinoii eenuqunel €. Ecau T, u 3 — mouku nenpe-
poigrocmu gynkyuu F(z), mo
c
exp (—itz;) — exp (—itz,)

F(zz)—p(z,)=51; fim / - fod. (1)

HAokasarenscreo. VI3 onpeaeneHusi xapaktepuctuyeckoi pyHkuuum cue-
AYET, UTO UHTErpa

c
1 / exp (—itz,) — exp (—itz,)
Y
-C

m f(t)dt
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paBeH

o [ [ e itle - ) - exo it(z - 22)] aF(z) at.

B nocneaHeM MHTErpajge MOXHO M3MEHMUTb MOPSNOK MHTEIPUPOBAHUSA, TaK
KakK Mo 2z WHTerpas abCojIOTHO CXOQUTCS, a no ¢ npeaenbl UHTErPUPOBAHUS
KOHeuHbl. Takum o6pa3oM,

Jc:L/ ['/ceXp(it(Z—(L‘l))—exp(it(z_.xz))

dt| dF(z) =
m it ]d (2)

exp(it(z — z1)) —exp (—it(z — z1)) -
1 /c —exp (it(z — z,)) +exp (—it(z — z3))

=— dt| dF(z) =
o it (2)
0
1 T [ [sint int
sint(z — —
:_// [‘ (z-m) sint(z mz)]dtdF(z).
T t t
-0 0
W3 aHay1M3a U3BECTHO, YTO NPU C — OO0
1
[ —_
1 sin at X ecm a > 0,
0 —5, ecim a<0,

M 3Ta CXOMMMOCTb PaBHOMEPHA OTHOCHUTENILHO (¢ B Kax10ii obsacth a > d > 0
(coorBercTBeHHO @@ < —0), U npu |a| < d, npyu Beex ¢

(4

1 sinat

— dt 1. 3

L[ o)
0

ITonoxum s onpeneneHHOCTH, YTO Ty > T, U MPEACTaBUM UHTErpan J,
B BUIeE cnenylomeﬂ CYMMBIL;

T)— z,4+0 z-0 zy+440 [’}

/ / / / / ¥(c, z; 71, T2) dF(2),

- T)+6  I— T+0
II€ U1 KpaTKOCTHU 0603Haquo

[
¥(c, z; Ty, 1) = I / sint(z — z;) _ sint(z — z) u
s t t
0

n 6 > 0 nomoGpaHo TaK, YTo Z; + 40 < T, — 4.
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B obnact —00 < 2 < T; — 0 MMECIOT MECTO HEepaBeHCTBa 2 — &) < —0
U 2 — Iy < —0d. [To3TOMYy MBI Ha OCHOBaHUH (2) 3aKJIIOYaEM, YTO MPU € — 00

11—(5
/ ¥(c, z; 1, 2,) dF(2) — 0.
-0

AHAJIOrMYHO 1IpU 23 + 0 < 2 < 400 U IIpU € — OO

[o 0]
/ ¥(c, z; 1, ;) dF(z) — 0.
z7+40

Jlanee, Tak Kak B obnact z; + 0 < 2 < Ty — 0 MMEIOT MECTO HEpaBEeHCTBA
z2—1x; >0 uz—xy <4, 10 cornacko (2) npu ¢ — 00

20 T2—0
/ ¥(c, z; 1, ;) dF(2) — / dF(z) = F(z, — ) — F(z, + 9).
z,+4 z,4+0

HaxkoHel, B cuy (3) Mbl MOXeM BOCIOJIb30BAaThCsl OLIEHKAMH

z,+0 z4+0
‘ / ¥(c, z; Ty, 23) dF(2)|< 2 / dF(z) =2[F(z, + 8) — F(z; - 9)]
z,—0 z,—-0
"
z2+0 z240
\ / ¥(c, z; ), z,) dF(2)[< 2 / dF(z) = 2[F(z, + 0) — F(z; — 0)].

Iz—(’ 32—6
Takum 06pa3oM, HAXOAUM, YTO MpH JitoGoM d > 0

Iim Je =F(.’L‘2—6)—F(l‘1 +5)+R1(6,(L‘1,1}2)
c—00

lim J, = F(z; — 8) — F(z; + d) + Ry(0, z,, T2),
c—00
rae

|Ri(d, 21, 22)| < 2{F(21+0)— F(z,—0)+ F(z2+08)— F(z,—-6)} (i=1,2).

Iyctsb Teneps & — 0. [Ipx 9TOM U3 TOro, YTO T} U T3 SABISIOTCS TOYKAMU
HEnpepbIBHOCTH GyHKUMK F(Z), cieayioT paBeHCTBa

‘lil_r)r;l)F(CB] +(5)=‘l’l_l’)l'(1)F(.’E1 —(5)=F(ZL‘1)

. o — ) = Flz).
}T})F(z;_%—&) ‘lil_r)r(l) F(z; - 9) (z2)
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A TaK Kak J, He 3aBMCHT OT §, TO

lim J, = F(z;) — F(z)).
€—00
PageHcTBo (1) HOCUT HasBaHWe @opmysbl oBpaieHns. Mpl UCTIONb3yeM

a1y opMyay IS BbIBOAA CJIEAYIOLIETO BaXHOTO NpeloXeHus (reopema
©AMHCTBEHHOCTH).

Teopema 2. Dynkyus pacnpedenenus 00HO3HA4HO onpedeasemcs ceoell xa-
pakmepucmuueckoi gynxkyueil.

Hokasarenscrso. JIeHCTBUTENBHO, U3 TeOPeMbl 1 HEMOCPENCTBEHHO Clie-
AYeT, YTO B KaX/0ii Touke HenpepbiBHOCTH GyHKuMH F(z) npumenuma ¢op-
Myna

+c . .
F(z) = 1 lim  tim / exp (—ity) ; exp (—itz)
2T y——00 c0 it

f(t) dt,
—-C

rae npemen no y Gepercsi MO MHOXECTBY TOMCK ¥, SIBASAIOLIMXCS TOYKAMHU
HernpepbiBHOCTH hyHKuMU F(2).

B KayecTBe MpUIOXEHUs TMOCJeHEN TeOpeMbl Mbl JOKaXeM cliefyloLiue
TpeJUIOXEHMUS.

lNpumep 1. Ecnu He3aBucUMBbIe ciyyaiiHble BeMYuHBL & U & pacnpene-
JIeHbl HOPMaJIBHO, TO UX cyMMa & = &) + £, TakXe pacrpefie/ieHa HOPMAJIBHO.

e CTBUTENBLHO, eCln

2
Mé =a), D& =o}; M&=ay, DE =03,

TO XapaKTepucTuyeckue GYHKUMU BeJIMUUH & U €, paBHBI
1 1
fi(t) =exp (ia,t - Eaft2> ,  Ja(t) =exp (iazt - 50§t2> .
IMo Teopeme 3 § 32 xapakrepuctuyeckas dyukuus f(¢) cymMMmsr paBua

10 =110 1,0 = (ilor +a) - o1 +DE)

D10 — Xapakrepuctuyeckas (pyHKUHS HOPMAaJbHOrO 3aKOHa C MaTeMaTuHye-
CKHM OXMIaHMEM a = a; + @, u aucnepcueit o2 = o? + o3. Ha ocHoBaHuu
TEOpEMbI €JMHCTBEHHOCTH 3aKJIloyaeM, YTo (YHKUUS pacrpeeieHUsl BeJuyu-
Hbl £ HOpMaJibHa. :

Oo6partHoe npemnoxeHue, nokazaHHoe I. Kpamepom u chopmynupoBaHHoe
HaMu B § 21, B TepMHHAX XapaKTEPUCTHYECKUX DYHKLIMI MOXET 6bITh ChHop-
MYJIMPOBAHO ciepylownM o6pasom: ecau fi(t) u fr(t) — xapakmepucmuuecxue
dynxyuu u

7)1ty = (-5
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mo
t2
fi(t) = exp (iat - 025),

(1—;2)t2)’

0<o< ).
fa(t) =exp (—iat -

lpumep 2. HesaBucuMble ciyyailHble BeIMYMHBL € U & pacnpeaeieHbl
no 3akoHy IlyaccoHa, npuyem
Mexp(=Ay) M exp (=X2)
1 1 2 2
P{é=k}=—"7"—, Pla=k}=—"—".
k! k!
JlokaxeMm, yTto ciyyailHas BenuuuHa € = £ + & pacnpenesneHa rMo 3aKOHY
IlyaccoHa ¢ mapaMerpoM A = A; + A,.
JeicTBUTENbHO, B NMpUMepe 2 Npeablayiero naparpada Mbl HallIU, 4TO
XapaKTepucTudeckue GyHKUUU CIydailHbIX BEJMUUH & U & paBHbI

fit) =exp (Ar(exp (it) = 1)),  fa(t) = exp (Aa(exp (i) — 1)).

B cuny teopembl 3 mpensinyuiero naparpacga xapakrepuctuyeckasi GyHKLMs
cymMmbl & = £ + & paBHa

Ft) = £12) - £(8) = exp (A + X)(exp(it) - 1)),

T. €. ABJISETCSl XapaKTepuCcTUYeCKON ¢yHKIMeH HekoToporo 3akoHa [lyaccoHa.
CornacHO TeopeMe eIMHCTBEHHOCTH CAMHCTBEHHOE pachpelciieHue, UMeElo-
wee f(t) cBoeil xapakrepucTHueckoil yHKuMeil, ectb 3akoH [lyaccoHa, mis
KOTOPOro

P{E = k} = (AL + M)k CXZ!(_()\I +A2))

. A. PaiikoB noka3san obGparHoe, Gojiee MIyOOKOe MNpeIoXeHUue: ecau
Cymma 08yx He3a8UCUMBIX CAYHALIHbIX 6eAUMUH pacnpedenena no 3akory Ilyaccona,
mo kaxcdoe craeaemoe makyce pacnpedeseHo no 3akoty Ilyaccoua.

(k > 0).

lpumep 3. Xapakrepucruyeckas (yHKIMS BEILIECTBCHHA TOTAa U TOJBKO
TOrAa, KOrga COOTBETCTBYIOLIAA €il (YyHKUMS pacnpenesieHUs: CUMMETPUYHA,
T. €. KOIJa MpH JII0ObIX T (DYHKUUS pacrpeesieH!s YIOBJIETBOPSET PaBEHCTBY

F(z) =1- F(-z +0).

Ecnu dyHkumsa pacnpeneieHuss CHMMETPUYHA, TO €€ XapaKTepUCTHYECKas
¢dyHkuus BewectBeHHa. Ecniu € uMeer cummeTtpuyHyio GhyHKLMIO pacrpese-
JieHus1, To Kak €, Tak U —§ pacnpenesicHbl OAMHAKOBO. 3HAYUT, UMEET MECTO
PaBEHCTBO

F(t) = M exp (it€) = M exp (—it€) = f(~t) = f(t),
KOTOpoe U 03HayaeT, yTo f(f) BeluecTBEHHA.
14 3axa3 1278
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Hnsi mokasatenbcTBa OOpPAaTHOrO TMPEIJIOXKEHUSI PACCMOTPUM CIYYaifHyIo
BeJMUMHY 7) = —§. DYHKUMSA pacnipefesicHUs] BEJIMYUHBI 7) pPaBHA

G(z)=P{n<z}=P{¢> -z} =1-F(-z+0).
Xapakrepuctuueckue (GpyHKUMM BETUYUH € U 1) CBA3aHbI COOTHOLIEHHEM

g(t) = Mexp (itn) = Mexp (—it€) = Mexp (it€) = ?(—tj

Tak Kak o ycnosuio f(t) BewecrsenHa, 1o f(t) = f(t) u, 3HauuT,

9(t) = f@®).

U3 TeopeMbl €IMHCTBEHHOCTU MbI TEMEPb 3aKJI04aeM, YTo GPyHKUUM pacrnpe-
JCJIeHUs BeJIMuMH € U 7) COBMAAAIOT, T. €. YTO

F(z)=1-F(-z+0),

YTO U TPEOOBATOCH IOKA3aTh.

§ 34. Teopembi Xennm

B nanpHeiilieM HaMm noTpebyeloTcsl 1BE TEOPEMbl YUCTO AaHAJTUTUYECKOTO
XapakTepa — repBasi U BTopasi TeOpeMbl XeJUlu.
YC10BUMCSI TOBOPUTb, YTO MOCJIEAOBATENILHOCTL HEYyObIBaIOIMX (DyHKLMIA

Fi(z), Fy(z), ..., F(z), ...

CX0ANTCS B OCHOBHOM K HeyGbiBatowei ¢dyHkunu F(z), ecnv npu n — 00 oHa
CXOIMTCS K 9TOii MOC/NCAHEH B KaXIOii ee TOYKE HernpepbIBHOCTH.

BriocneacTBuu Mol Beerna Gynem cyutath, yTo GyHKUMH Fy(z) ynosine-
TBOPSIIOT 100aBOYHOMY YCJIOBHIO

F,(-00) =0,

M HE CTaHeM Jajiee 3TOr0 OroBapuBaTh.

OTMETUM cpa3y Xe, YTO JJIs CXOAMMOCTH B OCHOBHOM JOCTATOYHO, YTOOBI
MOCJIeN0BATENBHOCTb (hyHKUMIA cxonunack K pyHkumn F(z) Ha KakoM-HUGyIb
BCIOAlY MJIOTHOM MHOXecTBe D. JIelcTBUTENBHO, MYCTh T — JI06ast ToYKa v '
u " — xakue-HuOYIb ABe TOYKH MHOXecTBa D, Takue, yro ' <z < z". lpu
3TOM TaKXe

F,(z') < Fy(z) < Fy(z").

CrnemoBaTesbHO,
lim Fu(z') < lim Fu(z) < lim Fy(z) < lim F,(z").
n—00 n—00 n—00 n—00

A TaK Kak Mo NpeanoyoXeHUIo
lim F,(z') = F(z') n lim F,(z") = F(z"),
n—00 n—00
TO U L
F(z') < lim Fy(z) < lim Fy(z) < F(z").
n-0 n—00
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Ho cpenHue wieHbl B 3TUX HEPABEHCTBAX HE 3aBMCAT OT T’ U Z", M03TOMY
F(z - 0) < lim Fo(z) < T Fy(z) < Fz +0).
n—00 n—00

Ecnu ¢yHkuus F(z) B TOuKe & HenpepbiBHA, TO
F(z —0) = F(z) = F(z +0).
CrnenoBaTesibHO, B TOYKAX HEMPEPRBHOCTH DyHKIMKU F(z)
nll_)ngo F,(z) = F(z).

MepBas Teopema Xennu. Bcakas nocaedogamenvHocme 02paHUYEHHbLIX 6
COBOKYNHOCMU Heybblsarouwux @ynkyuil

Fi(z), Fy(x), ..., F,(z), ... (1)
codepxcum no Kpatiiteti mepe 00Hy nodnocaedogamensHoCcCms
F, (), Fy,(2), ..., Fo (), ...,
CX00AUYIOCA 8 OCHOBHOM K Hekomopoii Heybweatouel dynkyuu F(z).

HAokazarenscreo. Tlyctb D — Kakoe-HUOyIb CYETHOE BCIOAY TUIOTHOE
MHOXECTBO TO4€K I}, Z), ..., Tp, ... . BO3bMEM 3HayeHUst pyHKLMI nocneno-
BatenbHocTH (1) B TOUKE T

Fi(z), F(x)), ..., Fu(z), ... .

Tak KaKk MHOXECTBO 3THX 3HAYEHWH, MO NPEANOJIOXEHUIO, OrpaHUYEHO, TO
OHO COZIEPXMT 10 MEHBILENH Mepe OIHY MOAIMOCICAOBATEIbHOCTh

Fi (), Fia(z)), ..., Fia(h), ..., ()

CXOJSHIYIOCS K HEKOTOPOMY MpEAeNbHOMY 3HaYEHHIO, KOTOPOE Mbl 0603HAUUM
yepe3 G(z)). PaccMoTpiM Tenepb MHOXECTBO YMCEN

F11($,2), Flz(fl:lz), ooy Fln(l‘lz), cee e

Tak KaK M 3T0 MHOXECTBO OrPaHHUYEHO, TO CYLIECTBYET B HEM MOAMNOCIIEN0BA-
TENBHOCTb, CXOAALIASACS K HEKOTOPOMY NpejeibHOMY 3HaueHuo G(zh). Takum
06pa3oM, U3 MOC/NeI0BATENBHOCTH (2) Mbl MOXEM BbLICIUTh MOANOCIENOBA-

TENBHOCTb
Fy(z), Fn(z), ..., Fu), ..., 3)
U1l KOTOPO¥ OHOBPEMEHHO n11_{{.1o Fon(z)) = G(z)) n nlgrglo Fon(zh) = G(z)).
TpooNXUM TaKoe BbiEEHHUE TTOANOCEA0BATENBHOCTEH
Fkl(ﬁ), sz(m), ey F]m(fl,‘), ceey (4)
JUIS KOTOPbIX OTHOBPEMEHHO UMeNM Obl MecTo paBeHCTBa lim Fiy(z)) = G(z})
npu Beex T < k. CocTaBuM Tenepb IMaroHaIbHYIO nocnezg(;soarenbnocn

Fi(z), Fu(z), ..., Fu(z), ... . (5)
14*
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Bcst oHa B KOHEYHOM cyeTe BbleJieHa M3 mocnenoBatenbHocTH (1), mo-
atomy ansi Hee lim Fy,(z}) = G(z)). Hanee, Tak Kak BCS AMAroHajibHas
n—00
TOC/EN0BATEIBHOCTb, 33 HCKJIIOYCHUEM JIMILb IIEPBOTO WICHA, BbIEJIEHA U3 NTO-
cnenosarenbHocTi (2), To lim Fy,(zh) = G(z)). Boobuie, Bcsi iaroHanbHas
n-—00

T0CJIeI0BATE/ILHOCTb, 33 UCKJIIOYCHUEM NEpBLIX e¢ k — | 4IeHOB, BbUIE/IEHA
U3 nocyiefoBaTeNbHOCTH (4); mosTomy st Hee Takxke lim Fu,(z)) = G(z})
n—oo

npu KaxaoM k. [TonyyeHHBIH pe3ynbTaT MOXHO copMynupoBaTh Tak: MNo-
crnenoBatebHOCTh (1) comepXuT Mo KpaiHeil Mepe OaHy MOANOC/ea0BaTeNb-
HOCTb, KOTOpasi BO BCEX TOYKAX Zj MHoXectBa D CXOOMTCH K HEKOTOPON
¢dyHkunn G(z), onpenencHHoi Ha MHoxectse D. Ipu aToM, Tak Kak ¢yHK-
UMM Fy,(z) He yObIBAIOT M PABHOMEPHO OrpaHUYEHBI, TO, OYEBUIHO, U (PYHK-
unst G(z) Gyner HeyGbIBAIOILEH M OrPaHUYEHHOIA.

Teneps sicHo, yTo hyHKuMIo G(z), onpenelieHHyI0 Ha MHOXecTBe D, MOX-
HO NPOJOJIXUTB TakK, YTO OHa OyAeT onpejesicHa Ha Bceit npsMoit —oo < & < 00,
OCTaBasiCb HeyObIBaIOLLCH U OrPaHUYCHHOM.

MocnenoBarenbHocTh (5) cxonutcss K 3TOi (PYyHKUMM Ha BClOay MJIOT-
HOM MHOXecTBe D; ciieioBaTe/bHO, OHA CXOAMTCA K HE B OCHOBHOM, 4TO
U TpeGoBaJIOCh N0Ka3aTh. 3aMETUM, 4YTO (DYHKLHMS, NOJyYeHHAs NPOIOJLKEHU-
em yHkuun G, MOXeT OKa3aTbCs He HenpepbiBHOM cieBa. Ho MBI MOXeM
U3MEHUTb ec¢ 3HayeHUs B TOYKAX pa3pbiBa TaK, YTOObl BOCCTAHOBUThH 3TO
csoiictBo. IloanocnenoBarenbHOCTL Fy,, OyneT CXOAUTHCS M K TAKUM 0Gpa3oM
«TOTNpPaBJIEHHOH» (PYHKLIMMU.

Brtopas teopema Xennu. [Tycmo f(x) — HenpepvigHas gyHkuus u nycmo
nocaedogamenbHocmb HeyGbl6AIOWUX, 02PAHUYEHHBIX 8 COBOKYNHOCMU (IYHK-
yuii

F\(z), F(z), ..., Fu(z), ...

cxooumesa 6 ochosHom Kk @ynkyuu F(T) Ha nexomopom koHewHom unmep-
sane a < T <b, 2de a u b — mouxku nenpepwieocmu @ynxkyuu F(z);
moeda’

b b
lim /f(rz:) dF,(z) = / f(z) dF(z).
n—00

a a

Aokasarenscrso. U3 HenpepbiBHOCTH GyHKUMM f(T) BBITEKAeT, YTO KaK
6bl Majsio HY ObUIO TMOJIOXUTEJILHOE TOCTOSHHOE €, HaiiaeTca noapasaesicHue
vHTepBasa a < & < b ToukaMu g = a < 7y < ... < Ty = b Ha yacTUYHBIE
VHTEPBaNIbl Ty < T < Tg4) TAKOE, YTO B KAXIOM MHTEpBate (Tg, Tg4) Oyer
BBIMOTHATLCS HepaBeHCTBO |f(z) — f(zx)| < €. Tonb3ysacs aTUM oBCTOATENb-
CTBOM, Mbl MOXEM BBECTH BCTIOMOTATENIbHYIO GYHKLMIO fe(T), IPUHUMAIOLLYIO
TOJILKO KOHEYHOE YMCJIO 3HAYEHUI, ONpPE/eSIUB €€ NMOCPEACTBOM PABEHCTB

fe(z) = f(ze) nmpu  z < T < Tpq.
OueBUIHO, YTO 1S BCEX T B MHTepBaie a < T < b BHINOJHACTCS HEPABEHCTBO

1f(z) - fe(z)| <e.
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ITpyu 3TOM MBI MOXEM 3apaHee BbIOPATh TOYKU JETEHUS Ty, L7, ..., LTN_] TaK,
yTOOBI OHM ObUIM TOYKaMU HenpepsiBHOCTH (yHKuuu F(z). B cuny cxomm-
moctu yukunit Fi(z), Fy(z), F3(z), ... kK dyHkumn F(z), npu Z0CTaTO4HO
GOJILLIMX 7 BO BCEX TOYKAX JCCHUS OYAYT BBITIOJIHATLCS HEPABEHCTBA

IP(@) - Fa(a)] < 7o, ©

rae M — maxkcumyM moayns f(z) B uHrepsaie a < < b.

Be3 06bsICHEHUH SICHO, YTO
‘ / f(z)dF(z / fe(z) dF(z

'/f ) dF(z) - /f(a: dF,(z)| <
'/L ) dF(z) — /L@M '/ﬂ w@)/f@w

HeTpyaHo MoacyuTaTh, YTO MEPBOE CJ1araeMoe MpPaBoil YacTH HE MPEeBOCXOAUT
e[F(b) — F(a)], a Tpetbe He npesocxomuTt € [Fy(b) — Fy(a)]. Yto xe kacaercs
BTOPOTO CJIaraeMoro, TO OHO PaBHO

F(zk41) — F(zs)] Zf(wk n(Trt1) — Fn(zk)]’=

N-1

> f@e) [F@esr) — Fa(@ien))] Zf(zk) Fa(z)]
k=0

k=1

M, CJIEIOBATENbHO, NMPU AOCTATOYHO OGONBILMX 70 HE MPEBOCXOAMT 2€, Kak
3TO BbITEKaeT u3 HepaBeHcTsa (6). B cuiy orpannyeHHoctv GyHKuuit F(z)
B COBOKYITHOCTH, CyMMa

e[F(b) — F(a)] + €[Fu(b) — Fa(a)] + 2¢
MOXET ObITh CACJIaHA CKOJlb YrogHo MaJloil BMeCTe C €.

O6o6wenHas Bropas teopema Xennu. Ecau ¢ynxyus f(x) Henpepvig-
Ha u ozpanuyeHa Ha eceil npamoi —0o0 < T < 00, nocaedosamensHOCMb
02PaHUYEHHBIX 8 COBOKYRHOCMU HeYObiGaowux MyHKYul

Fi(z), F(z), ..., F(z),
cxodumcs 6 ochogHom K Pyrkyuu F(x) u
lim Fp(-00) = F(—00), lim Fy(+00) = F(400),
n—-o00 n—o00
mo

lim [ f(z)dF,(z / f(z) dF(z

n—0o
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Aokazaresnscreo. Tlycte A < 0 u B > 0; nonoxum

A A
Ji = / (@) dF(z) - / f(@) dFs(z)

B B

5= |[ 1@ aF@) - [ 1) dFia)

A

’

SN
[
w—g >

1@ aF@) - [ 1(0) dFy(a)
B

OueBHUIHO, YTO

[ 1@ ar@ - [ 1@ ar

BeanuuHbl J; U J3 MOXHO clenath CKOJb YTOOHO MaJIbIMH, €CIM Bbl-
opatb A U B [0CTaTOYHO GOJBIIMMM MO aGCONIOTHOH BENMWYMHE U NMPUTOM
TAKMMH, YTOOBI TOYKH A U B GbIIM TOUKAMU HENpephIBHOCTH GyHKuMu F(z),
a n BbIOpaTh AOCTaTOYHO GoNbIIMM. B camom nene, nyctb M — BepxHss
rpausb |f(z)| npu —oo < = < 00; Torna

Ji < M[F(4) + Fy(4)],
J3 < M[F(+00) — F(B)] + M [Fa(+00) — Fy(B)].

<+ I+ Js.

Ho
lim F(4)=0, lim F(B)= F(4+00).
B—oo

A--00

A TaK Kak, 10 NnpeanooXeHHIO,
lim F,(4) = F(4), lim F,(B)= F(B),
n—00 n—00

TO Haule yrBepxneHue o6 J; u Ji3 nokasaHo. BennuuHa J, npu n0CTaTOYHO
GOJILLIOM 7L MOXET GBITh C/I€JIaHa CKOJIb YTOIHO MaJIOH B CHJY TeOpEMbI XeJlH
U1l KOHEYHOTO MHTEpBaa.

TeopeMa noka3zaHa.

§ 35. MpepenbHbie TEOPEMbI
AN XapakTepucTu4ecknx PyHKuun

BaxHEHIIMMHU C TOYKHM 3PEHUS MPUIIOXEHUI XapaKTepUCTUYeCKUX (DYHK-
IMii K BbIBOLy aCUMITOTHYECKUX (DOPMYJT TEOPUM BEPOSITHOCTEH SIBISIOTCS
IBC TNpeaesibHble TEOpeMbl — TMpsiMasg M obGpaTHas. DTH TeOpeMbl YCTaHaB-
JIMBAIOT, YTO COOTBETCTBUE, CYLIECTBYIOLIEE MeXay GYHKLUMSIMU pacrpesene-
HUSl U XapaKTEPUCTUYECCKUMU (YHKUUSIMU, HE TOJILKO B3aMMHO OJHO3HAYHO,
HO ¥ HEMNpPEPBIBHO.
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NMpsamas npenensHas teopema. Ecau nocaedosamenvhocmes QyHKyuil pac-
npedeneHus
Fi(z), Fy(z), ..., Fu(z), ...

cxodumcs 8 OCHOBHOM K QyHKyuu pacnpedenenus F(zx), mo nocaedosamens-
HOCMb Xapakmepucmu4eckux QyHKuuii

f(), £28), ..., fald), ...

cxodumes k xapaxmepucmuueckoii gynxyuu f(t). Ima cxodumocmo pasHo-
MepHa Ha KaxcOoM KOoHeyHom unmepéasne t.

Joka3sarenscreo. Tak Kak

1) = [ ewita) aRa(o), 1) = [ exp (ite) aF(@)

1 GyHkums exp (16T) HempepsiBHa M OrpaHMYeHa Ha Bced mpaMoil —oo <
< ¢ < 00, TO corlacHO 00001IeHHONH BTOpOi TeopeMe Xeyu uisi oboro ¢

Ipu n — 00
fat) = £(2).

YTBepXaeHHe, YTO 3Ta CXOAMMOCTb PAaBHOMEPHA HAa KaXIOM KOHEYHOM
UHTepBasie ¢, MpoBepseTcss OyKBAJIbHO TEMU Xe PACCYyXIEHUAMH, KaKWUe MbI
TIPOBEJIU TPH A0KAa3aTeJIbCTBE BTOPOI TeopeMbl Xesu.

OGpartHas npepenbHas Teopema. Eciu nociedosamenbHocms Xapakmepu-
cmuyecKux yHKyuil

H®), falt), ..., falD), ... (1
cxodumces K HenpepuigHoil hynxyuu f(t), mo nocaedosamenvrocmo QyHxyuii
pacnpedenenus

Fl(z), Fz(x), vy Fn(.’B), (2)

cxo0umcs 6 OCHOBHOM K Hekomopoii pynxuuu pacnpedenenus F(z) (e cuay
npamoil npedenstoii meopemut f(t) = [ exp (itz) dF(z)).

Jokasarenscrso. Ha ocHoBaHMH TepBOi TeopeMbl XeJUTH 3aKJTI04aeM, YTO
TNOCJIEIOBATENBHOCTD (2) HEMPEMEHHO COAEPXKHUT MOAINOC/IEA0BATENILHOCTD

F, (z), Fy,(2), ..., Fy(z), ..., (3)
CXOZISILLYIOCS B OCHOBHOM K HEKOTOpO# HeyGbiBatoleit dyHnkunu F(z). [Mpu
3TOM MOHSATHO, YTO GYHKUMIO F(Z) Mbl MOXEM CYMTATh HEMPEPBIBHOM ClieBa:

lim F(z') = F(z).

z'—+z-0

Boo6iue rosopsi, pyHkumus F(z) MoxeT u He ObITh DYHKLMElH pacnpesesieHus,
TaK KaK Ul 3TOro JOJNXHbI YIOBIETBOpAThCH elle yciosus F(—o0) = 0
u F(+00) = 1. leRcTBUTENBHO, IS MOCNEA0BATENLHOCTH (DyHKIMIA

npy < -—n,

F,(z) = mpu -n<zc<n,

—_— N -0

npu x> n,
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npenenvHas dyukuus F(z) = 1/2 u, cnenosarensHo, F(—o00) u F(+00)
TakxXe paBHbl 1/2. OgHaKo B YCJIOBMSIX Hallei TeOpeMbl, Kak Oymer ceifyac
noka3saHo, o6s3atesibHo 6ynetr F(—o00) =0 u F(4o00) = 1.
B camoM aene, ecnu 6bl 3TO GbUIO HE TakK, TO, MPUHSB BO BHUMaHUE, YTO
IS pefenbHoit dyHkuuu F(z) nonxHo Geitb F(—00) >0 u F(+00) < 1, Mbl
MMenu Obl:
8 = F(+00) — F(—00) < 1.

Bo3bMeM Tenepb Kakoe-HUOYAb MOJIOXMTEJbHOE YUCIO €, MeHbluee | — 4.
Tak Kak Mo YCJIOBMIO TEOPEMbI MMOCJEIOBATEIbHOCTb XapaKTEPUCTUUECKUX
dynkumii (1) cxomurcs Kk dyHkunmu f(t), o f(0) = 1. A Tak Kak, cBepx
toro, dyHkuus f(f) HempepbIBHa, TO MOXHO BbIOPAaTh JOCTAaTOYHO Majoe
TNOJIOXUTEJILHOE YUCJIO T TAKOE, YTO OYyIeT UMETh MECTO PaBEHCTBO

1 r € €
— f 1—- + -
o’ / (® dtl > 3 >4 3 4)

4
Ho B TO Xe BpeMs MOXHO BbiOpaTh X > — U HacTosibkKo Gonbiioe K, 4TOObI
TE
npu k > K 6b110

€
0 = Fnk(X) - FM(—X) <0+ Z
Tak KaK fy,(t) ecTb xapakTepucTuyeckas GyHKUMS, TO

/Tfn,‘(t) dt=/ [/rexp(itz) dt] dF,, (z).

-7

WuTerpai, cToAIIMI B NPaBoif 4aCTH 3TOrO PaBEHCTBA, MOXHO OLEHMTh clie-
ayoiumM cnocoboM. C oxHOI CTOPOHBI, Tak Kak | exp (itz) | = 1, To

,
’/ exp (itz) dt’ <27
-7

C apyroii CTOpPOHBI,

T

. 2
/ exp (itz) dt = p sinrz,

-7

M TaK Kak |sinTz| < 1, To npu |z| > X

)
/ (itz) dt| < 2
Xp (LT -.
exXp X
-T
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Orclofa, NPUMEHUB TepBYyIO OLeHKy npu |z| < X u Bropywo npu |z|. > X,
noJyyaem:

\/T fu(®) dt’ é‘ / (/Texp (itz) dt) dFy, ()
- lzl<x -7
+| / (/Texp(itz) dt) dF,,(z)

lz|>X -7

+

2
<2T6k+f

U, CJIEAOBATCIILHO,
T
1 €
— t)dt| <6+ —.
-7

10 HCPABEHCTBO COXPAHACTCA U B Npeaciie

T
1 €

o /f(t)dt\ <0+ X

-7

YTO, OYEBHIHO, NPOTHBOPEYUT HEPaBEHCTBY (4).

TakuMm oGpa3zoM, ¢yHkuus F(z), K KOTOPOH CXOOUTCH B OCHOBHOM
TOC/EA0BATENBHOCT Fy, (T), ecThb pyHKLMS pacnpeac/icHUsI; COMIaCHO NMpsMOii
npefesibHOI TeopeMe ee xapakTepuctuyeckas dyHkuus pasHa f(t).

YTOoOBl 3aKOHYUTL JOKA3aTENLCTBO TEOPEMbI, HAaM OCTAETCH [0Ka3aTh,
4TO M BCS MOCJIEJOBATeNBHOCTb (2) CXOAUTCS B OCHOBHOM K (yHkunu F(z).
IMpeanonoxuM, 4yro 310 He Tak. Torma HaigeTrcsi NMOANOCIEAOBATCIBLHOCTh

GbyHKUUH
F,,ll(:l:), Fnlz((l:), ey F,,L(II:), vy (5)

CXOZALIAACSA B OCHOBHOM K HeKOTOpo# yHkuuu F*(z), ommutoit or F(z)
no KpaiiHeil Mepe B OQHOI M3 TOYEK HenpephIBHOCTH. 10 yXe mOKa3aHHO-
My F*(z) nomksa ObiTe yHKUMEH pacripefeneHus C XapaKkTepUCTHYECKOM
dyukuueii f(t). TTo TeopeMe eAMHCTBEHHOCTH AOJNXHO GbITh

F*(z) = F(z).

DTO NPOTUBOPEYUT CACTAHHOMY IPEANOJIOXEHHUIO.
3aMETUM, YTO YCJIOBUSI TEOPEMBI BBIMOJIHEHBI B KAXIOM U3 ABYX CJIEAYIO-
LIIMX CJIyYaes: :

1) nocnexoBaTebHOCTb XapaKTepucTHYeCKUX GyHKUMIA fr(t) cxoauTes K He-
Kotopoit pyHkumK f(t) paBHOMEPHO Ha KaXIOM KOHEYHOM WHTepBae ¢;

2) NOC/EN0BaTENBHOCTb XapaKTepucTHIeckuX hyHKuMi fr,(t) cxonutes K xa-
pakTepucTiyeckoil GyHKumu f(t).

lMpumep. B KayecTBe NMPUMEPA UCIOJIL3OBAHMUS TMPEAEIbHBIX TEOPEM pac-
CMOTPHUM JI0Ka3aTeJIbCTBO MHTErpaJibHOM TeopeMbl MyaBpa—Jlannaca.
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B npumepe 4 § 32 Mbl HallUTH XapaKTePUCTUUECKYIO (DYHKLMIO cydaiitHOR

BEJIMYUHDI 'I7 = “ _ np .
Vipq

fat) = (qexp (—i“/%) + pexp (it&))n,

Bocrnosib30BaBIIMCE pa3fioXeHUEM B psa MakiiopeHa, HaxonuM, YTo

L [P L [q t?
gexp | —it,/— | +pexplit,/— | =1——(1+Ry),
nq np 2n .

R _2z°°: L(_zi)"‘zpq"H(—p)’“ ‘
n — .
k' \vn (pg)*

rae

Tak kak npu n — o0
R, — 0,
TO

fa(t) = [1 - %(1 +Rn)]n — exp (—g) .

B cuny o6parHoii npesenbHovi Teopems OTCIONA BBITEKACT, YTO MpH J1000M T
Tz
P <zp—>—— [ exp|——)dz,
{ VNPg } V27 2
—-00
Korga n — 0OQ.

N3 HenpepbIBHOCTH npene/ibHOM (YHKIMH JIETKO BBIBECTH, YTO 3Ta CXO-
IUMOCTb OyIeT paBHOMEPHA 110 T.

§ 36. MonoxurennHo onpeaeneHHbie GyHKUUN

Lenp HacTosimiero naparpaga — aaTh UCYEPNBIBAIOLLICE ONMMCAHUE Kilacca
xapakrepuctuyeckux ¢pyHkuuid. ITpyBonumas HaMu HHUXE OCHOBHasi TeopeMa
OblJ1a OMHOBpeMeHHO HaitneHa A. fl. XuHuuHbIM ¥ C. BoxHepoM 1 ony6JIHMKO-
BaHa Brnepsbie C. BoxHepom.

Jnsa hopMynMpOBKY M 10Ka3aTe/IbCTBA 3TOM TEOPEMbl HAM HY>XXHO BBECTHU
HOBOE MOHATHE. MBI cKaxeM, 4TO HenpepbiBHas hyHKuus f(t) BewecTBeHHOro
apryMeHTa { nosoxcumenvHo onpedeseHa B MHTepBajie —o0 <t < 00, eciu

KaKOBbI Obl HY ObITU BelIECTBEHHBIE yucha &y, ¢y, ..., t,, KOMIUIEKCHbIE YUCIa
&,6, ..., & ¥ Lenoe yucHo n 4
n n
DD fti—tegé 0. (1)
k=1 j=I

IlepeyncaIUM HECKOJILKO MPOCTEHIINX CBOMCTB MOJIOXMTENBHO OMNpene-
JIEHHBIX QYHKLMIA.
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L. £(0)>0
B camoMm gene, nonoxum n = 1, t; = 0, £ = 1; Torma M3 ycnoBus
MOJIOXHUTEILHOM onpeneneunocm dbyukumun f(t) Haxoaum, yTo

Z Z fte —t;)&&; = £(0) >

k=1 j=I
2. Tlpu no6bIx BelIECTBEHHBIX ¢
f(=t) = £ (0).
Hns mokasatenbctBa monoxuM B (1) mn =2, ¢, =0, L, =¢t, &, &

MPOU3BOJIbHBI. HmeeMm no NpeaAnoJIOXKCHUIO

2 2
0D D flte —t))ej =

k=1 j=1
= f(0=0)&ié, + (0 = t)ei&y + F(t — )62y + f(t — t)6dr =
= £0)(11)” + 1&I)) + F(-t)e.&a + F(B)Ei&o, (2)

MO3TOMY BETMYMHA _ _
f(=t)&& + f()€1&

Io/KHa ObITh BellecTBeHHOW. Takum oGpasom, ecnu mnonoxutb f(—t) =
=a)+if, f(t) = e +ifs, &6 =7 + 0, &€ =y — id, 1O KONXKHO GbITH
aid + fry — ad + By =0.

Tak Kak & u £, a cleoBaTeNbHO, Y U § MPOU3BOJIBHBI, TO JAOJIXKHO ObITh
a—-a=0, pi+p=0.
Orciona cienyeT Haile yTBepXIeHMUeE.
3. Ilpu no6bIX BellleCTBEHHBIX ¢
£ < £(0).
TMonoxum B HepaseHctse (2) & = f(t), & = —|f(t)|; Torna cornacHo
npeabiayieMy

2£O)IFOF = 1FOPIFO] - 1FOP1£E)] > 0.
Ortciona nipu |f(t)] # 0 monyyaem:

F0) =17 @)

Ecnun xe |f(t)| = 0, To onsiTb-Taku B cuity cBoicTsa 1

70) = 1f(@)l.

M3 10Ka3aHHOTO ClieayeT, MeXIy MPOYUM, YTO ECJIM TOJIOXHUTENLHO Olpene-
neHHast GpyHKuus Takoa, yto f(0) =0, 10 f(£) =0
Teopema BoxHepa—XunuuHa. [is moeo, umobbl HenpepbiéHas OYHK-
yus f(t), ydosremeopswowas ycaosuro f(0) = 1, 6sua xapakmepucmu-
YecKoil, Heo6x00uMo u docmamouro, ymobbsl OHAa 6biAQ NONOHCUMENLHO Onpe-
denenHoll.
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Jokasarenscreo. B o1HOM HamnpaBjieHUHM TeopeMa TpUBMasbHA. JeiCTBU-
TEJILHO, €CIIU

10 = [ e its) aF (o)

rae F(z) — wHexoropas ¢yHKuMsi pacnpeielieHus, TO TpU JoGoM Le-
JIOM T, NMPOU3BOJIbHBIX BELIECTBEHHBIX £, %s, ..., ,; M KOMIJICKCHBIX YMCIIaxX
&, 6, ..., & UMeeM:

SN ft - t)ads =

k=1 j=1

_ZZ{/exp izt —t; ))dF(:z:)}gk{_jz

kl]l

-/ S5 exp (inlts - 1) ey dF (@) =

k=1 j=1

/(Zexp (ite) 5,;) (Z exp (—it;z ){1) dF(z) =

=/k_

> exp (itke)éx
=1

Joka3aTenbCTBO AOCTATOMHOCTU YCJIOBUIT TeopeMbl TpebyeT Gosee Clox-
HBIX PAaCCYyXICHUIA.

dF(z‘) >0

k
PaCCMOTpVIM nocJIeNOBATEJIBHOCTD YHUCEN f(— , 3aBUCALLYIO OT LEIO-
n

YUCJIEHHOTrO MapaMeTpa 7. B Culy NMOJIOXHUTEIbHON onpeaesieHHOCTH (byHK-
unu f(z) Mbl uMeeM npu Jo6oM N

N-1N-1

A =5 2 2 1) ew itk - i) >0

Jlerko moicyuTath, YTO B 3TOM cymme umeerca N — |r| cnaraemsix, 1s
KOTOpBIX pa3HOCTh k — j paBHa 7. Jlajee O4YEBUIHO, YTO YUCIO T MOXET
uaMeHsThes oT —N + 1 o N — 1. Takum o6pa3oM, UMEET MECTO PaBEHCTBO

P (o) _ J Il r ;
Py (x) = -5 fl =) exp(—irz).
n
r=-N
YMHOXMM 00€ 4acTH MOJy4eHHOTO PaBEHCTBA Ha exp (ST) M MPOUHTErpUpyeM
no B npejeniax oT —m IO T:

jexp(isz):’?,f,")(z)dmz i (I—J-g)f(g) jexp(—irm)exp(z’sz) dz

i r=-N -
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H3BecTHO, yTO
m

/exp(—z’(r—s)z) dz={ 0w r#s,

2r s T =S.
-7

ITosromy
s L] [
s s
(1 - ﬁ)f(ﬁ) = g/ﬂf,")(z) exp (isz) dz :/exp (isz) dFJ(\?)(-"")’
—r -
rae

T

1
(@) =5 / 7 (u) du

-
€CTb HeyﬁblBalOlllaﬂ Q)yHKuMSl C MOJIHBIM U3MCHCHUEM, pPaBHBIM
m

) = o [ 70w au=10) =1,

T. ¢. AiBNsieTcsl PyHKUME pacnpenesicHus.
Ha ocHoBaHWH nepBoii TeopeMbl XeJIJIM Mbl MOXXEM HAaWTH MOC/ICIOBATE b-

Hoctb Ny, — 00 nipu k — 00, ISl KOTOPOii (PyHKLUK F,(,,':)(z) (n duxcuposa-

HO!) cxomATCs K MpenenbHoit; 0603HaunM ee yepes F™)(z). Oyukuusa F™(z)
cHoOBa siB/sieTcs: (yHKUMEN pacnpenesieHus, Tak Kak npu jobbix N v npous-
BOJILHOM € > 0

FP(-r—e)=0, FP(r+e) =1
U, 3HAYUT, NPU NPOU3BOJIBLHOM € > 0 Takxe
F(—m—¢)=0, F™(r+¢)=1.
CornacHo BTOpOii Teopeme Xesuu

m T
lim /exp (isz) dF,(J:‘)(z)zfexp (isz) dF(n)(x)-
k—00

- -

Takum obpazom?,

9 ot

-

TIPU BCEX LENOYUCNCHHBIX § (s = 0,+1,+2,...).

2 3aMeTuM, YTO MOMYTHO HaM1 10Ka3aHa cieaylolas reopema leprnorya. Ecau nocaedosamens-
Hocmb yucea ¢, (n =0, %1, ...) o6radaem mem ceoiicmeom, 4¥mo npu aw6om 6ui6ope KOMNAEKCHbIX
yucen £y, €, ...,EN u npouszeonvhom N

N N
E E cr-j€k€i 20,

k=1 j=1
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PaCCMOTDHM TENEPb MOCIACAOBATCILHOCTL XAPAKTCPUCTUUYECKUX d)YHK-

umit f,(t), onpemeneHHBIX MOCPEACTBOM PaBeHCTBA

fa(t) = / exp (itz) dF,(z),

-nmn

rae
T
Fo(z)=F™(Z).
n
Jlerko npoBepuTb, YTO NMPU BCEX LIEJIOYUCTEHHBIX k

n(5) =)

Ho kakoBo 6bl HU 6bL10 ¢, MbI MOXEM NOAO6GpPaTh TaKylO MOCJICAOBATEILHOCTh

©)

k =k(n,t)?, uto
k1
0<t——< —.
n o on
W3 HenpepbiBHOCTH yHKumMi f(t) cneayer, 4to
k k
f(t) = lim f(—) lim f,,( ) 4)
n—00 n n—o0o
Ecnu Mbl [OoKaxeM, YTO MpU BCEX BEILECTBEHHBIX &
)

£) = 1im £u(),

TO I0Ka3aTeNIbCTBO TeOPeMbl OyIeT 3aBeplleHo, Tak Kak f(t) — HernpepbiBHas
(yHKUMS ¥ MO3TOMY, B CWJIy OOpaTHO NMpeaesibHOM TeopeMbl IS XapaKTepH-

cTUUYEKUX (YHKIMIA, OYIET XapaKTepUCTUYECKON dyHKLMeH
C 370l LEnbIo 3aMeTHM, 4TO U3 (3) U (4) creayer paBeHCTBO

(® = tim { [fn(t) - fn(f)] 1, (g) } _

=10+ im [ 10~ 1a( )]

lim f,
n—o00

(6)

mo nocaedosamenvrHocmb C, Moxcem OGbimb 3anucana e gopme
n
= /exp(inz) do(z),
-

eap

20e 0(T) — Heybweawowas GyHKyus ¢ 02panu
3) Beiony nansuie nox k Mbl noHuMaeM wucaa k(n t)
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k 1
O06o3HauuM 6 = t — —. CornacHo BbIOOpY BenuyuH k umeeM 0 < 0 < o
n
Mo onpenenenunio GpyHkuuu fr(t)
k m 'k .
10 - 1a(3)| = | [ o (i72) exo2) - 1) aF(o)| <
n
—-nn
an
< [ Tew (i0a) - 11 dFy ) ™)
—-mn

Bocnonb3oBaBLIKCh HEpaBCHCTBOM ByHHKOBCKOFO, HaxoauMm, 4TO

m m
/ | exp (i0z) — 1| dF,(z) < / | exp (i0z) — 12 dFy,(z) =
—mn -nn

™

_ '/2u-c%o@damw=,/x1—Rnw», (8)

—mn

rae cumBont Rf,(0) o3Hayaer BewectBeHHYylo yacTh fr(#). Tak Kak cos z <
Lcosazmpu 0<a<lu—nr<z<m 10
m™m

1= R12(0) = [ (1= cosb2) dFy(z) =

—nn

= / (1 —cos (8- nz)) dF,(2n) < / (1 = cos z) dF,(2n).
A TaK Kak ’ ’
Fu(zn) = F™(2),
TO

1-Rfn(0) < / (1 —cosz) dF™(2) =1-R [ exp(iz) dF™(2).

Otciona B cuity (3) Haxoaum, 4To

|- Rf(0) <1 —Rf(%) ©)

CoGpas BMecte HepaseHctsa (7), (8) u (9), HaxoauM, yTo

w0~ 1a(%) ’ < \/2(1 —Rf(%)).
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M3 HenpepbiBHocTi yHkunu f(t) orciona cieayer, 4to

lim [fu(t) - f(%)] o,

CootHolueHue (5), Kak 310 BUaHO Tenepb U3 (6), KoKa3aHo.

§ 37. Xapakrepucrtuueckme GyHKLUU
MHOTOMEpHbIX C/Iy4anHbIX BEIUYUH

B Hacrosiuem naparpade Mbl uanaraeM 6e3 10Ka3aTeIbCTB OCHOBHBIE CBE-
JIEHUSI O XapaKTePUCTUYECKUX (PYHKLIMSIX MHOTOMEDHBIX CJy4aiHbIX BEJIMYMH.
Xapakmepucmuueckoii yHkyueid n-mepHO#i cnyvaiiHoit BenuyuHbl (€,

&, ..., &) Ha3bIBAETCH MAaTeMAaTHYECKOE OXMIAHUE BEJUYUHBI exp (i(t1§1 +
+&+...+ t,,§,,)), rae ty,%,,...,t, — BCLUCCTBCHHbBIE NMEPECMEHHBIE:
n
flti,ta, ..., ta) =Mexp (i Ztkgk). (1)
k=1
Ecmu F(z, z3, ..., T,) ecTb GyHKUMS pacnpesneneHus BeMuuHbl (£, &,

4)

f(tl,tz,...,t,,)=/.../exp (ii:tk:ck) dF(z,,...,z,). (2)
k=1

[Tono6HO TOMY KaK U B OMHOMEDPHOM CJIyyae, XapaKTepUcTuyecKas hyHK-
UMS M-MEPHOM CJIyyailHOM BEJIMYMHBI PaBHOMEDHO HENpepbiBHA BO BCEM
npoctpaHcTBe (—00 < ¢j < +00, 1 < j < n) ¥ yIOBNETBOPSET CNEYIOUINM
COOTHOLUEHHUSAM:

..., &n), TO, KaK Mbl 3HaEM U3 MPEAbIIYIIErO

f(0,0,...,0) =1,
[f@1, k... t)| <1 (mo0 <t < +00, k=1,2,...),

f(=ti,—ta, ..., —tn) = f(t1, ta, ..., tn).

ITo xapakrepuctuyeckoit pyuxuuu f(t1, %, ..., ;) cnydaitHOii BeTMYMHEI
(&1, &, .. -, &) ETKO HAIITH XapaKTEPUCTHYECKYIO DYHKLMIO I06OH k-MepHO
(k < n) senuumnnt (&5, &), ..., €j,), KOMIIOHEHTAMU KOTODPOW SIBIISIIOTCS
BenuuuHbl & (1 < s < n). Ina aroro B ¢dopmyne (2) HyXHO MONOXHUTH
paBHBIM HYJIO Bce apryMeHTsl t; npu s # j, (1 <r < k). Tak, Hanpumep,
XapakTepucTuyeckast GyHKIUS BEIMYUHBI £ paBHa

fl(tl) = f(tlsos ,0)

U3 ornpenesieHns BBITEKAET, YTO €CJIM KOMITOHEHTbI Beuuuubl (€1, &, ...
..., &) SABISIOTCS HE3aBUCUMBIMM CJIyYailHbIMM BEJIMYMHAMH, TO €€ XapaKTe-
pucTtudeckass GYHKLUUS paBHA MPOU3BEAECHUIO XapaKTEPUCTHYECKUX BDYHKLMMA

9 Cwm. TeopeMy § 24 ¥ 3aMeyaHHe 0 MHOTOMepHbIX HHTerpanax Crusirbeca B § 23.
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KOMITOHECHT
f@i,ta, .. ta) = filts) - fo(t2) - - fa(tn)-

Tak Xe Kak U B OTHOMEPHOM CJlyyae, MHOTOMEpPHbBIE XapaKTepUCTUUYECKHE
(byHKUMHU NMO3BOJNSAIOT JIErKO HaXOAUTh MOMEHTBI PAJIMYHBIX MOPSIAKOB.
Tak, Hanpumep,

M{k‘ k’... // /'-"'1 zy. .. gk dF(z1, 23, ...,2y) =

_ (i);k,- [6"'+"2+'-'+’°"f(t., ty, ... ,t,,)]
oth otk ... oty fimty=.. .=ty =0

Jnst BBIYUCTIEHUS] XapaKTEPUCTHYECKUX (DYHKLMI MOJIe3HO 3HATh Cledy-
IOLLYIO TEOPEMY, NOKa3aTeIbCTBO KOTOPOii 6e3 TpyAa NpOBEAET YUTATEb.

Teopema 1. Ecau xapaxmepucmuveckaa ¢hynxuyus eeauuunst (€1,&, ...

.»&) pasna f(t1,ty, ... ,t;), mo xapaxmepucmuueckan gynkyus eeau-
uunet (01€) + a1, 026 +ay, ..., Opén +ay), 20e aj uo; (1<j<n) —
eewjecmeenHble NOCMOSHHble, PAGHA

n
exp (i Z aktk) . f(a,tl, oy, ..., a',.t,.).
n=1

lMpyimep 1. BBIUKMCINM XapaKTepUCTUYECKYIO (DYHKLIMIO IBYMEPHOW Cily-
YaiHOI BEJIMYMHBI, pacnpee/IeHHONW M0 HOPMAJIbHOMY 3aKOHY:

Py = 2m(1 1— r2) xp (_ 2(1 i r2) [¢* - 2rzy + yz])' ©)
Mo dopmyre (2)

flt,t) = // exp (i(t1z + tay)) p(z, y) dz dy.

3ameHOM nepeMeHHBIX Mbl MoxeM mpusectn f(t1, ¢;) K Buay

f(tl,tz)=exp(—§(tf+2rt[tz+t2 ) //exp(——(u +v )) dudv=
1
= exp (—E(t%+2rtlt2+t%)) .

lMpumep 2. TlpuMeHsisi TeopeMy 1, Mbl HaiiieM XapakTepUCTUYECKYIO
byHKUMIO BeMYKHBL (7);, 772), PaclpeieSIeHHOM 0 HOPMaJIbLHOMY 3aKOHY:

@9) = 5o X
Pi%.9 " 2moyos(1 - 12)

o (- [<x—a>2_2T(z—a)<y-—b)+<y—b)2])_ @

2 )
2(1-72) | o7 010; o5

153aka3 1278
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Ecnn Mbl nonoxum 1y = o1& + @, 1 = 03¢, + b, To Benuuuna (£, &)
Oyzer pacnpeliesieHa no 3akoHy (3). CornacHo Teopeme 1 xapakrepucTuyeckas
¢dyHkuns senuuuHsl (7, 7;) paBHa

@(t1, t)) = exp (zatl + ibt, — 3 (mtl + 201057t 1ty + aztz))

W3 onpeneneHnst XapaKTepUCTUYECKON (DYHKLIMM BBITEKAET CJIEAYIOLLAsI

Teopema 2. Ecau f(t,82,...,t,) ecmo xapaxmepucmuveckas yHk-
yus eeauunvt (€1,&,...,&) mo xapaxmepucmuueckas (yHKuus cymmol
&+ &+ ...+ & pasua

F@) = f(t.t,... . 0).

lMpumedarue. 3aMeTHM, YTO

f@t) = f(tty, tt, ..., tty)
ecTb xapakrepucruiyeckass pyHkuust cymmsel 81 + €26 + ... +Ep€,.

lNpumep 3. TIpuMeHUM TeopeMy 2 K onpenesieHUI0 MYHKLMM pacnpese-
NeHUsl CYMMBI 1) + 77, ecun (7)1, 7;) pacnpelieieHa no 3akoHy (4). CornacHo
TeopeMe 2 XxapakTepucruieckasi GyHKUHUSI CyMMBI 7)) + 7, paBHa

2
f(t) =exp <it(a +b) - %(012 +2roy0; + a%)) .

Mb1 3HaeM (npumep 1 §32), uto 910 — XapakTepuCTUUeCcKas GYHKUMSA
HOPMaJILHOTO 3aK0Ha c MaTeMaTVl‘leCKV[M OXMJAaHUEM, PAaBHBIM a + b, 1 auc-
nepcuei, paBHoi cr, + 270,03 + 02, DTOT pesynrTaT GbUI HAMU MOJYUEH paHee
HenocpexacreeHHo (§21, npumep 22)

BaxHo 3aMeTUTb, YTO B MHOTOMEPHOM Cjly4ae COXpaHsSIETCH Clelylolas
TeopeMa.

Teopema 3. Dyuxyus pacnpedesenus F(z), Z,, ..., Ty) 00HO3HAUHO Onpe-
densiemcs ceoeil xapakmepucmu4eckoii hyHkyuei.

JlokasaTenbCTBO 3TOrO MpeJIOKeHHUs] OCHOBBIBAeTCS Ha ¢popmyne obpa-
LeHmns.

Teopema 4. Ecau f(t1,ty,...,tn) — Xapaxmepucmuveckas @ynkuus,
a F(zy,2y,...,Ts) — @yHKyus pacnpedeneHus cay4aiinoi eeautumsi
(¢, &,...,&). mo

P{ak<§k<bk, k=1,2,...,n} =

= lim
T—00 (27r

/ /Hexp zt,,ak) exp( 'lt}.bk) (tl )dtldtz .dt
yo n n
k

20e ay u bk — /uoébze geuecmaenHble yucaa, yooenemeopaiouue eduHcmeeH-

HOMY mpeb08aHuio: 8epOAMHOCMb NONAOAHUA HA NOBEPXHOCMb napassesent-

neda ap <& < by (k=1,2,...,n) pasna nymo.

ToyHO TaK Xe, KaK M B OJHOMEDHOM CcCJiyyae, MMEIOT MECTO MnpsMas
1 obpaTHas npeleSibHble TEOPEMBI JUIS XapaKTEPUCTHYECKUX (YHKIMii. Mbl
He GyIeM Ha 3TOM OCTAaHaBJIMBAThLCH.
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Mpumep 4. ToBopAT, uTo n-MepHasi ciyyaitHasi Benimuuna (€, &o, ..., &)
MMeeT HegbipoxcOernHoe (COBCTBEHHOE) T-MepHOe HOopmanvhoe pacnpedenehue,
€CIIM ee TUIOTHOCTh PaclpeneieHUs] UMEET BUI

1
p(x1, %3, ..., Tq) = Cexp (—EQ(ml,zz,...